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Preface

This Model Textbook for Mathematics Grade 11 has been developed by NBF according to
the National Curriculum of Pakistan 2022-2023. The aim of this textbook is to enhance
learning abilities through inculcation of logical thinking in leamers, and to develop higher
order thinking processes by systematically building the foundation of learning from the
previous grades. A key emphasis of the present textbook is creating real life linkage of the
concepts and methods introduced. This approach was devised with the intent of enabling
students to solve daily life problems as they grow up in the leaming curve and also to fully
grasp the conceptual basis that will be built in subsequent grades.

After amalgamation of the efforts of experts and experienced authors, this book was
reviewed and finalized after extensive reviews by professional educationists. Efforts were
made to make the contents student friendly and to develop the concepts in interesting ways.

The National Book Foundation is always striving for improvement in the quality of its
textbooks. The present textbook features an improved design, better illustration and
interesting activities relating to real life to make it attractive for young learners. However,
there is always room for improvement, the suggestions and feedback of students, teachers
and the community are most welcome for further enriching the subsequent editions of this
textbook.

May Allah guide and helpus (Ameen).

Dr. Raja Mazhar Hameed
Managing Director




https://fbisesolvedpastpapers.com

- 4
o ops b2
Uiz lape il

CONTENT

Unit 1 Complex Numbers N 05

Unit 2 | | Matrices an.;i_l-)et;minaﬂn_ts 32

- Unit 3 Vectors K 80
‘Unit 4 Sequences ahd Series el 121
- Unit 5 Polynomials L 161
Unit 6 Permuta;i;)n andC_or;m-l;matl;n 173
Unit 7 Mathematicaiuihduction and Binomial 186

Theorem -
Unit 8 FundamentalsEf‘frigonometry 207
Unit 9 Trigonometric F unction; 228
| Answers, Glossary and Index 261 |




https://fbisesolvedpastpapers.com

UNIT

e — e .

COMPLEX NUMBERS

After studying this unit, students will be able to: !
e Recall complex number z and recognize its real and imaginary part.

Know the condition for equality of two complex numbers.

Revising the basic operations on complex numbers.

Find conjugate and modulus of a complex number.

Solve the simultaneous linear equations with complex coefficients.

Factorize the given polynomials like z2 + a? orz® —3z> +z =75 ‘*

Solve quadratic equation of the form pz? + gz + r = 0, by completing squares,

where p, g, r are real numbers and z is a complex number.

Represent complex numbers in polar coordinates.

Applying the binary operations in polar form.

Solve complex equations and inequations in polar form.

Using the complex numbers in real world problems.

N R N PN NS T I TN oy, P
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Complex numbers are used in many branches of science; especially quantum mechanics (a
branch of Physics) heavily depends upon complex numbers.

In mathematics the need of complex numbers is to solve the polynomials which do not have the
solution in the set of real numbers. e.g., The polynomial x2 — 1 = 0 has the solutions x = +1,
which are the real numbers. But the polynomial x2 + 1 = 0 do not have any solution in the set of
real numbers, since there is no real number, whose square is —1. To overcome this difficulty, we
extended the set of real numbers to the set of complex numbers by introducing a number i such

that {2 = —1 or i = v—1. Remember that i* = —1 is the Euler’s notation for the imaginary unit
Number.

N;-é—: ey s % N —

e =
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1.1 Complex Number

A complex number is an expression of the form x + iy where x,y € R. A complex number is
denoted by z, i.., z = x + iy and the set of all complex numbers is denoted by C .The complex
number x + iy is also denoted by the ordered pair (x, y).The reason for this notation is justified
since there is one to one corresponding between x + ty and (x, y).

Clearlyi =0+i=(0,1)and1 =1+ 0i = (1,0)

1.1.1 Real and Imaginary Parts of a Complex Number

Every complex number x + iy has two parts x and y. x is called the real part and yis called
the imaginary part i.e., Re(z) = x and Im(z) = y.

If the real part of a complex number is zero then it is called pure imaginary number and if the
imaginary part of the complex number is zero then it is called real number.

Since every real number x can be written as x + i0 thus every real number is a complex number
but note that every complex number need not be a real number. Only the complex numbers with
zero imaginary part are real numbers. Thqs, the set of real number is a subset of set of complex
numbers, i.e., R c C. "

1.1.2 Condition for the Equality of Two Complex Numbers

Like real numbers any two complex numbers are not comparable. i.e., We cannot say that one
complex number is greater than or less than the other complex number. Two complex numbers are
said to be equal if both has same real and imaginary parts.

1.2 Basic Algebraic Operations on Complex Numbers
1.2.1 Addition of Two Complex Numbers

Suppose we have two complex numbers z, = X; + iy, = (x;, y;) and 2z, = x, + iy, = (%2, ¥5).
Then their sum is:
z1+2z; = (%, 1)+ (x2, ¥2) = X t+iy,+x+iy;
=+ %) +inty) = (o +x2 y1+52)
Example: Find the sum of z; = 2 + 3iand z; = 6 + 8i.
Solution:
2 +2,= (2+3i)+(6+80) =(2+6)+(3+8)i
= 8+ 11i=(8,11)
1.2.2 Subtraction of Two Complex Numbers
Suppose we have two complex numbers zy = x; + iyy = (x1, y1) and z; = X, + iy, =(x,, y,).
The difference of the two complex numbers is given by:
z1—2, = (X, 1) — (x2, ¥2) = (% +iy1) — (x2 + iy2)
=(t, — %) +i(y = y) = (%= %2 Y1 - Y2)
Example: If z; = 4 — 3iand z, = 7 + 6i, then find z, — Z2.
Solution:
Zy=2,=(4=30) = (7T+6i)=@-7)+(-3-6)i
= =3 4 (=9{) = =3 - 9i
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1.2.3 Product of Two Complex Numbers
Ifz; = x, + iy, = (x4, y,) and z; = x; + iy, = (x2, ) are any two complex numbers, then
their product is given as:
2125 = (X1, ¥1) (X2, ¥2) = (X1 + iy1)(x2 + iy2)
= XX + ixX,y, + iy + Y1y, = % (XY, + %2y1) — V1Y2
= (X1X2 — Y12) +i(x1y2 + X2¥1) = (X1X2 — Y1¥V2, X1Y2 + X2¥1)
Example: Find the product of the complex numbers z; = (2,—6) and z, = (4,9)
Solution:
2,2, = (2,—6)(4,9) = (2 — 6i)(4 + 9i)

=8+ 18i — 24i — 54i® =8—6i — (—54)
=8+ 54— 6i =62 —6i = (62,—6)

1.2.4 Division of Complex Numbers
The division of the two complex numbers is not simple. Since the number in the denominator has
two independent parts. To make the denominator a single term we rationalize (multiply and
divide) the given complex number by the conjugate of the denominator. After rationalization the
denominator will be converted into a single real number and thus division can be done easily.
Ifz; = x; +iy; = (x1, y1) and 2, = x5 + iy, = (X3, ¥2), are any two complex numbers, then

Z _ (x1, )’1) X1+ iy,

z;  (2.¥2)  xa+iys :

— (11'*' l}’l) ( 2= i)’Z) _ X1Xp—iXqYp + 11Xy — i2y1y2

X2+iy2/ \ X2-1y2 Xp? = iXoy, + XYz — i2Y72
aws ¥1%2 +i(x,y;— x1y,) + V1Y, = (x1x2+)’1}'z)+i(x2}'1 —X1Y;)
= ¥1%2 t Y1 4 X2V "XV (xxxz +YV1Y2 X2Y1 — xx)’z)

X% + y,? x22+y,? x22+¥22 | %2+,

Example: If z, = 3 + 7i and z, = —4 + 6i, then find the sum, difference, product and quotient
of the two complex numbers.
Solution:
z,+2,=B+7)+(-4+6)=B3-4)+(7+6)i=-1+13i
2,—2,=B4+7)—-(—4+6i))=3+7i+4-6i=0CB+4)+7—-6)i=7+i
212, = (3+ 7i)(—4 + 6i) = 3(—4) + 3(6i) + (7))(—4) + (7;)(61)

= =12+ 18i — 28i + 42i®> = —12 — 10i — 42

= -54-10i
zy _ 3+7L _(3+7i)(—4—6i _ —12-18i - 28i - 422
z; —4+6i \-4+6i -4—6i)— (-4)2- (6i)2
_ —12-46i+42 _ 30-46i _ 30 - 46i
16-36i2  16+36 52

30 46. 15 23,

52 52 26 26l
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AN (A1) .
Exampler Writo the complex number L-*v(*— = in the form x [y,

Solutlont (24 3i)(2 H) 4 t_dl-LM o W 4 l-lll}r )
T L= Y
JL v e lullmauﬂ
L=l 1={ 141 -
L+9i=-8 =7 + 09 =7 9
l=(=1) 2 2”2
Example: Find the values of v and y ll “y(1 o 20) =
Solution: v
T YU 20) o
x(2 = 310) ,
‘ (2' H)(Z _‘i) y(1 4 20) = 14
2x = 3xi b
ooy Y=t
2x = 3xi
” 4~9u‘“Y“'fﬂ)*1
2Xx = 3xi
= 3 = y(1+20) =141
2x  3ix )
Dy =2y = 14

o (Zx ) 3x
3 (,*4401_1+1

Comparing real and imaginary parts
2x

TP AR (1)
and———Zy— 1 (2)
Multlplylng cquation (1) with 2 then adding them, we gat:
4x 2y =
B Y=
3x
—+2y =_
3374 =-1
" P _
13
X = 1_3
7
Putting value of x in equation (1), | __2_ X E —y=1"
13 7
2 2 71=2
s=y=ls-y=1—-== ——
777 R
y=-3

7
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v y A P(3,4)
1.3 Conjugate of a Complex Number :
Conjugate of a complex number z = x + iy is denoted by & : : >
Z and is defined as Z = x — iy. o\ i «x
Geometrically, conjugate of a complex number is its mirror \‘:
image about x-axis. For example, if z = 3 + 4i then Z = 3 — 4i. 4 bP,(3 _4)
Example: Find the conjugate of z = (1 + i)(2 —i).
Solution: Key Facts

z=(1+)QR-i)=2—-i+2i—i?=2+i+1=3+i

s A . 2123 = 212,
Now zZ=3+4+i=3-—-1i

&)-2
)%

1.4 Magnitude or Modulus of a Complex Number

Draw a complex number z = x + iy = (x,y) on the complex plane.
Draw perpendicular from P on the real axis. .
It is clear that BOA is a right-angled triangle.

So, by using Pythagoras theorem; we have y-axis
U ST J— | 4 P(x,y)
|0P|” = |[0A| + |AP] i 7 |
= |z|2 = x2 + y? / y
= |zl =x? +¥? « of & > xaxis
which is the magnitude of the complex number z.
Also, |z| = Ja?e(z))z + (Im(z))2 !
Obviously |z| is the distance of z = (x,y) from origin.
Example: Find the conjugate and magnitude of z = %ﬂ
Solution:
_ (@421 -2 @B+2D)(1-2)  (3-2i)(1+2i)
Z=[ 4+ 30 T @+3) | 4-3i
_3+6i—2i—-4i2_3+4+4i B 7+4ix4+3i
4 — 3i 4 —3i 4—-3i 4+3i
28 +21i+16i + 12i* 28-12+37i 16+37i 16 37
B 42 — (30)2 “T16-92Z 25 257325
And :
(3+ 2':)(1 B Zi) _ 13 + 2i]|1 - 2i| Key Facts

iZ| =

4+ 3i 4+301 [l 1zl = lxllz)

_ V32422 [124(-2)2 _ V13V§ %

T VaZ43? R |z_1| _lal
\/E ‘ | Zy |22|

5
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Theorem:
If z is a complex number then |z| =2 0 and |z] = 0iffz = 0.

Proof: Let z = x + iy; then |z| = /x% + y2, where x and y are real. Since the square of any rea|
number is always non-negative. Thus, value of x? + y? is non-negative, also square-root of the

non-negative number is non-negative. Hence +/ x% + y? is non-negative; i.e.; |z| = 0.

Now suppose that |z| =0 Key Facts
[22 1 v2 d In order to calculate conjugate
= Jx%+ =0 = x? z = ¢
i ty 0 of a complex number we may

Which is possible only if x = 0 and y = 0 simplify it first then take

Thusz=x+iy=0+i0=0 conjugate or we take first
Conversely, suppose that z = 0 = 0 + i0 conjugate than simplify the
=|z| =024+ 02=0 complex number.

mm———

Evaluate the following:

i ) (~0° (i) DT (iv)

(v) 2 +i%8 42
(-1)2
2. Write the following complex numbers in the form x + iy.
(i) B+ 2i)+ (2+4i) (ii) (4 +3i) — (2 + 50) (i) (4+ 7))+ (4—=7i)
(iv) (2 +5i) — (2 = 5i) (v) 3+ 2i)(4-3i) (vi) 3,2) = (3,—-1)

(ii) (1 + (1 — D@ +D)  (viii) —

2+3i
3. Simplify the following:
« (2+i)(3-20) . 1+i 11
M 1+i (i1) (2+i)2 (iff) 3+i  3—i
7-4i

V) A+)7?+A-D% v C+D*+57

4. Find the values of the real numbers x and y in each of the following:
, . : _ Xy
i) @+3d)x+@A+3)y+2=0 (i) W =1
X _ 1=51 y ) N2 N2 .
==t (iv) x(A+i)*+y(2—-i)*=3+10i
1-18i
2—i

6. Find the conjugate of the following complex numbers:

(1i1)

5. Find the complex number z if 4z — 3Z =

Q) 4-3i (i) 3i+8 (i) 2+‘E (iv) %—g

7. Find the magnitude of the following complex numbers:
Q) 11+12i (i) (2+30)— (2 +60) (iii) (2 - i)(6 + 30)
V) = ) (B-VB)VE+VB)
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1.5 Real and Imaginary Parts of the Complex Numbers of the Types

(i) (x+ iy)"; n=z%1,42
.o X1+iy1 . : . p—
(ii) (xl-o-lyz) i o xp+iy, #0; n=+11,12
Type-1 Consider the complex number of the type (x + iy)".
Whenn =1
z=x+1iy

Its real part = x = Re(2)
Imaginary part = y = Im(z)

Whenn = -1
_ 1 1 x—iy\ _ x—iy
=(x+iy)™! = xtiy (x+iy) —iy)  x2-iy2
=% — i@
. x2+y?  fxi iR

el 1 _ X _ Re(2)

Thus Re(x + iy)™" = Rez™" = x2+yZ ~ |22
_ -y Im(2)

iv)~1 =] 1 _ = —

Im(x + iy) mz X2 + y2 |z|2

Whenn = 2
z%2 = (x +iy)? = x* + 2ixy + i%y?
= x2 + 2ixy —y? = x® —y? + 2ixy
Re(x + iy)? = Re(2)? = x? — y? (Re(z))2 ~ (Im(z))2
Im(x + iy)? = Im(2)% = 2xy = 2Re(2)Im(2)

Whenn = —2
1 — iy
= o= () =y roe)
(x+ i) T (x+iy)? \x+iy +ty x—iy
_(x—iy )Z_x +i%y? —2ixy  x*-y? iy 2xy
T \x? - i2y2 T (x%2+y?)? (k2 4+ y2)?2 : (x2 +y2)2 .
x? —y? (Re(z))2 — (Im(2))?
v) "2 = e =
Re(x + iy)™* = Re(2) (x% + y2)2 |z]*
—2xy —2Re(z)Im(2)
iv) % = -2 = -
Im(x + iy) Im(2) (% + y2)2 1zI*

Example: Find the real and imaginary parts of the following. .
(i) 3+4i (i) (3+4)™ () (3+4i)* (iv) (3+4i)2
Solution: Let z = 3 + 4i |
(i) Re(3 + 4i) = Re(z) =3
Im(3+4i) =Im(z) =4
Re(z) 3

(ii) Re(3+4i)"'=Re(2)! = = = 3

2 2
|| ( Jm) 25
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Im(B+4i)t=Im(2)'= ) = — = -~

|z|2 (mz 25
(iii) Re(3+ 4i)? = Re(2)? = (Re(2))? — (lm(Z))2
=32-42=9-16=-7
Im(3 + 4i)? = Im(2)? = 2Re(z)Im(2)

=2(3)(4) = 24
2 2 2,2 . 3
(iv) Re(3 + 4i)~2 = Re(z)~2 = (Re(2)) Elm(z)) — 3°—-4 = 9 1.6 = 7
12| 2 82 5 625
- (,Ia +47)
—2Re(z)Im(z -2(3)(4 -24 =24
Im(B+4i)2=1Im(2)"2 = ( )4 @ _ B)( )4 =——=
|z| (\/32 T 42) 5 625
: X +iy\™ .
Type-11 Consider the complex number of the form (;c_HT) ; where x, + iy, # 0.
. 2 2
Letz, = xy +iy1; 2, =x; + iy, Key Facts
x+iy \" z\" .
So (:;y—) = 13, where z, # 0. % Re(zy)Re(z,) #+ Re(2,22)
hles z Im(zy)I # Im(z,2
Whenn = 1 : (z1)Im(zy) (z122)
(x1 + in) Xy + iy (x1 + iy ) (xz - iyz)
Xz + 1Yz X, iy, \xp+iy; — iy,
_ XX — i1y Xy — P11y, _xx + (X231 — X1Y2) + Y1Y2
(x2)? — (iy,)? x§ —i2y;
(x1x2 + y1y2) + i(x2y, — x1)’z) (1% + ¥1Y2) i (x2y1 — x1Y2)
X3 +y; x3+y3 x5 +y;
(x1 + 13’1) (21) (X%, + }’1)’2)
Xz + 1y x2 + y?
xl + l}’l) (Re(z1))(Re(zz)) + (Im(z,))(Um(z2))
2+ 1y, |z, 12

(:1 + l}’I) (zl) (X251 — X1Y2)
+ Ly, xz + }'2

(x1 + l}’1) (’m(z1))(Re(Zz)) + (Re(z,))(UIm(z2))

X + 1Y, |z |

Whenn = -1
X +iy\" _ (x + iy - _Xptiy; Xptiy; X =i
(xz + iyz) B (xz + iyz) Txy iy, x iy x —iyg
_Xx+ ix1y2 — XYy — i2y1y,  X1Xp + XY, — iX2Y1 T Y1Y2
B — (iy1)? - xi + vi

(x1x +}'1}’2)‘H(x1}’2 Iz}'1) X1X,tYy1Y . X1Yo—X2)Y
—xg-——l +i —x-z-———l
xi+y} +v3 ‘+y3
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(x1 + iyl)" x,X; + y1¥2 _ Re(z)Re(zy) + Im(zy)Im(z;)
e = =

X, + iy, x2+yE |z, |?

Xy +iy\7' x1y2 — %21 _ Re(z)Im(z,;) — Re(zz)Im(z1)
Im( - ) = ———= =

X 1y, Xy +yi |z, |
Whenn =2

xp +iy\" o x v\t G+ iy)? x4 (iy)? + 2y,
(xz + iYZ) B (xz + i)’z) T (xa +iy2)?2 x2 + (iyy)? + 2ix2Y;
_xi -yt 2iny _ O —yd) + 20y (6F — y3) — 2i%2
X2 —yR+2ixyy;  (xF—yF) +2ixy, (6 —y3) — 2i%2¥2

_ (x12 - }’12)(35% -y3) — 21'352)’2(7512 - J’:z) + 2ix1¥1(x% ~ }’22) — 4i%(x1y1) (x%2¥2)
(x% == )’22)2 — (2ix,y2)?

_ Gf —yP)(ef —y3) + 21l (6 - ¥3) — 12572 = yD)] + 4(xay1) (X2¥2)

x} + yt — 2x2y} + 4x3y3

[(x2 — y2)(x2 — ¥3) + 4(x,9)) (%2¥2)] + 2i[x0y: (3 — y3) — %292 (xf —yD]
X3 +y; +2x5yE

_ O —yD 3 —y3) +Anxayy, 2[x,y1(x3 — y3) — x2¥2(x — ¥7)]
- (x5 +y3)? (x +¥3)?
So,
e (xl + i)'1)2 _ (xf — yD)(x% — y3) + 416012
Xz +1y2 (x5 +y37)?
_ [(Rezy)? — (Imz,)?][(Rez;)? — (Imz,)*] + 4Rez,Rez,Imz, Imz,

|z, |*

And
m(:l + i}’1)2 _ 2[x3y, (x2 — ¥3) — %22 (xF — ¥7)]
2 T iY; (% +y3)?
B 2[Rez,Imz; {(Rez,)? — (Imz,)?} — RezyImz,{(Rez,)? — (Imz,)?}]
- |z, |*

When n = -2

(:1 + i)’1)n _ (x1 + i}’1)—2 _ (g +iy1)72  (xp +iy,)?
2 +iy2 Xz + iy, (xz +iy2)™2  (x; +iy;)?
Its real and imaginary parts can be found by interchanging x, with x, and y, with y,

in the case when n = 2. So
-2

x4+ v\ (3 —yH(xF - y3) + 4xx, )
e +l = 2 2\2
2 TLlY2 (x3 + 1)




_ O -y - y2) + 4%y

(x{ + y1)?
_ [(Rez,)? — (Im2,)*][(Rez,)” — (Im2,)’] + 4Rez, Rez;Imz,imz,
|z |*
- Cx + l)ﬁ)-z _ 2[x,y,(xf = yi) — 131 (x5 — yZ)]
2+ 1y (xf + ¥1)?
_ ~2layi(x —y7) = xaya(xf — 1)
(x + ¥{)?
_ —2[Rez,imz,{(Rez;)? — (Imz;)*} — Rez,Imz,{(Rez,)? — (Imz;)?}]
24 ]*

Example: If x; +iy; =12 + 5iand x; + wz = 3 + 2i then find the real and imaginary parts of
the following:

. xy+iy " 1+iy: xq+i ) xq+iy,\ "2
(i) x_:+_ly_: (ii) (x Lty ) (X’ﬂ;:) (iv) (m)
Solution:
(i)
x; +iy,  12+5i
X, +iy, 3+2i
Now,
x +iy)\  (axa+yi1y,)  (12)(3)+(5)(2) _36+10 46
(xz+iyz) 2+y? 32 422 “9+4 13
And
m (™ 4 iyl) (s —x1y2) _ (3)(5) —(12)(2) _15—-24 -9
2 +iy2 x2+y; 32 422 9+4 13
(ii)
2 4yt 124507
(xz+iy2) _(3+2i)
. (f + in)"' _nxtyny, _(12)@3)+()(2) _36+10 _ 46
2 iy, xZ + yf 122452 ~ 144+25 169
And
Im X+ [)’1).l _XY2 X _ (12)(2) - (3)(5) _ 24-15 9
2 + iy, x? + y? 122 452 144+25 169
(iii)

(:, + ly,)z _ (12 + Si)z
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Now,
xy +iy\2 (- y (3 = y3) + 400y,
e (o) = s
Xz + 1y, (x3 +y3)
_ (122 - 5%)(3% — 2%) + 4(12)(3)(5)(2)

(32 + 22)2
(144 -25)(9 — 4) + 1440 _ (119)(5) + 1440 _ 595 + 1440
- (9 + 4)? - 132 T 169
2035
T 169

- And .
Im (x1 + iyl)z _ 20y (63 = ¥3) — %5, (xf — ¥D)]
xz +iy,) (x +y3)?
©_2[(12)(5)(3% - 22) — (3)(2)(12% — 5%)] _ 2[60(9 — 4) — 6(144 — 25)

. (32 +22)2 (9 + 4)?
2(300 —714) _ 2(—414) —828
= 132 169 - 169
(iv)
x; +iy\ 72 (1245077
(x2+iy2) - (3+2i)
Now,
, (x1 + iy )‘2 _ G =D GE - yD) + 4y,
x; + iy, (xZ + y2)?
(122 - 5%)(3%2 - 22) + 4(12)(3)(5)(2)
- (122 +52)2
_ (144 -25)(9—4) + 1440 _ (119)(5) + 1440 _ 595 + 1440
- (144 + 25)2 - 1692 ~ 28561
2035
~ 28561

¢ And
- (f + iyl)_z _ 200y (63 — ¥2) = Xay2(xf — )]
2+ lyZ (xlz + YIZ)Z
-2[(12)(5)(3% - 2) — (3)(2)(12% - 5%)]

(122 + 52)2
_ —2[60(9 — 4) —6(144 —25)  —2(300 — 714)
B (144 + 25)2 - 1692
_2(-414) 828
© 28561 169

Example: Write the equation |z — 2i| = |Z + 3] in terms of x and y, by taking
z=x+1iy.
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Solution:
Since, z = x + iy
= zZz=x-ly
sz =20l =z + 3|
= |x+iy—2i|=|x—-iy+3|
> |x+iy=2)| = (x+3) = iyl
> (xT+ (- 27 =G +3)7 + (-y)?
Squaring both sides.
x2+(y—2)2=@x+3)+©@)?
= x2+y2—4y+4=x2+6y+9+y?
=>—-4y+4=6y+9
=>6x+4y+5=0

Example: Write the ineauation Re(z — 3) < Z in terms of x and y, by taking

=x+iy.

Solution:

Re(z-3) <2
Re(x+iy—3)<2
Re{(x—-3)+iy}<2
X=3<2

=>x<5

Ixercise 1.2 .
1.  Show that for any complex number.
i)  Re(iz) = —Im(2) i) Im(iz) = Re(2)
2. Use the algebraic properties of complex numbers to prove that:
(212,)(232,) = (2123)(2224) = 23(2125)24
3.  Prove that for zeC.

) zisrealiffz=z i) =i ('E’gf)
iii) zis either real or pure imaginary iff (2)* = z*
4. Ifz, =2—3iand|zz,| = 16 find |z,|.
5. If z; and z, are any two complex numbers then prove that

|zy + z,]? — |2, — 2,|* = 4Re(z1)Re(22)
6. Find the value of 1; if |§—:+ A = VA2 where z; =3+ iandz, = 1+i.
7. Verify that v2|z| > |Re(2)| + |Im(z)] ~ Hint: (Start with (x| — |y|)? > 0)
8.  Write the following equations and inequations in terms of x and y by taking z = x + iy.
() 12z—il=4  (i)|z-1]=|z+i] (i) |z — 4i| + |z + 4i| = 10
) ;Re@)=4 () Im()=-5 ()-2<Im@z+i)<3
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9.  Find real and imaginary parts of the followings:

: o - e [7421\71

i @+4D! (i) (3-v-4) ’ (iii) (3—+—Zt—)

: 4420\ 2 5—41)2 . 3=7
() (2+ss v) (5+4i W) Sasi

10. Forz, = =3 + 2i and z, = 1 — 3i verify the followings:
g = — .. z | TP,V A
() |zl ==z =17 =|-7| (i) (—1) ==L (i) 77 = 4,43
Z; Z2 :

(V) z1+z;=2+17 (V) |zz;] = |zll2] (Vi) |z+2;| < |zy| + |22]

1.6 Solution: of Kquations

Solution of an equation is the process to find the values of the variables (unknowns) involved in
the equation which when substituted in the equation, the equation is satisfied i.c.; value of the
left-hand side in the equation is equation to the right-hand side of the equation.

When we consider more than one equation then it is called system of equations and if we find the
values of variables which satisfies all the equations under considerations simultancously, is
called the simultaneous solutions of the equations.

If z and w are the two complex variables then an equation of the form az + bw = p is called
equation with complex variables z and w. Here a and b cannot be zero at the same time. If @ and
b belong to the set of complex numbers (i.c.; they are itself complex numbers) then the equation
is called linear equation in two variables with complex coefticients.

Here we will find the solution of system of two

] ) ) ; . p -
simultaneous equations in two variables with « A system of equations is
complex coefficients. consistent if it has at least one

solution.

1.6.1 Working Rule to Find the Solution by K
A otheod e A system of equations which has

limination Vietho«
1A0E028) ¢ s ) | S A !
no solution is called inconsistent.
N\ /

‘Aonsider the two litiear equations:
a1z + byw = p; and a,z + b,w = p,
Step 1: Multiply the equation or both equations by suitable numbers so that the

coefficients of one of the variables become same.
Step 2: By adding or subtracting the equations thus obtained in Step 1, eliminate the term

involving the variable having same coefficients.
Step 3: The equation obtained in Step 2 will have only one variable. From here find the

value of this variable.
Step 4: Substitute the value of the variable found in Step 3 in any one of the given

equations and get the value of the other variable.

Step 5: Writing the values of z and w in the form of ordered pair (z, ) is the solution of

the system of equations.
1.6.2 Working Rule to Find the Solution by Substitution Method

Step 1: Find the value of ahy one of the variables in terms of the other variable from any

one of the equations given above.
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Step 2. Scbstitzze the value of the vaniable obtzined in Step 1  the eguasion which is not
used yet
Step 3: Equation obtzined m the Step 2 will involve only one varzble. Find s vaine
Step 4: Substinze the valne of varizble obtained in Step 3 in 23y one the given equations
and get the valoe of the other vanzbie.
Step 5: Writing the valass of the both unknowns z znd @ in the ordered parr (z, @) s the
solution of the syssem.
Example: Solve the following system of stmaltzncons eguations:
2z2-(1-3w=1+2i, (1+)z+R-Dw=2+i

Solution:
2z2-(1-3Dw=1+2i (1)
1+)z+Q2+Dw=2+1 2
\fultiphying Eq. (1) by (1 + {) 2nd Eq. (2) by 2 then subtracting Eq.(2) from (1)
= 20+ Dz-Q+DA-3iw= @A+DA+2)
@)= 21+i)z +2(2-Dw = 2(2+1)

-1+901-30w-2Q2-do=>0+)A+2)-22+D
= —[1+D(1-3)+22-De=>0+D1+2)-2(2+1)
ﬁ—(1—3i+f—3i:+4—2.)«.)-1-.-..“?1-.'2&‘-4 2
= —(1-3i+i+3+4-2Dw=1+2i+i—-2—4-
= —(8-4w=-5+I
= (-8+4dw=—-5+I

—5+i —3+i -8-4i 40+20i—-8i—4® 40+12i+4

S OTTgra —8+4 8- (-8)7-(3)F  64+16
44+42i 44 12 11 3
=~ 80 's0 20" '20 E—
Substituting value of @ in Eq. (1) B _AEEEs
11 3 Solve the system
(1= 22-(1-30(55%135) =142 by Cramer's rule
11+30y .
= 22—(1-31')( = )_1?21
Maultiplying both sides of the equation with 20.
= 40z - (11+3i—33i—-9i*) =20(1 + 2)
= 40z—-(11-30i +9) =20+ 40i
= 40z - (20— 30i) =20+ £0i
= 40z = 20 + 40i + (20 — 30i)
= 40z=40+10i
-» —ﬂ+1—oz-l+ll
40 40 4

(1+ i —+—1)lsthcsohmonofd:esystemofemnms.
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1.7 Complex Polynomial

If z is a complex variable, then the expression ag + a,z + a,z2 + -+ + a,2z" is called complex
polynomial of degree n if a,, # 0 and n is a non-negative integer. Here ag, a4, ay, ..., a, are
constants and may be real or complex. Let us denote this polynomial by P(2) i.e.;

P(z) = ap+a,z + azz? + -+ a,z"
When n = 1; then the polynomial is ay + a,z and is called linear polynomial. We are interested
to factorize the polynomial of the two types as a product of linear factors.

(1)  P(z) = z% + a?; where a is a real number. '

(1))  P(z) = az® + bz? + cz + d; where a, b, ¢, d are all real numbers.

1.7.1 Factorization of Polynomial of the Type z* + a* as a Polynomial of Linear Factor
The factorization of this type of polynomials is simple . Consider

z2 +a%? =22 —i%a%? =22 - (ia)? = (z + ia)(z — ia)
(z + ia)(z — ia) are required linear factors of z* + a?.

1.7.2 Factorization of Polynomial of the Type az® + bz* + cz+d = 0 wherea # 0

To factorize this type of polynomial first we find one of its factors with the help of factor
theorem and then do the synthetic division to find the depressed equation.

Recall that z — a is a factor of the polynomial P(2) iff P(a) = 0. We may say that a is a root or
zero of the polynomial.

e.g.; z — 2 is a factor (root or zero) of the polynomial P(z) = 223 + 3z% + 6z — 40; since

P(2) = 2(2)> +3(2)* + 6(2) — 40 = 0.

Example: Factorize the polynomial P(z) = z3 + 2z2 — 5z — 6.

Solution: Product of coefficient of z3and the last term is (1)(6) = 6

The possible roots of the equation are the factors of 6which are +1, +2, 13, 1+6.

Since :
P(-1)=(-1)2%+2(-1)?-5(-1)-6=0.

So z — (—1) = z + 1 is a factor of the polynomial. To factorize it completely use the method of
synthetic division.

1 2 -5 -6
-1 0 -1 -1 6
N 1 1 -6 0

234222 -52-6=(z+1)(z2+z - 6)
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=(z+1)(z2+3z—-2z—-6)
= (z+ D[z(z + 3) — 2(z + 3)]
=(z+1)(z+3)(z-2)

1.7.3 Solution by Completing Squa; (
Example: Solve the equation 2z2 — 6z -9 =0 by completmg square method.
Solution:
The given equation is
222 —6z—9=0
Dividing both sides by 2 (coefficient of z%)

2 _ —Z=0
z 3z 5

9
z:-3z=3
3\2 2
Adding (— E) on both sides

1. Factorize the following polynomials into linear functions:

(i) z*+169 (i) 2z%+18 (iii) 3z%+ 363 (v) z%+ ;3;
(v) 2z3+43z2-10z-15 (vi) z3-=7z+6 (vii) 23+ 222 —-23z-60
(viii) 2z® +9z% — 11z - 30 (ix) z22-7z2—-8 (x) 4z2-7z-11

2. Solve the following equations by completing square method
() 22-6z4+2=0 (ii)—%zz-—52+2=0
(i) 4z>+5z=14 "~ (iv) 22 =5z-3 _

3. Solve the following quadratic equations:
() 322+22-16=0 (i) 22 =5z +17 =0

(iii) z2—6z+25=0 (iv)22—=9z+11=0
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T . Y i g

4. Solve the simultaneous system of linear equations with complex coefficients:
O A-Dz+Q+Dw=3; 2z-2+5)w=2+3i
() 2iz+@B-2Dw=1+i; (1—-2i)z+ (B +2i)w=5+6i
— , { 3_ 1\ _[1 ,
(111) Tz—(6+21)m=5; ;z+ :—;1)w-—(2+21)

(iv) ﬁ;z+(1+i)w=3; %Z—(Z—Bi)a)=2+6l

1.8  Polar Coordinate System .

Another way to locate a point in the piane is polar coordinate system consists of a fixed-point O
called the pole and the horizontal line emerging from the pole is called initial line (polar axis).
For a point P in the plane if r is its distance from the pole and © is

the angle which is measured anticlockwise from the initial line to

the line OP then the ordered pair (r, ) are the polar coordinates

of the point P. P(r. ©)

The angle 6 is also called the arg(z). r
e For z = 0 the arg(z) is undefined so it is under stood
that z #+ 0 whenever we use polar coordinate system. ' =l
. 0 Initial line
e Ifacomplex number z = x + iy has polar coordinates
(7, 8) then its conjugate is Z = x — iy has polar coordinates (r, —6).

1.9 Complex Numbers in Polar Form

Consider a complex number z = x + iy in cartesian ,
form. Draw it on the complex plane as shown in the f;axw P(x,y)
figure. : 4
Let r = |z|, and 6 be the angle in positive Y
direction
which OP makes with the initial line(x-axis).
Draw a perpendicular from P on the initial line
‘then by Pythagoras theorem, we have

|OL|? + |LP|? = |OP|?

= x? +y? = |z|?

= x24 y? = r?

Oor r=Vx2+x2

Also —=c0s0 == =cosf

|z| T
= x=rcosf l
P A
||

A

- »x-axis
O X L

- Key Facts
@ is called argument of z and is written as
0 = arg (2)

Key Facts

cos 8 + i sin @ can also be written as CiS 6
and cos@ +isin@ = e!® is knownas
Euler’s formula.

And =sin@ =>¥=sin0

=>y=rsiné
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By substituting the values of x and y in z = x + iy
We have zZ =rcos @ + irsiné
z=1r(cos 8 +isinf)
This form of the complex number is called polar form of a complex number.

1.9.2 Principal Argument _
The symbol arg(z) actually represents a set of values, but the argument € of a complex number
that lies in the interval —z < @ <z is called the principal value of arg(z) or the principal
argument of z. The principal argument of z is unique and is represented by the symbol Arg(z),
thatis, —r < Arg(z) < m.
Example:

Find the modulus and principal argument of the following complex numbers.

(i) V3+i (i) —V3+i (iii) — /3—i (iv)V3—i
Solution:

() V3+i

Since the complex number +/3+ i lying in the first quadrant, has the principal value
6 =a=m/6.

Modulus =\/xZ +y2 = |(V3) +12 =3 F 1 =2
A\ LT
a=tan1(;)_g

Therefore, the modulus and principal argument of
+/3+ i are 2 and 7/6 respectively.

(i) —«/3+i
Modulus = 2 and

Since the complex number —+/3+i lying in the second quadrant has the principal value
Therefore, the modulus and principal argument of —v3 +iare2and -sg respectively.
m 5w

b=m—a=nm——=—

(iii) —V3 — i 6 6
= =3
r=2anda= 4

Since the complex number —V3 — i lying in the third quadrant, has the principal value,

0=1t+a=-—1t+z=_s_n
6 6



e\
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Therefore, the modulus and principal argument of — /3 — i are 2 and —57n/6 respectively.
(VIV3 —i

r=2and a=n/6

Since the complex number lying in the fourth quadrant, has the principal value,

9_ _1[
=TC="%

Therefore, the modulus and principal argument of V3 —i are 2 and — n/6.

" In all the four cases, modulus are equal, but the arguments are depending on the quadrant in
which the complex number lies.

Example:

Represent the complex number 1) —1—i (ii) 1 + i3 in polar form.
Solutior

(i) Let =1 —i =r(cos8 + isinB)

Wehaver = \[x2+y2 =V12+12 =42

T
a = tan™? ‘Zl =tan"11=—
x 4

Since the complex number —1— i lies in the third quadrant, it has ihe principal value,

T 3
4 4

) 3m\ ., . 3m\1 _ 37 . 3
.'.—1—l=\/i[cos(——4—)+tsm( 4)]—\/5(cosT—lsmT")

3 3
—1-i=+2 [cos (—g + an) — isin (_n + an)]

4
r=lz = I12+(\®2=2

1 14
9 = tan™ (—) L
v3/ 3

Hence arg(z) = g

(i) 1+ V3
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Therefore, the polar form of 1+ i+/3 can be written as
n . m
1+iV3=2 (cos§ + tsm§)

=2 [cos (g + 2k1r) + isin (E + ZkTr)]

3
Exnmple: Find the principal ar g z, when z = 1;35 ‘
Solution:
—2 . Z;
argz = arg =arg(-2) —arg(l + vf@ varg (—) = arg(z,) — arg(zz)
+iv3 -

/

= [n—tan‘1 (g)] —tan™? (_\/_§) =m- §=33E

This implies that one of the values of arg z is

2n

3
Sincez—:-liesbe!ween-nmdn, the principal argument Argziszg—”.
1,8.2 Properties of Complex Numbers in Polar Form
Property 1:

Ifz = r(cos® + isinf),thenz™? =% (cos@ — isind).
Proof:

|
r (cosé + isinf)

-1

1
27 oy =
z

‘.

3 1 y (cosB — isinB)
" r(cosd + isind) " (cosd — isinf)

_ (cos8 = isinf)
"~ r(cosi® + sin2f) .

2! = é (cosé - 13(n8)

Property 2:

If z, =r,(cosf; +isinb;) and 2, = r,(cos 6, + isin ;) are two complex numbers in polar
form then their sum is given by z, + z; = (r; cos 8, + r, cos 8;) + i(ry sin 6, + r; sin 6;)
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Proof:
Z1 + z; = ry(cos B, + isin 8;) + r,(cos B, + isinB;)
=71r,c0860; +ir;sin6, +r,cosf, +ir,sinb,
= (r; cos 6, + r, cosB,) + i(rysinby + 15 5in6,)
Property 3:
If z; =1 (cos6, +isinb,) and z, = r,(cos B, + i sinB,) are two complex numbers in polar
form then their difference is given by
zy— 2z = (r; cos 0y, — 1, cos 6;) + i( 1 sin6; — 132 5in6;)
Proof:
2y — 2, = r;(cos 0, + isin 8;) — r,(cos 6, + i sin 6,)
T = rpcosf, +ir;sinf; —r,cosf, —irysind,
= (r, cos 6, —r,cosB,) +i(r,sinf; — rysinb,)
Property 4:
If z; = r;(cosBy +isin@,) and z, = r,(cos B, + i sin B,) are two complex numbers in polar

form then their product is given as

212, = nr [COS(G]_ + 92) + iSin(Bl + 02)]

Proof:
Z,2, = r;(cos 8, + isin 6,)r,(cos B, + isinb,)
=r73[(cos 6, + i sinf;)(cos b, + isinb,)]
= ry13[cos 0, cos @, + i cos 8, sin 6, + i sin 6, cos 6, + i% sin 8, sin ,]
212, = 173[C0s 6, cos B, + i cos B, sinf, + i sin B; cos B, — sin B sin 6,)
= ry13[(cos 6, cos 8, — sin 8, sin 6,) + i(cos 6, sin 6, + sin 6, cos 6,)]
= 1,75[C0S (8, +6,) + i sin(6; + 65)]

Or Z21Zy = 7‘11'26‘(91"'92)

Property 5:
»>

If z, = r;(cos 8, +isin6,) and z, = r,(cos 6, + i sinB,) are two complex numbers in polar

form then their division is given as ;—‘ = ? [cos(8; —6,) + isin (6, — 6,)]
2 2
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Proof:
z_n (cos 6, +isiné,;)
Z, rz(cos 6, + isinéf,)

_ 11 [(cos 8, +ising,) (cos@, —ising,)
' (c0582+isin62)(c0502—isin82)]

r; [cos 6, cos 6, — i cos 8, sin 8, + isin 8, cos 8, — i sin 8, sin 8,
r-z (cos8,)7 — (isin@,)? ]
_ 1y [cos, cos @, —icos @, sinb; + isinf, cos; + sin b, sin &,
n (cos 8,)% — i*(sin 8,)°

r; [(cos 6, cos 8, + sin 6, sin§,) + i (sin 8, cos &, — cos 8, sin 85)

Tz[ cos? 8, + sin? 8,

41
Z3

Or z_l. - ﬁ.ei(el_eZ)
Z2 2

r;
= r_l [cos(68; — 6,) +isin(8, — 65)]
2

Example: Find the product g (cosg + i sin g) x 6 (coss?' + isin%) in rectangular from.

Solution:

3(cos +zsm—)x6(coss?+tsm :)—-X6[cos(." ’r)+xsm(" N)]
_4[cos_+‘sm—] 4[C°S(Tf+6)+tsm(1r+")]

-—a T o rt'_ 4 3 Ai 1
= — cos6 lsm6— > l(i)
=-2V3 -2i

Which is rectangular form.

2(C0$—+l smz’—')

Example: Find the quotient 4[ 3:) tisin ( 3,)] in rectangular form.

Solution:

4[2((___)1(_)_)] 2o (- (-3) oo (- ()]
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1 9t 3m 12n 1 1
== ) +isin—]| == i -
> cos(4 + 4)+lsin 2 2(c0531t+isn31t) >
Which is in rectangular form.
Example: Ifz=x+tyandarg(— = ,showthatx + y? =1.

Solution:

z=1 _x+iy—-1_ (-D+iy _(x-D+iy G+1)—
z+1 x+iy+1 (x+D+iy G+D+iy (x+1)-

R z—1 (x% - 1)/
z+1 (x+1)2+y2

Since arg(f—1 =S tan~ gy ==
’ +1 2 gx-1;+y -2
(x+1)4+y
0 — % 1t_1___> 2 pa2eq=0
XE—1+y2 T YTV TR

=2>x2+y2=1

Example: Find the equation in Cartesian form, ifz=x + iy and arg(z — 2) —arg(z + 2) = E.
Solution:

Given that arg(z — 2) —arg(z + 2) = g

T
s arg(x+iy—2)—arg(x+iy+2) =<

= arg((x—2) +iy) —arg((x +2) +iy) =

w
= tan'lx_ = —tan‘Ixi2 _Z
= tan (tan‘1 —tan~! = tranE
x—2 + 2 4
Yy _y
xX—2 x+2

TH@E T

y(x +2)—y(x—2)
P a-2)x+2)+y*
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xy + 2y —xy + 2y 2 2
= — =X —4+
X — 412 1 = 4y y

Or 2 x2+y2—4y—4=
.10 Application of Complex Numbers in Real World

Complex numbers are used in many real-life situations such as cryptography, wave phenomena,
pressure and velocity of the fluid and for the calculation of voltage and current in the circuits. These
applications are of higher level so will be discussed in higher classes. Here we are going to use the
complex numbers by giving an easy example of the simple harmonic motion. In simple harmonic
motion we have to determine the position of the microscopic particle from its mean position. The
equation which gives the position of the particle from mean position is
X X B O (1)
Where x is the displacement of the particle from mean position, X, is the amplitude and”
e'® = cos6 + isin 6 is the complex number

Example: A micro particle is performing to and fro motion. Find its position at an angle of =

2 3
when its amplitude is 0.05mm.
Solution:

We are given Xmax = 0.05

T
)

Using the formula

= iz _ T .. T
x = 0.05ez = (.05 (cos 5 + zsmi)
x = 0.05(0 + i) = 0.05i

It means particle is at the position where we cannot see it but just think about it.
The above formula can also be written as x = x,,4,€™* where w is the angular velocity and t is

2 :
the time. Also w = 775 where /is the frequency of the particle.

Electrical Engineering:

The relation the flow of electricity, /, in a circuit, the resistance to flow, Z, called impedance, and
the electromotive force, E, called voltage is given by the formula E = I.Z, Electrical engineers
use j to represent the imaginary units. But for understanding we are representing the imaginary
part with /.

Example: An electrical engineer is designing a circuit that is to have a current of (6 — 8i) amps.
If impedance is (14 + 8i), find the veltage.

Solution:

Here we have I =(6-8i)

and impedance Z = (14 + 8i),
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Using the frmula Em IxX
£ = 1% = (6= 8)(14 4 8i)
m |48 - 6L

DR o 1 S S

L. Write following complex numbers in polar form,

D2+ V3 @) 3 - iv3 (i) =2 - @2 (v) """"m.mu.-

2. Wnate the complex numbers in rectangular form
ng

L ., . ®

N = L. ; X .. X n COS——1 Sin—
() (u\'s-: +isin —) (L\\Q\ -+ s —.\ (n) = =
. s 3 3 2(cosg+ising

3006 (@ + iv) (o + iva) (g + 1) (X, + i) = a + ib, show that:
O @ +yDEI+yDET ) @) =ad + b2
(i Xr,tan”’ G}) =tan~! (ﬁ) +2kn, k€Z

~ 1+X

4. I

i cos 28 + isin28.showthatz = itanf.

5. If cos @ + cos § + cos y = sin @ + sin £ + sin y = 0, show that:
() cos3a + cos38 + cos3y = 3cos(@ + f +7)
(i) sin 3a+ sin 38+ sin 3y = 3sin(@+ g+ ).

6. Write a given complex number in the algebraic form:

(i) VZ(cos315° + isin315°) (ii) 5(cos210° +isin210°) (iii) 2 (°°53?K +i sin%)
(1v) A(ms% + isin s?') v) 2 (cos% + isin E) (W) cos135° + isin135°
(vii) 10(cos 50°+ isin50°)  (viii) VZ (cosTy +1 sinF) (ix) 4(cosZ + isini:)
® WZ(cosT+isinT) (xi) 10v2 (cos 7+ isin L) (xii) 2 (cos_ +isinZ

(xiii) &(cosZ+ising)  (xiv) 7(cos180°+isin180%)  (xV) 2e's

(xvi) 3e'T (xvii) 5e's
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7. Convert the following equations and inequations in Cartesian form:

(W) arg(z-=1)= -1:- (i) = = 4]e'?| (i) —-:- Sarg(z—4) s 5
av) 0 < arg (:—:%) SE (V) arg (l‘:—':) = 5—: TRy

o 3 il Sl T :
) sarg(= - ) =3 —sarg(z +1)

8. Caleulate the position of'a particle from mean position when amplitude is 0.004mm and angle
(RN
W < i) < (i) =
9. When particle is at a position of ¥ = 2 + 3{ from its mean position and Xpqy = 1 + 4i is the
position at maximum distance trom mean position as it can be seen under microscope at this
point.
(1) Calculate the angle at time t = 0 and fiad the position of the particle.
(M Ifx =2+ 31 and x4 = 1 + 4. Calculate the frequency when t = 2,
10. Find the impedance Z for the following values:
(1) E = (=50 + 100)volts, I = (—6 — 2i)amps
(1) E = (100 + 10d)volts,l = (=8 + 3i)amps

1 have Learnt

Recalling complex number = and recognize its real and imaginary part.
Knowing the condition for equality of complex number.

Revising the basic operations on complex numbers.

Defining conjugate and modulus of a complex number.

Solving the simultaneous linear equations with complex coeflicients.
Factorizing the given polynomials like z? + a® orz® =322 +2z =95
Solving quadratic equation of the form pz? + gz + r = 0, by completing squares, where p,
g. r are real numbers and = is a complex number.

Introducing complex numbers in polar coordinates.

Applying the binary operations in polar form.

Solving complex equations and inequations in polar form,

Using the complex numbers in real world problems.
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Choose the correct option:

(1) Every real number is also a number.

(a) natural  (b) integer  (c) complex (d) rational
(i)  Every complex number has part(s).

(a) one (b) two (c) three (d) no

(i)  Magnitude of a complex number z is the distance of z from
(a) (0,0) () (1,0) () (0, 1) @1, 1)

(iv)  If z is a complex number then its mirror image is
(a) || (b)1/z (c) —z (d)z

) In complex plane imaginary part is drawn along
(a) x —axis (b) y —axis  (c) origin (d) xy —plane

(vi) Ifz; =3+ 2iandz;, =5 + 6i then
@z >z M®)z2<2z @©z=2z W@ z=-2

(vii) Diagram representing a complex number is called diagram.
(a) vector (b) Venn (c) argand (d) ordered pair

(viii) Ifz=3+4ithenz™'is

(a) G.%) (b) (_' - —)( )(zs 25) (d) (E ?;—)

(ix)  The value of (V=25)(v=4) is

(a) 10 (b) —10 (c) 10i (d) —10i
x) If 1—”) = 1 then least positive value of n is
(a) 1 (b)2 (c)3 (d)4

Find the values of the following:

(l) iz + i4 4 i6 T i100 (ll) @3- 21)(1+t)

BE=
(i) [G=20G-0)| v (&)~

Factorize the following:

(i) 3x?+108 (i) 4x?+40

Locate the complex number z = x + iy on the complex plane if |z+21| =1.

Find z when (z = 3i)(2 + 5i) = 3 — 4i .

Evaluate [ + (2 - )7 + J-_zs,]3.

Solve by completing square method 222 — 11z + 16 = 0.

When particle is at a position of ¥2 + iv/2 nm from its mean position calculate its

amplitude when 6 = 45°,
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MATRICES AND DETERMINANTS

After studying this unit, students will be able to:
e Apply matrix operations (addition/subtraction and multiplication of (matrices) with |
real and complex entries. |
o Evaluate determinants of 3 x 3 matrix by using cofactors and properties of
determinants.
o Use row operations to find the inv >~se and the rank of a matrix.
e Explain a consistent and inconsistent system of linear equations and demonstrate
through exar:ples I
e Solve a system of 3 by 3 nonhomogencous linear equations by using matrix i
inversion method and Cramer’s Rule. |
* Solve a system of three homogeneous linear equations in three unknowns using the
Gaussian elimination method.
* Apply concepts of matrices to real world problems such as (graphic design, data
encryption, seismic analysis, cryptography. transtormation of geometric shapes,
social network analysis). [

A very common use of matrices in daily life is
encryption. We use them to scramble data for security
purpose and to encode and decode this data. There 1s a
key that helps encode and decode data which is
generated by matrices. The screen of any electronic
device, like smart phone or LED TV screen is
essentially a pixel matrix. When we rotate the phone
and it is in landscape form. The matrix is actually
rotated using the transpose. When we touch the screen
of a cell phone at some specific position; the position 1s
calculated by matrix properties.

In mathematics we use matrices to solve the system
of linear equations. Matrices are also used frequently
almost in all sciences.

In 19” century the term matrix was introduced by English mathematician James Sylvester. Then atter
taking the idea of matrices from Sylvester, Arthur Cayley developed the algebra of matrices and
published two papers in 1850s. On system of linear equations matrices was appliad by Cayviey's
where they are still useful.



2.1 Matrices
A matrix is an array of numbers arranged in horizontal and vertical lines enclosed within square

brackets. Matrices are usually denoted with capital letters.
The horizontal lines are known as rows of the matrix and vertical lines

are known as columns of the matrix. e.g.;

column

ToOWs

A"'[—22 i o)

Each number in the matrix is called an element or entry of the matrix. Every element in the
matrix has definite position which can be specified by the number of rows first and then number
of column where it exists. In the above matrix position of element ‘8’ is determined where
second row and third column meet each other. In general, an element in the ith row and the jth
column is denoted by a;; and the matrix 4 generally is written as A = [a,- j].

2.1.1 Order of a Matrix

How many rows and columns are there in a matrix is known as order of the matrix. If a matrix A
has m number of rows and n number of columns then the order of the matrix is m X n or m-by-n.
We always write number of rows first then number of columns.

If we multiply m by n; it gives us the total number of elements in the matrix. e.g.; if there are 3
rows and 2 columns in a matrix A then its order is 3 X 2; often we write A3«,. The product of 3
and 2 1s 6; so, there are six elements In matrnx A.

Equality-of Matrices

Any two matrices are said to be equal if both have same order and same corresponding elements.

3 5 Y 3
Consider matrices A = [2 1] and B = [2 1].
7 9 7 9
Here both matrices A and B are of same order 3 X 2 and also have same corresponding elements.

Thus they are equal. We write A = B.

2.1.2 Types of Matrices
Row Matrix or Row Vector
If there is only one row in a matrix then the matrix is called row matrix or row vector. .g.;

A=[1 3 6 2]ixs B=[2 5)ix2: C = [Shx1

D=[3 0 1 9 2]ixs are all row matrices.
In general, if a row matrix A having » number of columns is

[@11 @12 Q33..a4,)1xn

Column Matrix or Column Vector
If there is only one column in a matrix then the matrix is called column matrix or column vector.

v 0 2
eg. A=, B=|9 C= [9] D = [6]yx; are column matrices.
5 - 2X1

4141 :
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.a11-

az1
- . . aa 1
In general, a column matrix with m number of rows is

-Am1Ymxa
Square Matrix

A matrix which has equal number of rows and columns is called a square matrix. i.e.; if a2 matrix
has n number of rows and n number of columns then it is called square matrix and its order is

3 1 1 6 9
nxXneg., [ ] , 10 1 =2 , [3lix; are square matrices.
_S 7 2x2 2 _3 5 3x3

Rectangular Matrix

If the number of rows are not equal to the number of columns in a matrix then the matrix is
called a rectangular matrix. i.e.; if a matrix has m number of rows and n number of columns and
m # n then the matrix is a rectangular matrix. e.g.;

1 3
20
Zero or Null Matrix

If all the entries (elements) of a matrix are zero then the matrix is called null or zero matrix. A
zero matrix is usually denc..” by Opyn. €.8.;

1 6
_51] , [2 9] , [1 =2 3];x3 are rectangular matrices.
2313 13 _

00 0 0 0
0 o/, [0 0 0o o], ]. 0[, [0] are zero matrices.
0 0

0 0 0
Diagonal of a Matrix
Consider a square matrix A of order 3 x 3 _”Secondary diagonal

ayy 852053

A = |0y 0y @3]
313z G > Main diagonal

Then elements @y, @23, @33 With same subscripts form the main diagonal or principal diagonal of
the matrix and the elements a, 3, az,, @3, in which 1 script is increased by 1 and 2* is
decreased by 1 form the secondary diagonal of matrix. In general, for a square matrix A of order
n X n primary and secondary diagonals are shown as under:

— Secondary diagonal
@y, Gy Q3 . . . Gn-) G )
@y, Qyp Q3 . . . GAn-1) Gzn
A=|0sn @32z @33 . @3-y G3n

@ny Gnz @n3 - . . %-IXn;l) @nn-+—p Main diagonal
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he elemenis od the i diingonad o ayy, @y Ay, o g, nnd the elements of the secondary
\“M\‘““l “\\‘ ll\“. “J“ \. Wiy "" |\
Magonal Matriy

Asquane ey e whieh all the elements exeept the main dingmml are zero and the main
Aagonal b ac least one non zeto element is called n dingonal matrix.

WA = Jag] v square matrix of order 7 then it is called o diagonal matrix if' @;; = 0 when
/ Han i

e m\d Wy o l\ t‘m- ullmm mwi o fwhere do= 1,23 onand = 1,2,3,..,n.

\\\“\‘

< l
l u s [ ! -
() o ol [3] are dingonal matrices.
N llm \I.IIH\ .
A dragonal matix in which all the dingonal elements are same but not zero is called a scalar
‘u,, “O0forid &

where & is a non-zero scalar,
1(1,, w Kk ford = |

matin, Lea it o ag] o and
n\n

S0 0
k00 200 v
SO U l)’\vhvn‘k N\ IO 2 0‘; l() _1]; 0 5 0| are scalar matrices.
0o 0 & 0 0 2 0 0 1
3

Identity or Unit Matrix
A scalar matrix in which all the diagonal elements are equal to 1 is known as an ldcnuty matrix.

An dentty matrix s usually denoted by l"xn, or simply 1. For an identity matrix
fag =0fori#j

r=ay) "Nay = 1fori=j

1 0 1 0 0
c.g.:l ] J0 10 ,[1]1x1 are identity matrices.
O ealy 0 il

Upper Triangular Matrix
A square matrix in which all the elements lying below the main diagonal are zero, is called an

. (i=1.23.., _
upper triangular matrix. i.e.; if 4 = [a,,]nxnand a;; = 0 where i > j; (l —123.. 2) then 4 is

an upper triangular matrix.

a2 3 1
egs |0 16l
0 0 4

Lower Triangular Matrix

T 0 12
0 0.6} ]ancupper triangular matrices.
0o 0o 06

A square matrix in which all the elements lying above the main diagonal are zero; is called a

lower triangular matrix. i.e.; if A = [a,/]"xnand a;; = O wherei < j; C : 1’3’3 '2) then 4 is

a lower triangular matrix.
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0 o 6 0 0 2 0
c.g.;[ o), :E 0 0}, [,l 6] are lower triangular matrices.
6 2 1 0.

Triangular Matrix
A square matrix which is cither upper triangular or lower triangular is called a triangular matrix.

e Sum, difference or product of upper (lower) triangular matrices is again upper (lower) matrix.

‘\(_\ "n\l\ =
« Diagonal matrix is both upper and lower triangular matrices.

L , R ——— S— .

Transposc of a Matrix
If A is any matrix of order m X n then the matrix which is obtained by interchanging rows with

columns of the matrix is called transpose of the matrix and is denoted by A®. Note that the order
of the A' is n x m.

c.g.;ifA=[2 1.6 | e

then
2 0
Al =1 2]
6 33)(2

0 2 3l 4
Symmetric Matrix
For a square matrix 4 if A = A" then 4 is called a symmetric matrix, e.g.; if
1 2 'S 142, )
[2 6 ~4], then At = [2 6 - ]
5 —4 3 5 -4 3
Since A = A', 50 A is a symmetric matrix. Observe that in symmetric matrix a;; = a;; Vi # j.

If 4 is square matrix, then order of 4 and
A" is same.

Transpose of lower triangular matrix is
an upper triangular matrix and vice
eisa,

A=

Skew Symmetric Matrix

A squarc matrix 4 is called skew symmetric if A = —A°.

(0 2 —6]
eg;ifA=|-2 0 5
6 -5 0
0 -2 6} 0 2 -6
Then A* = | 2 0 -5 =—{—2 0 5]=—A
-6 5 0. 6 -5 0

So, A4 is skew symmetric.
Note that in a skew-symmetric matrix a;; = —a; Vi#janda; =0 Vi=.
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1. Find the order of the following matrices.

1 2 1
(i) A=[; g ‘1’] (i) B=[2 3] (i) C=H
3 4 9
v D=[2 1 6 8] v) E=[] (vi) F=[g g
2. Identify the following matrices as square matrix, rectangular matrix, row matrix or column
matrix.
. 3 6 2] s | 3
any A= 5 1 9 () B = |3 (i) C = |2
] 2 6 8
(1 6 9]
ivyD=[2 0 1 WME=[2 0 1] (vi)F =[16]
3 1 2l
3. Identify the diagonal matrix, scalar matrix, identity matrix, lower triangular matrix, upper
triangular matrix.
3 0 0 —6 0 O i
A=|0-1 0oy B=|0 -6 O0/; C=;g];.
2 6 0 L0 0 -6 )
1 0 0] 2 0 0 V3 1 2
D=|0 1 oOf; E=10 3 0f; F=10 0 6|
0 0 1l 0 0 O L0 0 1
1 0 0] .
G=lo o of; H= g g]
0 0 o “

4. Find the transpose of the following matrices and identify which one of them are symmetric
and which are skew-symmetric.

- 2 6
A=|V5 6 B=[1 6 2 ok  C=[5 5|
1 9
[0 1 9 3 -6 9 9 0 1
D=|-1 0 5]; E=[—6 2 o F=[0 6 3
-9 -5 0 9 0 0 00 1

2.2 Algebra of Matrices
2.2.1 Scalar Multiplication
If k is a non-zero scalar and A = [a;;] is a matrix of order m X n, then the product of matrix

A and scalar k is denoted by the matrix kA, the matrix obtained by multiplying the scalar with
each of the elements of the matrix A4.
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If A=|an @32 Az - - - G , then
Am1 Gmz Om3 Amn
ay ay2 a3 Q1n 7 kau ka12 ka13 - e e kaln 1
@y Gy Q23 - - - G ka,, kaz; kazs kay,
KA=k|@1 @32 Qs - - - Qn|=|kas; kas, kasz - - - kazn
Umy Gmz @m3 - . . Gmpl lkam Kamz Kkams - . . Kamnd
. a3 2 1
In particular lfA—[ 4 —3 5] then
Key Facts
2a=23 2% ' . .
4 -3 5 Order of matrix A and KA is
_[2x3 2x2 2x1 same.
T 12x4 2x-3 2x5 L
_ [6 4 2
8 -6 10

Addition of Matrices :
In general, we cannot add any two matrices. Only those matrices are conformable for addition

which have the same order.

IfA= [au]mxn and B = [bU]mxn are any two matrices of same order m X n then 4 + B is also
a matrix of order m X n in which each of its elements is the sum of corresponding elements of A
and B. If we assume that 4 + B = C where C = [Cij]mxn then ¢;j = a;j + b; Vi,j EN

Subtraction of Matrices
Like addition of matrices, we can subtract two matrices which have same order.

IfA= [au]mxﬂ and B = [bU]mxn are any two matrices of same order m X n then 4 — B is also
a matrix of order m X n in which each of its element is the difference of the corresponding

elements of 4 and B. If we assume that 4 — B = C where C = ¢ ]]mxn

then Cij = Qjj —bij Vi,j EN

3 0] -2 6
Example: Find 4 + Band 4 — B where A = [2 1] and B = [ 0 0].
6 5

2 1
Solution:
30 -2 6 3+4(-2) 0+6 1 6
A+B=|2 1+[0 0]= 2+0 1+0 =[2 1‘
6 5 2 1 6+2 541 8 6
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10 Lol (A2 06l (5 4
A=z 1o ofl={z-0 1 0=z 1
o 6 12 1 62 Hob s o4

Multipticntion of Mutrices
Two mntricen A and 2 are conformmblo for multipheation If number of colimms of A is sgpisl v

number of vows of B0 A = ay] - in o matein of order m A noand 1= [by| s s i

of ordor n X p then the order of Al s m A4 p
Assumo that Al « |¢ ,,I ,whcm ¢y I the sum of the elements ottained by mmiltiphying the

corresponding oloments nl lhc (throw of u matrix A with corresponding elemers of the Jth
column of matrix 4. For Al = C, wo have;

ay, yy yy v 0 yy ’)“ ’),7, ’I,;‘ p ’/;’ ’ ,/;”
ayy agy gy oo fan by by byy . by o by

Asllay  ay  ay . Wy D=
. . S P

Ay Aoam Ay, . . . Ay buy bay bps . hn[ ‘ bnw
{th row Jth cadumn

. v, . C

(Cll Cy2 Ciy (‘I[ p
" . O

Cyy €32 Czy - C2 p

C}x C;z b e t';, - cy = (“ll)(bll) + (alz)(bzf) ¥ o4 (1) (hpy)
g [=1,2,3,.
where p

[Cn1 Cnz Cna . Cpy . Cpyl J =12, ’
) Find th duct A8 for the given matrices A = 3 1
Example: ¥Fin ¢ produc orthe g 2 5 al,,

442

Solution:

Matrices A and B are conformable for the product of 4B, since the number of columns of A and
the number of rows of B is the same.,

1 3 (D)@ +3)(@) W) +3)(S) (1)(0) +(3)(4)
AB = |2 1‘3 s Y= |@@+m@ @M+ )G @)0)+ (1))
(6)(3) + (0)(2) (6)(1) +(0)(5) (6)(0) + (0)(4)

6 0

346 1+15 0412 Key ¥
_ ey actly

64+3 245 0+4 l If two matrices A and B are

18+0 6+0 040 conformable for the product AB,
o 16 12 then it is not neceasary that they
=9 7 4 @ are conformable for the product

18 6 0 | BA.
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Note that order of AB = 3 x[2 2]x3=3x3

Example: Find the product AB for the given matrices.

A= fi. B=|3 2% ]
Solution: l & -

The number of columns of 4 and the number of rows of B is same. So they are conformable for
the product AB. Now

aB= [El; ] [zl —21]

[ (21)(3)+1(2¢) Q=)+ ()0 () + (1)(-2i)
(-D)3) + (31)20)  (~i)(=i) + (3i)(0) (—)() + (3)(—20)
_[6i+2i =2i240 2i2—2i]

[-3i+6i2 2+0 —i?-6i?

[ 8i -2(-1) 2(-1)—-2i
T [-3i+6(-1) -1 -(—- 6(—1)]
- 8i 2 =-2- Zi]
-3i-6 -1 7
Orderof AB=2x(2 2[x3=2x3
2.2.2 Commutative Property of Matrices w. r. t. Addition
Any two matrices which are conformable for addition holds commutative property w. r. t.

addition. Consider the two matrices 4 = [a; j] and B = [b;j]
;3 Q12 by, by b13
A= az1 Az azs] od = [bz1 bs2 bz3]
A+B= [an +byy @2+ by; a3+ b13]
a1+ by Gy + by A3+ by
_ [bu1tan bz +a;; b3+ al3]
by +az1 byt az byt ‘123
_[P11 b1z b13]- [an a2
" lbpy b2z bas 1 QGz2 Q23
Example: Verify the commutative property of addition for the given matrices:
316 0 -1 3
A=[2 | 3]andB=[1 2 4

0 21 -7 3 1

2x3’ 0

] B+A

Solution:

A+B=12 1 3 2+1 1+42 3+4

3 1 6] [ -1 3] [3+o 1+(-1) 6+3
o 2 1 0+(-7) 2+3 1+1

(1)

.—7 > 2]
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And
0 -1 3 3 1 6 0+3 (-1)+1 3+6
B+A=[1 2 4+[2 1 3]=[ 1+2 2+1 443
-7 3 1 0 2 1 (-7)+0 342 1+1
3 0 9
-7 5 2

From (1) and (2) we have A + B = B + A, i.c.; commutative property holds w. r. t addition.

Commutative Property of Matrices w. r. t. Multiplication
In general, the commutative property w. r. t. multiplication for matrices do not hold. i.c.;

AB # BA.
Examples: For the matrices A = [; :f é] B = IZ 3]; show that AB # BA.
Solution:

AB = [1 2 1 [ 1‘
(1)(0) +(2)2)+ (1(1) V@A) + @A)+ (1)(4)
(3)(0) + (D@2 +(6)(1) (3)(A) + (D(3) + (6)(4)
_ [0+4+1 1+6+4] [5 11
0+2+6 3+3+24

[g;}121
a1

1
(D)D) +MB) (M) + (DA (O)(D)+ (1)(6)]

BA

=@M +E)B) 2)(2)+3)(1) (2)()+(3)(6)
(DM +HB) M@+@®H@®) (1)QA)+ (4)(6)
0+3 0+1 0+6 3 1 6
2+9 4+3 2+18 =[11 7 20]
1412 2+4 1+24] 113 6 25

Clearly AB # BA.

2.2.3 Verification of (AB)* = B'A"
Consider the two matrices 4 and B which are conformable for the product 4B.

1 2
01 6
A=[§ 6] -/ sB= [2 . 0]2x3then
3x2
Y 1 6 MO+ 2)(2) M@+ @A) () + (2)(0)
4B = }[2 L =|00+®@ GM+©) 6)6)+E)(0)
(2)(0) + (1)(2) (2)(1) + (1)) (2)(6)+(1)(0)

(0+4 1+2 6+0
0+12 5+6 30+0] [12 11 30

L 0+2 241 1240



(1)

(D) + (1)(1)

0)(2) + (2)(1)]
(6)(2) + (0)(1)

4 3 61 4 12 2
=>(AB)'=[12 11 30] =[3 11 3]
2 3 12 6 30 12
Now
: 0 2
A‘=é 2 iandB‘: 1 1]
l6 0
0 2 15 2 0)(@) + (2)(2) (0)(5) + (2)(6)
B'A" =1 1] 2 6 U= MO+ @@ WG +@)e)
6 0 (6)(1) + (0)(2) (6)(5) + (0)(6)
0+4 0412 0+2 4 12 2
=|1+2 5+6 2+1}=[3 11 3] (2)
6+0 30+0 12+0] l6 30 12

From equation (1) and (2), we have (AB)* = BA".

Example: Show that for the two matrices A and B which are conformable for addition:
(A+B)=A"+B*

Solution:

Consider any two matrices 4 and B of the same order.

F e

Key Facts
For any two matrices A and B
which are conformable for addition

% A+ B)t = A* + B'. In general
(Al +A2 + "'+An)t

=Al + A5+ -+ A}

a+1 b+27 |
A+B= ] L ] [c+3 d+5]
Le f e+2 f+6
a+1 b+27
= (@A+B)=|c+3 d45| =[3FT] ¢c¢+3 e+2 (1)
e+2 fie b+2 d+5 f+6
e _[@ ¢ e c_ 13 2
Now A b d f]a\ndB—[2 = 6
topt _[* € 1 3 2
A+B =], 4 f] [
_[a+1 c+3 e+2 (2)
“lb+2 d+5 f+6

From (1) and {2) we have,
A+ =A'+Bt
Example: Any square m.:*rix can be written as the sum of two square matrices such that one of
them is symmetric and the other is skew-symmetric.
Solution:
Consider any square matrix 4. Let we can write it as sum of two square matrices P and Q where
P is symmetric and Q is skew-symmetric. i.e.;
A=P+Q;Pt=P&Q'=-Q
SA'=(P+Q) =P +Qt =
2 A'=P-Q

(1)

P+ (—Q) -
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Adding equation (1) and equation (2), we get:
1
A+A'=2Pp = P=~£(A+A')

Now subtracting equation (2) from equation (1), we have:

' 1
A-4'=20 = Q=5(4-4)
Observe that

l"
H

1
Pi=|>( +A‘) =(A"+ @A) = —(A‘ +4) ——(A +A") =P
So, P is symmetric.

N

.1 1t
Q" =|3(4-49] =%(Af - (AN = %(A‘ —A)= -%(A —-AH=-Q

So, Q is skew-symmetric.

3 15
Example: Write the matrix A = I 2 6 0] as a sum of two matrices where one is symmetric
-1 2 1 -

and the other is skew-symmetric.
Solution:
Let A = P + Q where P is symmetric and Q is skew-symmetric.

3
([3 15 32 -1 3 3 2
SoP=§(A+At)=E([2 6 0|+]|1 6 2) 3 12 2 =132 6 1
-1 2 1 50 1 2
2 1 1
And
1 f[3 15 B2 -1 1[0 -1 6
=—(A A‘)—-?:([z 6 0|—1|1 6 2 =E 1 0 —2]
-1 2 1 Is 0o 1 -6 2 0
1 1
0, -7 3
=l 0 -1
2
-3 1 0
Thus A=P +Q
3, o -1 3
[3 15] P 5. 2
=2 6 0|=]3 +]1
121 |7 61 [z o -t
2 1 -3 0
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1. Construct a matrix A = [al j] of order 2 X 2 for which:

(l) a(j = % (ii) aU = -Dz‘—j (ﬁi) aU = 5 (iV) aU - 2i—-3j
2. Construct a matrix B = [a,- j] of order 3 x 3 for which: -
. o ;_2;, .. _iz-j2 . %42
(W) bij=— (ii) byj = —— (iii) b;; = 2, oy () by = =5
3 -1 2 (2 1 7
3.IfA=|0 6 1|andB=|0 2 —1] then find a matrix C such that:
-1 0 -3 -3 4 2
A+B+C=0
7/2 11 2
4. (i) FindA [g ]A[2 3= 3 ‘1’ (i) Find X 4 1]
2 0
(i) IfA = [3 7] and B =[2 14] then find a non-zero matrix C such that AC = BC.
(iv) [xg' X+ y] . z] then find the values of z, 7 and x? + y2.

(VIfA= [7 5] and | = [(1) ‘1)] then find @ and § so that A% + al = BA.

1 0 3
(vi) Find the values of x if [x —4 2] [0 1 O] [

2 0 4
12 2
5. IfX=|2 1 2|thenprovethat X2 —4X —5] =
2 2 1
6. 1fa=[2 1 ]then find @and § such that, 4% + al = BA.

7. IfA=[; (l)]then

x* 0O
(i) Prove that for all positive integers n, A" = [y(x“—l) 1].
x-1

(i) IfA= [i :‘ﬂ then prove that for all positive integers n,
1+2n —4n
77 [ 1-2nl
8. Consider any two particular matrices A and B of your choice of order 2 X3 and 3 x 2
respectively and show that (AB)¢ = B*At.
9. Consider any two particular matrices A and B of your choice of order 3 X 3 and show that
(A+B)=A"'+B"
10. If A and B are two matrices such that AB = B and BA = A. Find A? + B2
11.If A = [ay]is a matrix of order 3 x 3 and a;; = i? — j2. Check whether A is symmetric or

skew-symmetric.
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w
=t

12. For any square matrix A: prove that (4™)* = (49)*.
. ) _y_1 & - 4 3
13. Find the matrices X and ¥ such that 2X - Y B - 73|...1x+3y_[1 et

- M

2.3 Determinants

Not all but every square matrix is associated with some oumber (real or complex). This oumber
is called the determinant of the matrix.

If A is any square matrix then its determinant is denoted by dey(d) or |4l
Correspoading to the square mamrix A of order .

311 a.u - . " am
321 au - o ° aZ)l
A= : " - - 07 | Koy Fase
. ) EE I71~1 More than ooe square matrix can have
Gr1 Gm2 . . - Gmn Poq same value of determinant =
The determinant of A is —
all du . . - a].n -
Qy; dap Q2n
|Al = '
Qni Quz . . . Gpy

For our convenience we consider the determinants of the square matrices of orderup 0 3 X 3.
2.3.1 Determinant of Matrix of Order 2 <2
. . a a
Consider a matrix A = [au 12];then
21 @22
Qy; Qg2
Al = |

=4a.:a,, —a-».4,~
as. azzl 11822 — @21Q;2

Determinant of Matrix of Order 3 < 3
Consider a matrix A of order 3 X 3i.e.; A = |G21 Q22 23
Q3; Q432 Gs3
Qi3 Q412 433
Gz; G2 Q23
@z; Q32 Q33
To find the value of this determinant; we express the above determinant into the sum or
difference of determinants of order 2. This process of finding the value of the determinant is
called expansion of the determinant.

We can expand a determinant from any row or any column. Since in 2 determinant of order 3;
there are three rows namely Ri, Rz, R; and three columns Ci, Cz, Cs, so we can expand the
determinant in six different ways; but the value of determinant will remain the same in each case.
If we expand the above given determinant from 1* row i.¢.; from R: then

Al = Iazz azal _ |a21 a23| az1 azzl
Al = a1, a3, Gzl H2lay; ags az; as;

= ,1(z2033 — 0303;) — a32(az1033 — G23031) + 013(821032 =~ 22031)
This can be generalized for determinants of the square matrices of higher order.

a;y Gy 013}

The associated determinant is |A]| =

a3 |
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Minor of an Element of a Square Matrix
Let we have any square matrix 4 of order »n, i.e.; 4 = [au]nxn? then the minor of the element

a;; of matrix is a determinant of the matrix of order (n — 1) X (n — 1) obtained by neglecting
the ith row and jth column of the matrix A. Minor of a;; is denoted by M;;. For example;

consider a matrix 4 of order 3 x 3.
Q11 @y a3

A= [021 Q2 Q3

31 Qazz Q33

: _ Q12 Qg3 . : ,
The minor of the element a,, is My, where M;; = l a;: a;zl is the determinant obtained by

neglecting 2™ row and 1** column of the matrix A. Likewise we can find all the minors of
elements of the matrix A.

Cofactor of an Element of a Square Matrix

For any square matrix A of order n X n, the cofactor of an element a;; of matrix A4 is denoted by

Ayj and is defined as A;; = (-=1)*/M;; eg;If
;1 Q2 a13]

A=|a1 Q2 Gz
a3; @32 Qs3
Then cofactor of the element a,; is:

a2 Qi3
Az = (_1)2+1M21 = (-1)° lasz ass

| = (—1)(ajpa33 — a13a3;) = —Qy2a33 +.a13A3>

= Q43Qa3z — A12a33

1 3 0
Example:If4 = [_1 2 6 | then find M;;, My3and Aj,and A,5.
3 0 -4

Solution:

Me=[3' S|=CDE-@@ =4-18=-14

3
M =3 5= DO -@®@E)=0-9=-9

A = ()™M, = (F1°(-14) = (-D(-14) =14 -

Az = (-1)"My3 = (-1)(-9) =9
2.3.2 Evaluation of the Determinant of a Square Matrix Using Cofactors
Consider a square matrix A of order 3 X 3.

(@11 Q12 O3

A=Az a2 azs]
[a3; A3z Q33
a1 Q12 Qg3
Then |A] = |@21 @G22 Q23
a3y 43z 4as3
If we expand it from first row then:
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a @y G a; a
Ul =a, 2 azl TSzl ay 13 las, 02
= @y My, — Gy My2 + ay3Mys
= Gy (1) My, + @2 (—1)"*2My; + ay3(=1)1*3M,,
=@y A + @A T a3dss
If we expand the determinant form fist column then:
4] = a,, =z Gz @2 Qi3
Gz Q33 Qz;; Qi3
= @y My — Gy My + a3 M3,
= au(-l)z?l“u + azz(-l)zﬂHzl + 031(-—1)3“1431
Al = a;1 4y + @34z + 33345,
From e zbove dsonssion 1t is clezr that |A] can be evaluated by adding the product of elements
wih corespondmg cofaciors of zny row or column of the matrix.

a,2; Qi3

Q34 lan [ P

—dnl

1 2 6

Eumpk:lfA:[O 1 ledmﬁndulusingoofz:tas.
-1 3 0

Solation:

Fo=t we §od cofzciors of zoy ooe of the row or column of the given matrix. Let us find the

cofzcors of C;. The slements of C; zre a5, 53 and a53. In this case a3 = 6,a,3 = 2 and

23 = 0. Now we find their corresponding cofactors.

A =12 0 A= 0f0- ) =1 =1
b =122 1 2 = -8B - () = 1)) = -5
A= 2 = DfA-0 =M =1

=~ Al = azAis + apiys +azds
=6(1)+2(~5)+0(1) =6—10+0 = —4
233 Siagular and Non-Singular Matrices
Arry spzre mzerin A is called singular if |A] = 0.
[f [A] # 0 then 1t 15 czlled non-singular matrix.
Faczmle,forthemicesA=B ﬂandB=[§ 122].

2

13 B
Ul =, 2|=(1)(2)—(3)(4)=2-12---10¢o
3 12 4
IBI=% ,|=@@)-12(3)=6-6=0

Tras A is non-singular matrix znd B is singular matrix.
234 Adjoint of a Square Matrix
Consider zmry square matrix A of order n:
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i E 2 - :

ay;, Q3 Ayn
Az, Qzz . . azn
A=| . + + " |then the adjoint of A is written as adj(A) and is the matrix
Amy Qnz , | . Ann
Ay Ay - o - Am
A Ay - . - An2
adj(A) =1 . . Coe
Aln AZn . . » Ann
If the order of the matrix A is 3 x 3. i.e.
a1 Q2 Qi3 [An A1 Az
A= [an az2 aza] then adj(A) = 412 Az Az
az; dzz Qs lA;3 A,z Asg

Multiplicative Inverse of a Square Matrix
Two square matrices of same order n are said to be the multiplicative inverses of each other if
their product is [, (identity matrix of order n).
Only non-singular matrices have their multiplicative inverses.
If A is a non-singular matrix then its multiplicative inverse is denoted by A~! and
AATl =A"1A=1

2.3.5 Adjoint Mecthod to Find the Inverse of a Non-Singular Matrix

If A is a non-singular square matrix i.e.; |A| # 0 then A~ = |%ladj (4)
Obviously if 4 is a singular then |A| = 0, then A~ = ﬁadj (A) will not exist.
2 10 ,
Example:IfA=|0 3 2| then find A~! by adjoint method.
2 1 4 A ) i Key Facts
Solution: | s =zl
2 10 A
Since [A|=10 3 2 e If the inverse of matrix A
2 1 4 exists then it is unique.
3 2 0 2 0 3 |
—_— 2 —_— -
= lal=2[] gl-1[; 3[+o]; 1

=2(12-2)-1(0-4)+0(0-6)=20+4+0=24+0
Thus, A is non-singular. To find the adjoint of A we find cofactors of all the elements of A.

Ay = (=D = (-1)2(12-2) = (1)(10) = 10
Arz = (1)1 =-DPO0-9=(C-D-N=4

13 7 1)1+3 =(=1D*0-6) = (1)(-6) = -6

NONORFR W
= Wd ND DN




https://fbisesolvedpastpapers.com

Ay = (-1 9 = (1@ = 0) = (-1D(#) = -
Ay = (—1)2+2 § 2 = (-1D*(8-0) = (1)(8) =8
Agz = (—1)2+3 g } = (-1)5(2-2) = (-1)(0) =0
Az = (=1)3+1 é ‘2’ = (=1)*(2-0) = (1)(2) =2 -
Az = (-2 |2 0| = (- (4-0) = (-D)@) = -
Az = (-1* |2 7| = (D6 -0)=(1)(6) =6
A Ay An 10 —4 2
Now adj(A) = A12 AZZ A32 =\|4 8 -4
Az Azz Ass -6 0 6
0 a2
. 10 —-4 2 2: 824 244
And A™ ——ad](A)——[ 8 _4]= = L.
|Al 6 0 6 246 204 624
% N2 2
5/12 -1/6 1/121
A"l = [ 1/6 1/3 -1/6
-1/4 0 1/4 |

2.3.6 Verification of the Result (AB) 1 = B=14-1

If A and B are square matrices of the same order then (AB)™ = B~1A~1: To verify this,
consider two matrices A and B of the same order.

Key Facts

3 2 M (AB)~* = B~'A~1 is known
Lisfial = 1 4] and 5= [4 as reversal law of inverse.
For L.H.S.

Z|[L 2 [3+8 6+6]_[11 12
4114 3 1+16 2+12 17 14 '
|AB| = 3 }Z = (11)(14) — (17)(12) = 154 — 204 = —50
o 14 —12
And adj(AB) = [ 7
~» (AB)"! & IABI —adj(AB) so
14 =12
-1 _ -12 -50 =50
4By = 5 )= '—17 1
-50 =50
=7 6
-1_|25 25
(AB) 17 -1 (1)
50 50
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For R.ILS.
|A] = :: ,‘:I = (3)(4) - (1)(2)=12~-2=10
adf(Ay = [ % 72| ana

. _ ~2/10 ~1/5
are I/ll‘“"/(")“_[4 4= [41//1100 3/10]4-%20 3/1/0

And |B) = |'1 gl =(1)(3)-(4)(2)=3-8=-=5
adf(B) = [_3 -2] and

— -5 =2/-5 2/5
& |B|adl(B)—-_5[3 2] [-34//-5 1//-5] [43}{35 ~1/5

~-3/5 2/S1[ 2/5 -1/5
4/5 -1/5][-1/10 3/10

(-3)6)+ ) (I—S) (-3(3)+6) )
66)+ () ()6

-6 1 -7 6
_|25 25 25 zs 25 25 (2)
8 1 17 -11

B-lA—l -

2550 25 so 50 50
From (1) and (2) we have (AB)™! = B4~}

1.  Evaluate the determinant of the following matrices.

[2 3 1 [cos@ —sin@ 0
i |1 -1 2] (ii)) [sin@ cos@ 0]
4 1 2 L 0 0 1
i 3 -=2i 24+i 1 i
(i) (1 3°' 4 ] (iv) 0 2 1]
0 1 2 | =3i 1 6

2. Bvaluate the determinants of the following matrices using cofactor method.

3 2 3 2 3 -1
(i) [4 5 1] (i) [—1 0 2
2 10 3 1 4
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W O (L

20 6 1 -2 1+
(i) 1 —i z] |3 1 4

0 1 3i 0o 2 3
3.  Determine which of the following matrices are singular and which are non-singular.

3 1 2 3 -1 2
M2 3 1] (i) [2 0 1‘
-4 1 =3 ' -1 5 11
301 2 2 - 1
(iii) [—4 1 i] (iv) [ L 3 —2]
2 0 1 —-2+i i+3 -3
4. Find the value of 4, so that the given matrices are singular.
1 A 2 O]

WN MO NN

() (2 1 3
A 2 1
2+i 1 6]

®

(iv) 2 11
I i L 3 0 2
5.  Find the multiplicative inverse of the following matrices if it exists by adjoint method.

1 -1 1 3 —4 2
i |2 1 —1] (i) |2 3 s]

1 -2 -1 1 0 11

(111)

N W oW

_ .

( i 0 1 3 i i
(i) |20 -1 —i] iv) 12 1 —Bi}
L1 0 4i 4i 2 6
_ 2 1 -3 '
] 6. IfA=|0 1 0 ] then find A~! and hence show that A4~ = 4714 = [,.
2 1 6 '
7. Verify that (AB)™* = B~'A" in each of the following.

G A= [? 2] andB=[g ;

1 1 3 -2 3
-1 1 } and B = [2 1 —1]
1 -3 4 -3 2

—-i 6 3 1 2

2 i] andB=(1 0 1]

1 6 0 1 1
2 5 2 3 4
-1 —1] and B = [1 0 2]

3 -1 0 1 3

(i) A=

(iii) A=

~.

(iv) A=
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2.4 Properties of Determinants

Here we will discuss some important properties of determinants which will help us to find the
value of a determinant. For convenience we will consider the determinant of the square matrix A
of order 3 X 3 ie. if

Q. Q2 Qi3
A=|a; Q;> Qz3|then

A3y Q32 Qs3

@1 Q2 13
|A] = @21 @22 Q23
az; Q32 Qss .
Qp2 Q23 Q>y Q3 Qzy 22
4] = ay, lasz 033|—a‘2|a31 a33| M3 |a31 032'
= ay;(@z,a33 — a3Qzz) — az(axass — a,3Qas;) + ay3(aza3; — az,Qa3,)
Property 1:
|A] = |AY]
Proof:
Q;; Qzp Q3
|AY] = [@12 @22 Q32
Qi3 Qz3 Qs3
Expanding from C;; we have,
Az asz az; Qasz Qzy Qzq
147 = ay, Iazs a33|—a12 Iazs ‘133| @13 Iazz aszl
= a,,(az2a33 — a3Q3z) — a,2(az1a33 — @3a31) + ay3(a@zas; — az2a31)
= |A|
Example:
1 2 0 1 2 0
IfA=[0 3 O]thenlA|= 0 3 0
2 1 6 2 1 6
_413 01_,10 O 0 3
‘11 6 22 6|+02 1
=1(18-0)-2(0—-0)+0=18
And
1 0 2
3 1 2 7 2 3
| = =1 -0 2
IA'ggé o ol l el *2l5 o

=1(18—-0)—0+2(0—-0) =18
“Thus |A| = |Af|



Property 2:
If any two rows (or columns) of a square matrix A are interchanged such that the resulting matrix
is B then |B| = —|A]|.

Proof:

Let we interchange the first and second rows of matrix A; then the new matrix is:

Q21 Q22 Q23]
B=|a11 Q2 Q13

@31 Q32 @33
Qz1 Gz 0G23

= |B| = |81 Q12 %3
az; Qzz Q433
_ a2 a13|_a Q11 a13| a Iau a1z|
=021 |qa,;, assl “??laz;  ass 23laz; as;

= az;(ai2a33 — a13037) — Ap2(ay1a33 — @y3a31) + az3(ai1a32 — @12a31)

= @y,071Q33 — Q13021032 — Q11052033 + Q13022031 T (11023032 — A12023031

= (—@11022033 + Q112303;) + (12821033 — G12053a31) + (— 21321032 + @13Q22031)
= —a,;(ay2a33 — 23032) + A12(G21033 — A23a31) — 33(021032 — G22831)

= —[a11(az2033 — az3a32) — 12 (az1a33 = Gz3a31) + a13(az1a32 — az2a31)]

= |B| = —|A|

12 3
Example:LetA= |2 1 0] then
020
L 0512 O 212 10— 0y 20 — e
al=1]; o|-2[5 ol+3l; Z=10-0-20-0+3¢-0)=12

1 2 3
By interchanging second and third rows of A; we have a matrix B = [0 2 O]

2 10
1 2 3
2 0 0 0 0 2
=|Bl=10 2 0[=1 -2 +3
2 1 0 Il 0| 2 OI |2 1
=10-0)-2(0-0)+3(0—4)=0-0—-12=-12
|B] = —|4]| |
Property 3:

If any two rows (or columns) of a square matrix are identical then the value of the determinant is
zero.

Proof:
Consider a determinant with two identical rows:

a a2 Q13
)’ Qz2 Qa3 4z, Qz3 az1 Q22
zy G2 Q23| =a - a3

lla,; ap; 12la;, a3 azy Az
azy Q2 Q23

= a41(a22823 — Q22823) — a12(az1a;3 — @21a53) + ay3(az1a22 — a21022)
= a,1(0) —a;2(0) +a;3(0)=0+0+0=0



.

2 16
Example: Consider the determinant A= |3 2 0
3 20

Expanding by R;:
2 0 30 3 2
8 =2, ol =13 ol *6l5 2
=2(0-0)-1(0-0)+6(6-06)
=2(0)-1(0)+6(0)=0
Property 4:
If we multiply each element of a row or a column with a non-zero scalar k then the
resulting matrix is B and |B| = k|A]|
Proof:
A1 Q12 Qg3
A= [am Qzz Q23

31 Qzz dazs
Let we multiply each element of row one by a non-zero scalar k then the resulting matrix is

Qzy Qz2 Q23

kay; kag, k‘113]
z; A3z A3z

B =

ka]_ 1 kalz ka1 3
az; Az, Qaz3
az; Qzz Aas3

Qzz Q23

az1 a23|
as; Qsz

I ' az azzl
— ka
12jas; azz

= |B|= = kau‘l %13 la:u a3z

w
Q

Az, Qj3 a1 Q3
11 - 412

azi azzl}
Q3 Q33 az1 Qs3

ass |
BBlaz; as

aj1 Q12 Qi3
Az Q2 QA3
1421 Gz Gz
Thus |B| = k|A|

=k

1 3 2
Example:LetA=12 1 0
1 0 3

, 1 3 2
Let we multiply each element of second row by 3 then the resulting matrixis B = |6 3 0].
1 0 3

1 3 2
Now || = =11 0_320 22‘1
oW i (1) (3’ o 3l-3l; 3l +2[ ol

=1(3-0)—-3(6-0)+2(0-1)=3-18-2=-17
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1 3 2
_ 13 0] _a6 0[,,[6 3
A“d'B|“15 g g‘llo 3 3|1 3|+2|1 0
=1(9—0)—3(18—0)+2(0—3) =9 —54—6= 51
= 3(-17) = 34|
i.e; |B| = 3|A|

Property 5:
If matrix A is of the form

ay; + b1 Az Qs
A= [021 + by az az3] ; then
azy +b31 Q32 Qss
a;; @z Q3| |bu @z @3
|A] = |@21 @22 azs| + |bz1 @22 Q23
as; asz a3zl b3y @3z Q33
Proof:
a;; + b1 Gz 43
|A] = |az21 + byy Gz Q23
as, +b31 a3z 933
Expanding from C; a; fag a;z Q3
= (a; + b11) IZ:: Z::I — (az; + bz1) |a32 aéal + (as1 ':'lbn)c!a:z a;;;;la12 o
a a2 13 12 1
=an Izzi 2:2' +bu |Z:: a::l — 01 |aaz a33| = baiag, a33| %3t laz asa‘
Az @13
. + b31 |a22 a33| a a
a;; Qi3 12 Q13
= (a“ IZZ'; Z::I ~an Ia;z a33| + s Iazz a33D .
a;; Qg3 az a3 I a2 13 |)
+(b11 asz a33| = bax asz 433 31lazz  ds3
a;q aiz a3 bll a2 a3
|A| = |@21 @2z Q23|+ |bz1 @22 @23
az; a3z a3l b3y Az Q33
1+2 1 0
Example: IfA = [3 -1 0 2] then
2+3 2 1
1+2 1 0 110 2 10
3—1 0 2/=13 0 2|/+|-1 0 2
2+3 2 1 2 2 1 3 2 1
142 1 0 310
LHS. |3-1 0 2|=|2 0 2
2 D1 5 2 1
=3]0 2-1f2 %|+of2 O=30-9-12-10)+0@-0)

-12+8+0=-4 (1)



110

2 10
RHS. |3 0 2[+|-1 0 2
2 2 1 2 1

3
0 2 3 2 30 2 -1 2 -1 0

=(1], i-1; 3l+of z)+(2|g =113 R PE)

=(10-4)-1B3-4)+0+20-4)-1(-1-6) +0)

=(—4+4+1+0)+(-8+7+0)=—4 ()
Property 6:
If all the clements of a row or a column of a square matrix A are zero then [A| = 0
Proof:

Consider the matrix A= 0 0 0

Ay11 Qg2 013}
[A31 Q3 QAgzz

Ay Q2 Q3
Sola|=1]0 0 0
Az, Qzz Qszg
Expanding from R,
1Al = a 0 0 e 0 0 = 0 0|
T Mlag; as; Zlaz; as; Blas, as,
=a;,;(0-0)—a;,(0-0)+a;3(0-0)=0+0+0=0
31 2
I'Ixnmplc:IfA=[0 0 O0fthen
1 3 9
31 2
[Al=(0 0 ©
1 3 9
=3|g 3—1|(1J 3|+2|‘1) g=3(0-0)-1(0—0)+2(0—0)
=O—0+Q=0
Property 7:

If we multiply any row (column) of a square matrix with some scalar k and add the resulting
value to the corresponding elements of any other row (column) then the value of the determinant
is unchanged.

Proof:

[Q1; Q12 13]

Consider any square matrix A = |@z; Q22 Q23
) [@3; A3z as3)

Q;; Q12 Q13

= |A| = |G21 Q22 Q23

: a3z, Qaz; Qass

Let we multiply R, by k and then add the result in Ry. Resulting matrix is:

a;, +kaz; ap;+Kkay; agg+kass
B = az; azz . az3

aszy a3z as3




(% + kan 2 + kﬂzz A3 + ka33
|Bl=| ax azz a23
as, (P Q33

kap; kazz Kkasz
= |a Gz Qa3 a;; Az Q23
a3y Qzz Q33 az; A3z Qa3
Azp dz2 433

aQyy, Q2 Qg3
+

= |A| + k|az1 @x2 @a3| = |A| +k(0) "> Ry and R, are identical.
a3; Qaz2 Qas3
~ |B| = |A|
3 2 0
Example: Consider the matrix A = ll 4 —1] then
3 -1 2
3 2 0
A = 4 -1
3 -1 2

4 -1 1 -1 1 4
‘3|-1 2 |_2|3 2 |+0|3 _1|
=38-1)—-2(2+3)+0(-1-12)=21-10+0=11
Let we multiply R; By 2 and adding values to the corresponding elements of Rs; the resulting
matrix is '
32 0
2=r 4 |
9 3 2
Now
3 2 0
1 4 -1
9 3 2
=38+3)—-2(2+9)+0(3—-36)=33-22+0=11
We conclude that |A| = |B|
Property 8:
If a square matrix A is upper triangular or lower triangular or diagonal matrix then |A] is the
product of its diagonal elements. -

IB| = =3|‘; ‘21|-z|; ‘21|+o|;

Proof:
a;; Qi Qg3
LetA=|0 az; az

0 0 as3
13 Q12 13 .
|A] = Az Q23
. 0 0 ass
Expanding by C;

dz2 Qa3
=a5| o a33| =0+ 0 = ay;(aza33 — 0)

‘= @y,05,033 = product of the diagonal elements
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3 010
Example: IfA = [2 1 0] then

4 3 2
3 00

2. 10
4 3 2

_=2|1 0] _ _ A
-3|3 2| 040=3(2-0)=6
= (3)(2)(1) = product of diagonal clements

Al =

2.4.2 Evaluation of Determinants Without Expansion

a—-2l b-2m c¢-—2n
l m n
a b c

Example: Without expansion show that

Solution: L H.S

a—2l b-2m c—2n
l m n
a b c

=2l =-2m -=2n
[ m n

a b c
[

l
a

+

a b ¢
[ m n
a b c

=2

a b ¢ m n
[l m n m n
a b ¢ b ¢

0-2(0)=0

Example: If a + b + ¢ = 0; then without expanding show that
b+c c+a a+b
c+a a+b b+c
a+b b+c c+a
b+c c+a a+b
c+a a+b b+c
a+b b+c c+a

2a+2b+2c 2a+2b+2c 2a+2b+2c
= c+a a+b ‘ b+c
a+b b+c c+a

2(a+b+c) 2(a+b+c) 2(a+b+c)
c+a a+b b+c
a+b b+c c+a
2(00 2(0) 2(0) 0 0 0
c+a a+b b+c c+a a+b b+c
a+b b+c c+a a+b b+c c+a

a’+1 ab ac
ab  b*+1 bec |=1+a%+b%+c?
ac be c*+1

=0

Solution: LH.S =

by Ry + (Rz + R3)

=0

Example: Prove that
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Solution:

2 1
a (1 + F) ab ac
a*+1 ab ac 1
ab  b*+1 bc |= ab b? (1 + 55) bc
ac bc c*+1 1
ac bc c? (1 + -7)
c
a(1+=
( az) b g Taking out common
= abc a b(1+= c afromR; bfromR;
b2 '
and c from Rj.
a b c (1 + -1—2) 3
1
(1 +—2) 1 1
a
1 Taking out common
— 2122 1
ab’e 1 (1 e b’-) b afrom C;, b from C;
1 and c from Cs.
1 1 (1 +§) .
= 0 1
a
e g S22 1 By C, — C5
=a*b*c®| 0 = 1 C2—Cy
1 1 1
—2 "= 1*a
Expanding from R,
- 1 0 1 0 !
1|32 b?
_ 75 d - 1 1
a b c az 1 1 0 — 1+-—2- +1 1 1
—= 1+ ¢z ¢ -= =
c c c c
11 1 1 1
.., ——
=awter [ (14 ) -0+ 1 (04573
1 1 1 1
_ a2p2.2
S (azbz * a2b?c? = azc? M bzcz)
=ct+1+b*+a?=1+a*+b%+c?
1 a* a
Example: Provethat [¢ 1~ a?|=(1-a%?
a? a 1
Solution:
1 a* a 14a+a®> 1+a+a® 1+a+a?
e VvV B2h# 2 1 a? By Ry + (Rz + Ra)
a? a 1 a? a 1
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1 1 1
m(l+a+ta’)|la 1 a? Taking out common from R,
a* a 1
L 0 By C, - Cy
“=(Itatadla 1-a a*-a Cy— €
a* a-a* 1-q?

txpanding from R,

= (L+a+a))(1 |a‘_‘:2 ‘112_-a‘2'| ~0+0)

& 2

H(l+u+“2)|l [t a al
a-a* 1-q? .

Taking out common

2 1 -
=(tat+ta’)(l=a)(l-a) Ia 1 +aa, from C; and C,

=(l+a+a’ (1= =a)(l+a+a?)
=(1=-a"Y1-a*)=01-a%)?

Y b 24— |

l.  Without expansion show that:
9 27 36 1/a bc b+c 0 —a -b
(M (18 54 24| =0 (i) [1/b ac a+c[=0 (@Gi) [@a 0 —c|=0 .
27 81 28 1/c ab a+b b ¢ 0 |
sin® a 1 cos? a (a—b)® a®-b> ab(a-—b)
(iv) | tan’a sce’a 1 [=0 (v) |[(c—d)® c-d® cd(c—d)|=0 l
—cosecta —cot*a 1 (e—f)3 e3-f3 ef(e— f)l
x -z 0 (a=b)* (a+b)* ab
vi) [0y —x|=0 (vii) |(c=d)? (c+d)? cd|=0
-y 0 z (e—f)?* (e+f)? ef

9

Using the properties of the determinants prove the following.

x y x+y '

(i) y x+y x |=-2(x+y%)

x+y x y
a b-c b+c|

(i) a+c b c—a|l=(a+b+c)(a®+b*+c?)

a=b a+b ¢

na, + b, na, +b, nas+b; a, a, as
(“i) nbl + 0 nbz + ¢y nb3 +c3| = (n3 + 1) b1 bz b3
nc, + a, nc, + a, ncs + as G C (3

x x* 1+ax?
(iv) y y* l1+ay?
z 22 1+az?

=(1+axyz)(x-y)y-2)(z—x)




2ab 14 a* = bh? 2b
(v) 2a 2D 1 —a%—p?| = (14 a* 4 b?*)*
1-a*+b? 2ab —2a
3a 1 2a+1
(vi) 2a+1 1 a+2|=(a-1)(a-2)
3 1 2

b+c a a
(vii) b c¢c+a b
¢ c a+hb

= 4abc

—bc b *4bc c*+be
(viil) a* + ac —-ac c* 4 acl = (ab + be + ca)?
a’?+ab b*+ab —ab
(b + ¢)* ab ca
(ix) ab (a+c)* bc | = 2abc(a+b+c)?
ac bc (a +h)*
b+c q+r y+z _ja p x
(%) c+a r+p z4+x|=2b q y
a+b p+q x+y c r z

(xi) If |[AB| = |A|.|B| and |A~"| = 1/|A| then for a squarc matrix of order 3 % 3
' prove that |adjA| = |A[*

(xii) IfAisoforder3 x 3 such that |adjA| = 64 then find |A71].

b+c¢c c¢c+a a+b
c+a a+hb b+c
a+b b+c c+a

(xiii) If a, b, ¢ are recal numbers and = 0. Show that either

a+b+c=00ra=b'=c.

' 2.,5. Rows and Columns Operations

2.5.1 Rows and Columns Operations on Matrices
Elementary Row Operations
The following elementary row operations can be performed on a matrix.
(1) We can interchange any two rows of the matrix. If we interchange the ith row with
the jth row of the matrix then it is denoted by Rj;.
(ii)  We can multiply any row by a non-zcro scalar k with the ith row then it is denoted
by kR;.
(i) ~ We can add a multiple of any row to the corresponding values of any other row. If we
add k-times of the jth row to the ith row then it is denoted by R; + kR;.
Elementary Column Operations
The following elementary column operations can be performed on a matrix.
(i) We can interchange any two columns of the matrix. If we interchange the ith column
with the jth column of the matrix then it is denoted by C;;.



<)

(i)  We can multiply any column by a non-zero scalar k with the ith column then it is
denoted by kC;.
(il1)  We can add a multiple of any other column to the corresponding values of any other
column. If we add k-times of the jth column to the ith column then it is denoted by
Ci + kC;.
2.5.2 Echelon Form of a aMatrix
Any matrix which has the following properties is known as in Echelon form (row Echelon form).
(1) If a row does not consist entirely of zeros, then the first non-zero number in the row is

1; we call this leading 1.

(i1)  If there are many rows that consist entirely of zeros, then they are grouped together at
the bottom of the matrix.

(ili)  In any two successive rows that do not consist entirely of zeros, the leading | in the
lower row occurs farther to the right than the leading 1 in the higher row.

(iv)  Each column that contains a leading 1 has zeros below 1.

2.5.3 Reduced Echelon Form of a Matrix

Any matrix which has the following properties is known as in Reduced Echelon form.
(1) If a row does not consist entirely of zeros, then the first non-zero number in the row is

1; we call this leading .
(11) If there are many rows that consist entirely of zeros, then they are grouped together at

the bottom of the matrix. )

(iii)  In any two successive rows that do not consist entirely of zeros, the leading 1 in the
lower row occurs farther to the right than the leading | in the higher row.

(iv)  Each column that contains a leading | has zero everywhere else in that column.

: 3 1 2
Example: Reduce the matrix A = [—2 4 1] into the echelon form.
1 0 2
3 1 2 T Key Facts
Solution: A = [—2 4 1 | A matrix in reduced echelon
1 0 2 form is also in echelon form; but
3% a matrix in echelon form may not
[ 1, 0 2] _ | be in reduced echelon form.
~R -2 4 1 by Ry3 2
L SN/ 2.
~x { 5| A o
0 1 -4 P
~R {(1) (1) _24 by  Ras
0 4 51
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1 0 2)

~R 0 1 -4 by R3-4R2
0 0 21
10 2] \

~R lo 1 -4 by i Rs
0 0 1|

Which is the required echelon form of matrix A.

1 2 3 4
I vample: Write the matrix A = [2 3 4 5] into the reduced echelon form.
: 4 5 6 7
1 2 3 4
Solution:A =12 3 4 5]
4 5 6 7 .
1 2 3 4 -
~R o -1 -2 —3] by o
3 1
0 -3 —6 -9
1 2 3 4 1
~R 01 2 3 by =R, und—:—lR;,
0 1 2 3
1 0 -1 =2
~rR o1 2 3] W%
0 0 0 0 S

Which is the reduced echelon form.
2.5.4 Rank of a Matrix
Using Row Operations to Find the Rank of a Matrix

To find the rank of a matrix, find its echelon (or reduced echelon) form. The number of non-zero
rows in its cchelon form is called the rank (or row rank) of the matrix.

2 5 7
Example: Find the rank of the matrix [ 1 2 —1].

-3 -6 3
2 5 7
Solution: LetA=| 1 2 -1
-3 =6 3
1 2 -1
~R [2 b 7 by Ry
-3 -6 3
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1 2 =1
01 9
0o 0 0

by Ry = 2R,
Ry -+ 3R,

Which is the echelon torm of the matrix. The number of non-zero rows is .

Thus Rank(A) = 2

.55 Using Row Operation to Find the Inverse of o Non-Singular Matrix

Row operations can be performed on a non-singular matrix A to find its inverse, For this consider

an'identity matrix /7 of same order as that of A, Write A and / parallel to cach other, Now
perform some row operations on 4 and / so that matrix A reduce (o 1, consequently the matrix 7

will also reduce to some new matrix which is the inverse of .,
We can also perform column operations o find A"

2 10
Example: Find A™Y 06 A = [4 3 1| by using row operations,
1 0 2.
2 10
Solution: |A| =14 3 1
i O 2

3 1 4 1 4 3
=2h Jflh J*OL J
=2(6-0)—1(8~=1)+0(0-3)
=12-7+0=5%0
So A is non singular. Now consider

: 2 1 0 : 1 0 0]
[AN=[4 3 1: 0 1 0
1 0 2: 0 0 1l
1 0 2: 0 0 1]
~Rl14 3 1: 0 1 0
2 1 0: 1 0 o
1 0 2 : 0 0 1
~Rl0 3 =7: 0 1 -4
0 1 -4: 1 0 =2
1 0 2 : 0 0 1)
~RI0 1 -4: 1 0 =2
0 3 =7: 0 1 -4
1 0 2: 0 0 1
~RI0 1 —-4: 1 0 —2]
0 0 5: -3 1 2
1 0 2: 0 0 1
~RI0 1 -4: 1 0 -2 ]
0 0 1: -3/5 1/5 2/5

by Rya

by Rz - 4R|
Rg - 2R|

by Ry

by R3 - 3R2




1 0

~R|0 1

0 0

[ 6/5

Thus A"l =1-7/5
=3/8

Ioxcercise 2.5

0: 6/5 -2/5 1/5
0: —7/5 4/5 =2/5
1: =3/5 1/5 2/5
-2/5 1/5
4/5 -2/5]
1/5  2/5

1. First reduce each of the following matrices into echelon form then into reduced echelon

form.
[1 3 5] 2 1 2 -1 0
(1) -6 8 3 (i) |3 2] (i) | 4 7 8]
—4 6 5. 1 9 -3 1 3
[2 —4 3] 3 1 2 0 2 4
iv) |4 1 8 M 9 g (vi) [0 3 6]
7 3 0 A : 0 1 2
2. Find the rank of each of the following matrices.
5 9 3} -1 /~2 3
) 3 -5 6 @ |-1 2 —1]
2 10 6l -5 2 3
3 2 4] 1 3
@ii). |12 1 6 (iv) |2 9}
4 —1 0l 1 6

3. With the help of row operations, find the inverse of the following matrices if it exists.
Also verify your answer by showing that AA™' = A7'A = 1.

0 -1 -1 1 2 5]
(i) -1 3 o] ) [-3 0 1
1 -1 4 | 4 2 5l
—5 2 3 0 1 3
Gii) |[-1 -2 3] iv) [3 2 4
1 -2 3 6 —1 2.

2.6 Solving System of Linear Equations
Liner Equation | _
An equation of the form a,x; + a,x, = ky; where a,, a, and k; are constants and at least one
of a; and a,is non-zero is called a linear equation in two variables x; and x,.
Similarly, the equation of the form a; x; + a,x, + azxz = k; where ay, ay, az and k; are
constants and at least ofie of a,, a, and a5 is non-zero is called a linear equation in thrée variables
x;, X, and x3. In the same manner we can extend this for n number of variables.
System of Linear Equations
When we deal with more than one linear equation at the same time; then it is called system of
linear equations. We divide the system of linear equations into two categories:

(1) Homogencous system of linear equations.

(ii)  Non-homogeneous system of linear equations.
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2.6.1 Homogencous and Non-homogeneous Linear Equations
Homogeneous System of Linear Equations
Consider the following system of linear equations
a,x + by + ¢z =ky
a,x + by +cz=k,
asx + b3y + c3z2 = k3
If k; = ky = k3 = 0; then the system is called homogeneous system of lincar equations.
Non- Homogeneous System of Linear Equations
For the following system of linear equations
ax+byy+cz=k
ax + b,y +c,z=k,
asx + by + c3z = kj
If at least one of kq, k, and ks is non-zero then the system is called non-homogeneous system of
equations.
2.6.2 Solution of System of Linear Equations
The values of the variables involved in the system of linear equations which when substituted in
any equation of the system the equation is satisfied; is known as the solution of the system.
A system may have no solution or unique solution or infinite number of solutions.
Solution of Homogeneous System of Lincear Equations
Consider a system of homogeneous equations
a;x+by+cz=0
a,x+ by +c,z=0
azx +byy+c3z=0

This system may be written as
a; by c)px 0
[az b, Cz] [YJ = [O]
az b; c3llx 0

a, bl Cq X 0
LetA = [az bz C3]; X = [}’], O=1|0
a; by ¢ z 0 (1)

So, we write AX = 0

Observe that each equation of the system is satisfied if we take x = 0;y = 0; z = 0. So, (0,0, 0)

is the solution of the homogeneous system of linear equations. Since this solution always exists

for all systems of the homogeneous equations thus it is called trivial solutions of the system. All

solutions other than trivial solution are known as non-trivial solutions of the system.

Observe that, if the coefficients matrix A is non-singular then A~ exists; so o

(1) = A7 (4X) = A71(0) | Condition for the Syst!:::l}l chfb

= (A7'AX =0 1% homogeneous liner equations to
=2IX=0 L have non-trivial solution is that
=2X=0 1 |A| = 0.




=

-

=2>x—-0y=0z=0
i.e.; The system has a trivial solution.
The system of homogencous linear equations may have non-trivial solution if |4| = 0.

Example: How many solutions does the following system of homogeneous linear
equations has?

3x—2y+z=0 y (1)
2x+y—3z=0 ig
x—y+z=0

Solution:
The coefficients matrix is:
3 -2 1
A= [2 1 —3]
S e a3 2 -31. .12 1
|A|=3|—1 1 |_(—2)|1 1 |+1|1 —1|
=31-3)+22+3)+1(-2-1)
=—6+10—-3=1=%0

This system has only trivial solution.
Example: Solve the homogencous system of linear equations:

x+3y+2z2=0 (1)
Solution: x—4y+z=0 (3)
The coefficients matrix is:
1 3 2
A= [2 -1 3]
1 -4 1

= 2 2 -1
Al = ll_}; 3 -3y i|+2|1 "B
Al = 1(=1+12) - 3(2 - 3) + 2(-8 + 1)
[Al=114+3-14=0
So the system has non-trivial solution.
Multiplying equation (1) by 2 then subtracting equation (2) from it, we get:

(1) =2x+6y+4z=0

(2) =2x-y+3z=0
o B e

- gt

7y+z=0 (4)
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Subtracting cquation (3) from equation (1), we have:
(1) =2x+4+3y+2z=0
B =2x-4y+z=0
+ -

7y+z=0 5)

Now equations (4) and (5) are identical
Put z = t in equation (4).
=>7y+t=0 =>7y=—t=>y=—$t
Substituting these values in equation (1), we have:
x+3(—%t)+2t=0
Sx—2t+2=0=x+-t=0
=2X= —-l—lt
7
Thus (— 17—1 L, — % L, t) are the infinite many solutions. By assigning different values to ¢ we will

have difterent solutions.
Consistent System of Equations
A system of lincar equations which has at lcast one solution is called consistent system of
equations.

In-consistent System of Equations

A system of lincar equations w.:ich has no solution at all is called in-consistent system of
cquations.

2.6.3 Solution of Non-Homogencous System of Linear Equations

Consider a non-homogeneous system of linear cquations:

ax+by+cz=1Ik
a,x + by + ¢z = ky

s Remic i

= System of homogeneous lincar
azx +byy+c3z=k 'O equations is always consistent

’ ’ ; : : .. since it has at least trivial solution.
where, at least one of k4, k; and k3 is non-zero. -

The above system in matrix form may be written as

[az b, ¢ [}’]= k,

a; by c3llz ks
a, by ¢ X ky
Let A=|a, b, Cz], X = [y], B = [kz
az; by ¢ z k-
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Consistency Criterin
A system of homogencous lincar equations is consistent if Rank A = Rank Ay. The system is
inconsistent if Rank A # Rank A,. .
It Rank A = Rank A, = number of unknowns, then the system has a unique solution.
It Rank A = Rank A, < number of unknowns, then system has infinite many solutions.
Augmented Matrix
For a given system of lincar equations, amatrix consisting of the coefficients of the unknowns
together with the constants on the right side of equations is called an augmented matrix. It is
usually denoted by A,. For the above system of linear equations the augmented matrix is:
a, by ¢ Ky
Ay=la; b, ¢z : ks
as; by c3 : k3
Methods to Solve a Non-Homogencous System of Equations
To solve a system of 3 -by - 3 non-homogeneous system of linear equations, we use the
following methods.
e Matrix inversion method
e Gauss elimination method (echelon form)
e Gauss Jordan method (reduced echelon form)
e Cramer’s rule
Matrix Inversion Mcthod
Consider the non-homogeneous system of linear equations:
a;x + by + ¢z = ky
ax + by+c,z=k,
asx + bsy + c3z = k3
In matrix form this system may be written as:
AX =B
If A is invertible (i.e.; non-singular) then A™! exists; so
A 1(AX)=A"'B
= (A"1A)X =A"'B
=>I[X=A"'B
= Xz=A"'8
Example: Solve the system of non-homogeneous linear equation by matrix inversion method.
2x+3y—z=1, x—y+z=3; x+2y—-z=1
Solution:
For this system of equations; we have

2 3 -1 X 1
1 2 -1 z 1
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2 3 -1
andl""‘} ; ! =2|2 _11|‘3|} —lll—lli zll

=21-2)-3(-1-1D-1Q+1)==-2+6-3=1%0
This system is consistent. Now to find A~%, we caleulate the cotactors of each element .
Ay = (=D —.,1 —lll =(-1)*1-2)=-1
A= (D™ = CCD-1-D =2
Ay = (-1 =(-D'Q+1=3
Az = (-1)

Ay = (—1)2%2

=(-13-3+2)=1

= (-D}-2+ D =1

23 = (=123 |7 | = (=154 -3) = -1

b ek ek
L, o W =
|
—t

A =03 0 T = -nfa-n =2
Az = (—1)3+2 ? _11| ==D%2+1)=-3
A= P32 3 | = (-1)%(-2-3) = -5

Ay Ay Az -1 1 2
adjA = [A;; Ay, Az = 2 =3 —3]

13 Az A13 -1 =5

A-1=iade=l[ 1 ][ ]
|4 1 toy _1 _s

Since X = A™'B
x -1 1 2179 -1+3+2 4
:[sz 4 3][3] 2_3_3]=[_4]
Z 3 -1 -5lu 3-3-5 -5
~x=4;y=-—4 and z = -5 is its solution.
Gauss Elimination Method (Echelon Form)
In this method, we reduce the associated augmented matrix for a given sysh.m of linear equations
to its echelon form.
Example: Solve the system of equations by using Gauss elimination method
2%, = 3x; +4x3 = 1;x; + 2%, — X3 = 2;3x; +5x, —3x3 =5

Solution:
The associated augmented matrix is:
2 -3 4:1
Ay = [1 2 -1: 2]
3 5 -=3:5
First, we reduce it into echelon form.



https://fbisesolvedpastpapers.com

{1 2 -1:2
~R|2 -3 4 :1 by Rz
3 § =3:5
1 2 -1: 2
by R, — 2R
~R|0 =7 6 —3] yR23-3R!1
0 -1 0:-1
1 2 =1: 2]
~RI|I0O -1 0 : -1 by Rz3
0 -7 6 : —3.
1 2 =1: 2]
~RI|0 1 0 1 by —1R,
0 -7 6 : -3]
1 2 -1: 2
~R10 1 0= 1] by Rs + 7R;
10 0 6 : 4
(1 2 -1 : 2 .
~RI|0 1 0 % b)"G'Rs
0 0 1 I
“Which is the echelon form of A;,. From the last row we have:
0x; + 0x, +x3 = g I Key Facts

e If Rank A = Rank A, =3
Then the systemr has a unique
solution.

2
=5x3=§

From second row we have:
0x; +1x; +0x3 =1
2x,=1
From the first row, we have:
Xy +2x, —x3=2
x1+2(1)—§=2=>x1 §=2

2
=>x1=§

Xy = %; Xx,=1;, x3= ; is the solution of the system.

Gauss Jordan Method (Reduced Echelon Form)

In this method, we reduce the associated augmented matrix into reduced echelon form for the
given system of non-homogeneous linear equations.
Example: Solve the system of given non-homogeneous linear equations
2x-3y+5z=2;, x+4y-2z=1;, 4x+Sy+z=4,
by using Gauss-Jordan method.
Solution:
The associated augmented matrix is:
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ol N - e

' 2 -3 5:2
Ab'—'[l 4 -2:1

4 §5 1:4
First, we reduced it into the reduced echelon form.
1 4 -2:1
4 5 1 :4
1 4 2 1 by R, — 2R,
~R|0 -11 0 R; — 4R,
0 -11 0
1 4 —2 :q] i
~r o _% 0 by HR12
0 —11 9 :0
1 0 14/11 : 1
by Ry — 4R
~Rlo 1 -9/11 : 0 4 R +11R,
0 0 0 ¢ 0]

Observe that Rank A = Rank A, = 2, which is less than the number of unknowns. Therefore
system has infinite many solutions. From the last row, we have:
0x+0y+0z=0
This equation is true for all values of the unknowns involved; so let z = t.
From second row, we have:
9
Ox+y-— [E= 0
:y—it=0 = y=it
11 11
From row one, we have:
14
x+0y+7z=1
=>x+1—:t=1 =>x=1—%t |
Thus,x =1 — 1—4 t; ¥ %t; z = t provide us infinite many solutions by assigning different

values to the parameter ‘¢°.
Cramer’s Rule
Consider a system of non-homogeneous linear equations:
a;x + by +c1z =k,
ax + b,y +c,z =k,
azx + b3y + €3z = k3
The system may be written in matrix form as AX = B.
If A is non-singular then |4| = 0 and A~ !exists.
AT1(AX) =A"'B
= (A"1A)X =A"1B
=IX=A"'B
=>X=A"18
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sSince, -1
1 A IAI (ad]A)

So = —
X i (ad]A)B

Ayn Az Az
=°X—|A| A, Ay Aj kz

13 A23 A33

kiAiz + kzAz; + k3As;

[’:Au + kyAzq + k3Asz,
1413 + kzAz3 + k3A5;3

k1A11 + kaAzg + k3Azg)
" |A]
- [y] _ kiAiz + koAzs + k343,
i |A]
k1Aqz + kyAzz + k3Azz
] |A]

Comparing the elements, we have
kg Ayy + kpAzy + k345,
|A]
_ kyAsy + kpAzy +k3hs,
|A]
_ k1Ay3 + kyAzz + k3Ass
|Al

Now  kjA;; + KAz, + k3Az

b, ¢ c by C1)
1+1 2 2 _1)2+1 by ¢ _1)3+1
oL (G el Y (G vl | R (G P
k 1 G
b by c
= ky zz zz ~ ke b1 (C:1 ks b1 c1 - lk2 ba 2
3 (3 3 3 2 "2 ks bz c3
Thus,
kl bl 51 Remember
k bz Cy I g .o % . )
2 ey Like matrix inversion method;
e ks by ¢l - : Cramer rule can be used only if 4 is
|A] ... non-singular.
Similarly,
a, ki ¢
a; k; ¢
as k3 C3
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a, hz kz
oy b| k;|

Example: Solve the given system ol mm-‘honmgcncous lincar equations
2x=3y+5z=1;, x+y+22=3;, 3x-2y—42z=0

by Cramer's rule.

Solution:

The above system may be written as AX = I3; where,

2 -3 B X 1
A=t 1 2| x=ly]: B=H
3 =2 =4 Z 0
2 =3 8
1] = 2[=2]Y 2|43} 2|45} 1
; __12 2 I—z —4|+ Is —4|+ |3 -zl

=2(-4+4)+3(-4-6)+5(-2-3)=0-30—25

==55+#0
So, A is non-singular.

1 -3 5
1
.x_g —12 —4=1|—2 —4|+3|0 —4|+5|0 —|
R |A] —55
1(~4 + 4) + 3(—12 — 0) + 5(=6 — 0)
= 55
_—66 6
=255 5
21 5
3 2 2 1
_; ) —4=2|0 Sl Sl+sls
T 4] -55
_2(=12-0)—1(~4-6) +5(0 - 9)

-55

—24+10 45 59
255 =55
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2 =3 1
1 1 3 1 3 1 3 1 1
z=3 =2 0 =2|—2 0|+33 0|+1|3 —ZI_2(0+6)+3(0_9)+1(_2_3)
|A| -55 - -55

_12-27-5 4
-55 11

Application of Matrices

Matrice_s are used in many disciplines. For example, in cryptography. We explain the process of
encryption and decryption by means of an example.

Suppose that the sender and receiver consider messages in alphabets 4 toZ only, both assign the
numbers 1to 26 to the letters 4 toZ respectively, and the number 0 to a blank space. For simplicity,
the sender employs a key as post-multiplication by a non-singular matrix of order 3 of his own
choice. The receiver uses post-multiplication by the inverse of the matrix which has been chosen

by the sender.
1 -1 1
A=12 -1 0]
1 0 0

Let the message to be sent by the sender be “WELCOME”.

Let the encoding matrix be

Since the key is taken as the operation of post-multiplication by a square matrix of order 3, the
message is cut into pieces (WEL), (COM), (E), each of length 3, and converted into a sequence
of row matrices of numbers:

[23512],[3 15 13],[5 0 0].

Note that, we have included two zeros in the last row matrix. The reason is to get a row
matrix with 5 as the first entry. ’

Next, we encode the message by post-multiplying each row matrix as given below:

Uncoded Encoding Coded row
Row matrix Matrix Matrix

. 1 -1 1
23 5 12] [2 —1 0||[45 -—28 23]
1 0 0
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1 -1 1
[3 15 13]|[2 -1 of| [46 -18 3]
1 0 0
1 -1 1
[5 0 0] ||2 -1 0 [s -5 5]
1 0 0

So the encoded message is (45 —28 -23][46 —-18 3][5 -5 5]

The receiver will decode the message by the reverse key, post-multiplying by the inverse of A.
So the decoding matrix is

1 0 0 1
A'=—adjA=]0 -1 2

|4 1 -1 1

The receiver decodes the coded message as follows: -

Coded Decoded Decoded

Row matrix Matrix Row matrix
0 0 17

[45 —28 -23] 0 -1 2 [23 5 12]
1 -1 1
0 0 1

[46 -18 3] 0 -1 2 [3 15 13]
1 -1 1
0 0 1]

i [5 -5 5] 0 -1 2 [5 0 0]
1 -1 1

So, the sequence of decoded row matrices is [23 5 12], [3 15 13],[5 0 0].

Thus, the receiver reads the message as “WELCOME”.
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1. Solve the following system of homogeneous lincar equations for non-trivial solution if
exists.

(1) 2x; —3x, +4x3 =0 (i) 2x; —3x,+4x3=0
Xy —2x3+3x3=0 X+ x,+ x3 =0
4x, +x, —6x3 =0 xy —4x; +3x3=0

(i) x;+ x;,—=3x3=0 (iv) 5x; +6x; —7x3 =0
3x; —2x, +x3=0 2x; —x3+x3=0
4x; —x3—2x3=0 X, +2x,+2x3=0

o

Find the value of A for which the following zystem of homogeneous linear equations may
have non-trivial solution. Also solve the system for value of A.

(i) le = AXZ + X3 = 0 (ll) X, — ’sz + BX3 =0
2xy +3x, —x3=0 2x, +Ax; +x3 =0
3x1—ZX2.’+4’X3=0 x1—2xz+lx3=0

3. Solve the following system of linear equations by Gauss elimination method.

() 2x+3y+4z=2 (1) Sx—-2y+2z=2
2x+y+z=5 2x+2y+6z=1
3x—2y+z=-3 3x—4y—5z=3

(i1) 2x+z=2 (iv) x+2y+5z=4
2y—z=3 3x —2y+2z=3
x+3y=5 5x-8y—-4z=1

4. Solve the following system of linear equations by Gauss-Jordan method.

(1) '2x1 — Xy — X3 = 2 (ll) 2x1 — 3x2 + 7X3 =1
3x; —4x, +3x3=7 4x, + 5x, —3x3 =4
4x; + 2x, — 5x3 =10 10x; — 4x, +18x3 =7

(i) x;+x,+x3 =3 (iv) 2x; —7x,+10x3 =1
2x; —3x3+ 2x3 =7 X, +2x, —4x3 =8
4x, + 2x, — 5x3 = 10 2x; —11x; +13x3 =7

5. Solve the following system of linear equations by using Cramer’s rule.
(l) x, +x2 + Zx:; =8 (il) 2x1 + 2x2 +x3 = 0
—-X1 — ZX2 4 3X3 =1 _le + 5x2 + 2x3 =1
3x1 = 7x2 + 4’x3 =10 8x1 + X7 + 4X3 =-1
(lli) -zxz y 3x3 =1 (IV) le + X7 + 3X3 =1
3x1+6x2—3x§;=—2 x1—2x2+x3=2

6I1+6X2+3x3=5 3x1—4x2—x3=4
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Solve the following system of linear equations by matrix inversion method.

) Sxd+idybreo (i) x+2y-32=5

(M) =x 43y —5z=0 (iv)

().

10.

eX+y+3x=19 2x=3y+2z2=1
X+ 2y+dz =25 —x + 2y =5z =-3

2x + 4y = 62 = 1 == =chem ]
X =2y +3z=3 Sh-—Z=2
3 2 i i
A =14 -1 2 [;find A 'and hence solve the system of equations.
7 3 =3
Jx+4y+7z2=14,2x-y+3z=4, x+2y-3z2=0.
Determine the value of A for which the following system has no solution, unique solution
or infinitely many solutions.
X+2y-32=43x-y+5z2=24x+y+ (A -14)z=21+2
Show that the system of equations
2x=y+3z=w;3x+y—-52=f; =5x—=5y+21z=y
is inconsistent if' y # 2a — 3f.
By making use of matrix of order 2 by 2 and 3 by 3 encode and decode the following
words:

a. PAKISTAN b. ISLAMABAD ¢. COLLEGE

I have Learnt

Applymg matrix operations (addition/subtraction and multiplication of (matrices) with
real and complex entries.

Evaluating determinants of 3 x 3 matrix by using cofactors and properties of
determinants,

Using row operations to find the inverse and the rank of a matrix.

Explaining a consistent and inconsistent system of lincar equations and demonstrate
through examples,

Solving a system of 3 by 3 nonhomogencous lincar equations by using matrix inversion
method and Cramer’s Rule.

Solving a system of three homogencous lincar equations in three unknowns using the
Gaussian climimation method.

Applying concepts of matrices to real world problems such as (graphic design, data
encryption, seismic analysis, cryptography, transformation of geometrie shapes, social
network analysis),
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Select the best matching option.

(1)

(i)

(iif)

(iv)

)
(vi)

(vii)

(viii)

(ix)

If order of A is m X n and order of B is n X p then order of AB is:

(@) nxp (bym xXp (c)pxm (dnxn
If A isarow matrix of order 1 X n then order of A*A is:
@) 1xn bynx1 (c)1x1 (dnxn

For an element a;; of a square matrix A:

(a) ay = (=D)"A;  (b)a; = (=)' M (©L =D (d)ay=My

Mij

If A is any matrix then A and Atare always conformable for:

(a) Addition (b) multiplication (c) subtraction (d) all of these
If A is a square matrix of order 3 X 3 and |A| = 3 then value of |adjA]| is:

(a) 3 (b) 173 ()9 (d)6

For the square matrix A of order 3x3 with |A] = 9;A,; = 2; A5, = 3; A3 = —1;
a1 = 1; a3 = 2,the value of a,, is:

(a2 (b)3 (c)9 (d-1
System of homogencous linear equations has non-trivial solution if:
(@) |A] >0 (b) |A] <0 (c) 1Al =0 (d) Al # 0
For non-homogeneous system of equations; the system is inconsistent if:
(a) RankA = Rank A, (b) RankA # Rank A
(c) RankA < no.of variables (d) RankAp, > no.of variables

For a system of non-homogeneous equations with three variables system will have
unique solution if:
(a) RankA < 3 (b) RankA, < 3
(c) RankA = RankA, = 3 (d) RankA = RankA, < 3
A system of non- homogeneous equation having infinite many solutions can be
solved by using: |
(a) Inversion method (b) Cramer’s rule
(c) Gauss-Jordan method (d) all of these
1 2 0

. For the matrix A = [—3 4 9] ; find A3, A;3and A3s; hence find |A].

2 1 6

Prove that if A™1 = A then |4AA*| = 1.

a+1 l [
Without expanding show that | [ a+1 [ |=@(@+1+2D(a+1-10D>2%
[ l a+1

Find the value of A so that the following system has infinite many solutions.

2x=3y+z=1Lx-2y+Az=2;3y+z=-1



VECTORS

After studying this unit, students will be able to:

Recognize rectangular coordinate system in space.

Recognize: unit vectorsand 1, J and & components of' a vector.

Find the magnitude of a vector.

Demenstrate and prove properties of Vector Addition.

Explain dot or scalar pro fuc. of two vectors and give ity geometrical interpretation,

Express dot product in '¢yms of cot yonents.

Find the condition for orcogonalite of two veetors and angle between them,

e  Find the projection of a vector along another vector and work done by a foree,
Explain the cross or vector product of two vectons and give its geometrical
interpretation. Apply cross product o find an angle between two vectors,

Describe scalar triple product of vectors and express it in tenms of components.
Understand that dot and cross product are interchangeable wn scalar triple product
Recognize coplanar vectors and find the condition for plananty of three vecton.

Vectors are utilised in day-to-day life o assist 1 the localizanon of people,
places, and things. They are also used to desenbe things that are acting in

nse to an external force being applied to them. A quannty that possesses
both a magnitude and a direction is known as a vevtor. The first, sevond, and thind
laws of Newton are all relationships between vectors that previsely desenbe the
motion of bodies when they are subjected 1o the influence of an outside foree.
Newton's laws cover a wide range of phenomena and can be usad to desende
anything from a ball in free fall to a rocket on its way to the moon.

3.1 Vectors Introduction

Scalar

A physical quantity which can be completely spevified by its magnitude only is called a sealat.
e.g., mass, time, distance, volume, etc.

Vector

A physical quantity which is completely specified by its magnitude and direction as well. 8
weight, displacement, velocity, acceleration, ete.

. ) , 8 (head)
3.1.1 Geometrical Representation of a Vector /

Geometrically a vector is represented by a line segment with an armow

head at its one end. The length of the line segment describes the magnitude A (tail)

and the arrow head indicates the direction of the vector,

The end A is called the tail or the initial point of the vector and the end B is called the termunal

point. In the figure vector AB is shown. It is denoted by AR,
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Usually, the vectors are denoted by bold face letters a, b, ¢ etc.; or &,3, ¢. There are also other
notations to denote a vector like a, b, ¢ etc.

3.1.2 Some Fundamental Definitions of Terms Related to Vectors
Magnitude of a Vector

In the figure vector 04 is denoted by d. The magnitude or

the length or the norm of the vector 04 denoted by |04 or 4.

A
/
(o]
Equal Vectors

Two vectors @ and b are said to be equal if both have the o
same magnitude and direction. %

It is not necessary for the equal vectors to have the same /
position. If vectors @ and b are equal then we write @ = b.

Geometrically two vectors are cqual if they are translation
of one another.

Negative of a Vector
A vector having the same magnitude but opposite in direction of 2 /

vector d is called the ncgative of d and is denoted by —d. —a
Zero or Null Vector

If the initial and terminal points of a vector coincide then the

vector has zero length. This vector is called zero vector and is denoted by 0. The zeto
vector has no direction. It can be assigned as convenient direction according to the situation.

Unit Vector
A vector which is in the direction of non-zero vector d and has magnitude 1 is called unit vector
of @ and is denoted by @. If d is non-zero vector of arbitrary length |d| then @ = IT;!-'

= a = |d|a.
This means any vector d can be obtzined by multiplying the magnitude of the vector to its unit
vector. The process of finding the unit vector of 2 vector 4, is called normalizing vector 4.

Parallel Vectors
Two non-zero vectors d and b are szid to be parallel if d = Ab; a

where A is a scalar. If value of 2 is positive then both vectors have /
the same direction and if value of 4 is negative then both are in the

opposite direction. The vectors which are in the opposite direction are A
known as antiparallel vectors.

Position Vector s

The vector used to specify the position of a point P with respect to Ty-

origin O is called position vector of P. The tail of this vector is at
origin and tip at the point P. Thus OP is the position vector of point
P with respect to O.
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~ Addition of Vectors
* Head to Tail Rule or Triangle Law of Addition

To add non-zcro.vectors d and B. join the tail of the second vector d
with the head of the first vector. Now the vector obtained by joining /
. b

the tail of the first vector to head of the second vector is the vector

d+b. .
- T d+b C
a + b is known as resultant vector of d and b.
This method for the addition of two vectors is called head to tail A b
a B

rule of addition. Since &, b and @ + b are along the sides of a tringle
ABC, so the rule of addition is also calledatriangle law of addition.
Parallelogram Law of Addition

Consider any parallelogram ABCD. Let.A_B. =dandAD = b.
Since the vector BC has the same magnitude and direction as
that of AD; so BC = AD.Also DC has the same magnitude and
direction as that of 4B so DC = AB.

Using triangle law of addition, we have

AB + BC = AC

ie;d+b=AC

This mean diagonal vector AC of the parailelogram is the sum of

the vectors of @ and b.

This is known as parallelogram law of addition.

Polygon Law of Addition of Vectors

The process for the addition of vectors can be cxtended to any number

of vectors. For instance, let we have five vectors @, b, ¢, d, & and we
wantto findd+ b+ ¢+ d + &.
For this draw [A = d@; AB = b;

Nowd+ b+é+d+ é=TA
= (TA +AB) + BC + CD + DE
=IB+BC+CD+DE (~TA+4B=
= (1B + BC) + CD + DE
=1IC +CD + DE (~TB +BC =
= (IC +CD) + DE
=m+ﬁ ('-'I_C'+C—'=ﬁ5)
=IF (= 1D +DE =TE

Then JE is the sum of all these five vectors.
Same method is adopted to find the sum of any number of vectors.
This is called polygon law of addition of vectors.
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Subtraction of Two Vectors SE— AN b
Consider two non-zero vectors @ and b thend — b = d + (—5) a
To find @ —b draw AB = @ and BC = —b; then A" ap
— _ —_— a - -b. I,LB
AB + BC = AC
- 1 c
a+ (—m = AC
Thus AC is the vector which represents d@ — b.
Scalar Multiplication '
If A is a non-zero scalar and d is a non-zero vector then the
scalar multiple Ad is a vector whose magnitude is |A| times
magnitude of d. Ad has the same direction as that of @ if A is %a /s

positive and if A is negative then direction of Ad is in the
opposite direction of d.
If Aa = 0 then either A =0 ord = 0.

3.1.3 Position Vector of a Point Dividing the Line Segment in a Given Ratio

Case I

Let AB be any line segment and P is the point which
divides this line segment in the given ratio m : n internally.
The position vectors of the given points A and B are @ and

b respectively. Let 7 be the position vector of point P.
Given that

|4 |: |PE| = m Q
_ 4P|
~ |PE|
= n|AP| = m|ﬁ|
Because AP and PB have the same direction; so

|3

nAP = mPB ‘ (1)
From figure 0A + AP = 0P

>d+AP =7

=AP=7-4d
And OP + PB = 0B

=>7+PBE=5h

=>PB=b-+

Substituting values in equation (1)
n(# —a) =m(b —7)



2m=nd =mb-mp
=2 +m’ =mb + nd
=2 Mm+m)t=mb+nd

. mb+na
D= —

m+n
Case |

Ifm:n=1:1 then% = %or m = n. In this case P will be the midpoint of AB and position

vector of P in this case is; £

=>f=nb_+7£ | v (m=n)
n+n
. n(b+d) da+b
=2>r= =
2n 2

Case 11
When the point P divides the line segment AB in the
ratio m: n externally then
|4P|: |E>'| =m:n
: _ AP _
[BF|
= nIAP| = m]ﬁﬂ
Since AP and BP have the same direction thus,
nAP = mBP
n(# - d) = m(# - b)
= n# — nd = m# —mb

l

= nf —mr =na —mb

= (n—-m)Ff=nd—mb
nd —mb

= .
n—m
3.1.4 Application to Geometry
Here we are giving some simple geometrical proofs by usmg vector methods.

Theorem: The diagonals of a parallelogram bisect each other.

Proof: i
Consider any parallelogram ABCD, Let @, b, ¢ and d

be the position vectors of the vertices A, B, C and D
respectively.

Now the position vector of the midpoint M; of the diagonal

s Aol
ACls-i- A B
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e, p.vof My = 5%" )]

And the position vector of the midpoint M, of the

dingonal BD is #I ¥4

b+d

p.volM, = (2)

Since ABCD is a parallelogram then:

' 4 >
oS
. g

+
1l
(9¥}
|
[S YR S W1

QR
Il

b

+

Dividing with 2: w 2 4. o
p.vofM, = ot ___a+c = p.vof M,
2 2
Since the position vectors of the point of intersection of both the diagonals are same. Thus, they
bisect each other.
Theorem: Line joining the midpoints of any two sides of a triangle is parallel to the third side
and halt in length of third side.

Proof: C

Consider any trinngle ABC. Let d, b and ¢ be the
position vectors of the vertices A, B and C respectively.

Let My and M, be the midpoints of the sides CA and M, M,
B¢ renpectively therfore:
o . d+d
Position vector of M, = =
o . bad
) ) «clor B 1=
Position vector of M, i A B
v bl d+d
Now M| Mz N ——
: 2
| 1 1=
= — A3 =N ==(ph—-3) ==
2(b-ic i) 5 (b i) =;AB

This shows that M, M., is parallel to AB. Also
N el 1 -
M, M;| = |:—Z-AB| = 5 148|
Thin shows that length of' M, Mz' is half the length of AB.
Theorem: The joining of the midpoints of the two non-parallel sides of a trapezium is parallel to

itw parallel sides and its length is half the sum of the lengths of the parallel sides.
Proof v >

0

Consider any trapezium ABCD with two parallel M, /

g M,
widos AN and DG, Z \
.
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Let d, b, and d be the position vectors of the vertices A, B, C and D respectively, Also

suppose that My and M, be the midpoints of the non-parallel sides BC and DA respectively.

Therefore,
Position vector of M; = dzﬁ
Position vector of M, = 5%"
Now MlMZ = B—:f = ?
j R
= (B+é-d-a) =—[(b—a)+(3 d)]
=; (4B +DC) (1)

Since AB is parallel to DC (given).
Thus AB = ADC; where A is some scalar.
Therefore m = %(AD_C' + EE) = %(A + 1)D_C'.
MM, = uDC  where u = é(/l + 1) is a scalar.
This shows that My M, is parallel to DCand AB.

Thus M, M, is parallel to the parallel sides. Also, from (1) it is clear that length of M; M, is half
the sum of the lengths of the parallel sides AB and DC.

3.2 Vectors in Space (Three-Dimensional Space) 4z-axis

3.2.1 Rectanguiar Coordinate System
To represent a vector in space we need a 3-dimensional

coordinate system. For this we consider three mutually ," X
. ’
perpendicular lines interesting at a common point O o
known as origin. >
0 y-axis

Any point in the space has some specific position
w. r. t. origin O i.e.; We can locate the point by
moving specific distance along these three lines.
These three lines are known as coordinate axes and x-axis

are named as x-axis, y-axis and z-axis. The distance

along x-axis is called x-coordinate, the distance along y-axis is y-coordinate and the distance
along z-axis is z-coordinate of the point. ‘

A general point in the space has coordinate (x, y, z).

This coordinate system to represent or locate a point is known as rectangular coordinate system
or Cartesian coordinate system and is denoted by R X R x R or R3. The set of all the points in
space is:

R? ={(x,y,2):x,y,z € R).



https://fbisesolvedpastpapers.com

3.2.2 Unit Vectors i,j and k
To represent a vector in space we need unit vectors in the direction of coordinate axes. For this
we have three fundamental unit vectors 2, f and k along x-axis, y-axis and z-axis respectively.
3.2.3 Components of a Vector
Let OP be the position vector A
of the point P(x,y, z), then C ‘ :
04 = xi; OB = yjand 2 y
522 = ZE 7/ /
From figure it is clear that s
OP =00 + QP (1)
Since 04 + AQ = 0Q

|

|

|

|

|

|

|

|

|

I

|

|

|

|

|
-
x
=<
=

ﬁ
|
[
|
|
[
[
[
[
|
|
_ . i ,
e = AR A > Q
Also QP = zk ‘
Putting values in equation (1), we have: ~ X3*
0P = xi + yj +zk
“Which is the position vector of the point P(x, y, z).
In the representation of the position vector OP = xi + yj + zk, x, y and z are known as
components of the vector along x -axis, y -axis and z-axis respectively.
3.2.4 Analytical Representation of the Vector
The representation of a space vector in its component form #* = x{ + yj + zk is known as
analytic representation of the vector 7.

3.2.5 Magnitude of a Vector CTZ'aX'S
Consider a space vector 7 = OP.
From figure (1)

0" = [0g|" + [0P|°
56 = xi + }'f

= [00| = Jx2 +y?
and [QP| = z

Putting values in equation (1).

72 = (J2Z+72) 422

y-axis
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A ERGERREY S
A Breh i the magninndes ofa vecior space

Lo Fundamental Definitions for Yectors in Space
Unit Vector

Lotth = Al b v 28 e space voctor A unit vector M in the direction of 1 s given by
l

P s
|1

AN IR ak

) ~ =

J\3 oy
o A v v o x X
- ' B v—— — —— i V— ;'.__‘—..— — — .

JarEat ~ 3 Vot yid e ™ Jxddydy pd

Equal Vector
Two space vectors s b oy g K and ool b vy ) b apkoare said o be equal if they
hanve the same cortesponding components. .o,

ry = 1

= '\‘li + y"’ + .\:I& = -\.:i \ ,)".'l‘ + ng
oy “il = x.'!; .\)l = )D-!; 2| = ;{.J
Zero Vector
A vector i space which has all s three components equal to zero s called zevo veetor, 1t is
usually denoted by 0. i.¢.;
0= 0l + 0] + 0k
Negative of a Vector
For a space veetor ' = xi 4 yj + 2k negative of 1* is denoted by =1 and is defined as:
=it = (=X (=) + (—2)k
Scalar Multiplication
The product of a scalar A with a space vector ' = xt -+ yj + zk is denoted by A1 and is defined
as
Al = (AT + (AY)) + (A2)k
Parallel Vectors
Two non-zero vectors in space 1y = x, 0+ yyf -+ 2k and 1ty = X0 4 yof + 2,k are said to be
parallel i there exists some non-zero scalar A such that 1y = A%, ¢,
Xl oy )+ ok = A(xa8 + yaf + 2yk)
= x4 y,} o+ z,ff - (A.t'g)t + (Ayg)i + (AZJ)&
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Which is the condition for two vectors to be parallel. For positive value of A vectors will
have the same direction and will be in opposite direction if A is negative.

Addition of Two Vectors
Consider two vectors 7 = x,i + y1j + zk and 7, = x,1 + y,] + 2,k in space. Their sum
r; + 15 is defined as:
7+ 7y = (gl + yif + 20k) + (%0 + ¥, + 2,k)
= (x1 + x2)i + (1 + y2)] + (21 + 2)k.
3.3 Properties of Vector Addition
3.3.1 Commutative Law for Vector Addition

Statement: For any two vectors 7 and 7, in space 7 + 7, = 75 + 7;.
Proof: Let 7, = x,i + y,j + z,k and 7, = X0 4 yof + 2,k
Thus T+ = (x,i + v+ zll?) + (xzi + y,j + Zzi:f)
= (x; +x)i+ (1 + y2)f + (71 + 2,)k
Since x4, X3, Y1, Y2, 21, 2, € R and commutative law w. r. t. addition holds in IR, so we may write
P+ 7y = (g + 2+ (g + y1)f + (2, + 21)k
= (xpi + yoJ + 2k) + (x11 + y1J + 21k)
=t n
Associative Law for Vector Addition
Statement: For any three vectors 7y, 7, and 73 inspace; 7y + (F, +73) = (7, +75) + 73
Proof: Let 7y = x;0 4 y;1f + 21k, 7 = x,0+ yof + 22k and 73 = x50 + y3f + z3k
T+ 73 = x,0 + v, + 2k + x50 + yaj + 23k
= (xp + x3)i + (y2 + y2)] + (22 + z3)k
o+ (P + 1) = X0 + yif + 2k + [(x2 + x3)T + (y2 + ¥3)] + (25 + 23) k]
=[x, + (xp + x)]i 4 1 + (Y2 + ¥2))j + [21 + (22 + 23)]k
Since x, X, X3, Y1, Y2, Y3, 21, 22, Z3 € R and associative law holds in R w. r. t. addition so, we
may write: :
A4 +1) =0 +x) +x3]i+ [0n +y2) +y3l] + [z +22) + z3)k
= [0 +x)i 4 (1 +¥2)j + (2 + z22)k| + (x3i + y3j + z3k)
= [(x,1 + y1f + 2,k) + (x50 + yof + 22k)] + (x3i + yaf + 23k)
=(F+71)+7
3.3.2 ldentity Vector for Addition
Let G = 0i + 0f + 0k be the null vector and # = xi + yJj + zk be any vector in space. Now
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0+7=(00+ 0] +0&) + (xi+ ¥+ 2k)
=+ + @O0+ v+ @O+ 2%
Since 0 is the additive identity of real numbers; so,
O+F=xi+ y+28=
‘Also

= (xt+ yf+2k) + (08 + 0F + OX)
=(x+0I+ (O +0)+ @+ 0%
=xi+ yj+zk=1+
Therefore, O+i=r+0="
This shows that O is the identity for the vector addition.
Additive Inverse in Vectors
Consider any vector ©* = xi + yJ + zk in space, then —# = (=) + (=¥} + (—=2)X Now
F4 (=P =(xl+ y+28) +{(-OT+ (=37 + (—2K)
=(x+(=0)+ (v + =)+ (2 + (-2

=01+ 0] + 0k
=0
and (=) +F = {(=01+ (=) + (=&} + (i + v+ 2R)
= (=) + 2O+ (=) + W)+ ((—2) + 2R
=01+ 0j + 0k
Therefore, F+ (D =(E=D+rR=0

This shows that —7 is the additive inverse of 7.

3.4 Properties of Scalar Multiplication,

3.4.1 Commutative Law of Scalar Multiplication

Statement: For a scalar A and a vector 7 in space Ar' = 1A,

Proof: Let ¥ = xi + yJ + zk be a vector in space then;

AF=2(xt+ y)+zk) = (AT + Q)] + (2K

= ()T + (] + 2Dk = (xi+ v+ 28
=7l

Associative Law of Scalar Multiplication
Statement: For any two scalars 4;, 4, and a vector 1 in space 4, (A1) = (4, )
Proof: Let 7 = xi + yj + zk be a vector in space then
A7 = Ay (xT + yf +zk) = (4,00 + (0] + (A2)k
M) = M[A00+ Q)] + (A20F] = 4,401+ A, ()] + Ak
= (L 2)x1+ (44;)y) + (A A2k = (A (N1 v) 4 1K) = (A48
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State and Prove Distributive Laws for Scalar Multiplication

Statement: For scalars A, 1, and 7, 7, any two space vectors
(1) (A + )7 = 447y + A7y
(i) A+ ) =47 + 47

Proof: Let#; = x;1+ y,f + z,k, and #, = x,1+ y,] + z,k be two vectors in space.
(1) (A + 27 = (A4 + ) (0 + yoJ + 21’;)

= {(A; + A)x, )0 + {4y + )31} + {(A; + A2)z )k
Since distributive law holds in R; so,

AL+ A7 = axy + Ax0)T + (Ayyy + Ay1)] + (4423 + Ap2,)k
= (A 10+ Ayy3] + A1z1k) + (A% T + Ap94] + 222, k)
= L (i + vy + z,k) + (%1 + yof + 2, k)
=47 + A7
i) A+ RH)=4 [(xl'i + yf + zllz) + (i + yf + zzl?)]

=20 + x2)i+ 01 +¥2)f + (2 + 22)12]

= A1 (21 + x2)0 + A, (01 + ¥2)f + Az + 22)k

= [(113‘1)3 + (Ly1)j + (3121)’;] + [(21x2)i + (A1y2)] + (1122)’2]

=L (i + yif + z.k) + A, (0020 + yof + 2,k)

=M1 + 47,

Distance Between the Two Points in R? (Distance Formula)

Consider any two points P(x1,¥1,2;) and Q(x3,y2,2;) in R3.
The distance between P and Q is the magnitude of the vector Pq.
The position vectors of P and Q are OP and 0Q respectively; where
OP = x,i + y,f +z;k 4 2-axis
and 0Q = x,0 + yof + 2,k
It is clear that:
0P +PQ =00 P(x1,¥1,24)
= PQ = 0Q — OP

= (X2l + yof + 2,k) — (11 + yoJ + z:k)
=P = (x; — x)i+ (v, —y1)j + (22 — 21Dk
= |’_’6| =0 —x)2 + (2 - 7)? + (2, —z;)?
Which is the distance between the points P(x,,y;,2;)
and Q(x, ¥2, 22).

Q(x2,¥2,2;)

—p
y-axis

X-axis
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L. Inthe following find the required veetor inits component form, Given that P = (3, ~1);
Q = ('4.“(‘): R = (1, Hand § = (2' S)

W PQ (i) 300 — RS (ill) 2PK + 3PS
. 53, S St
(v) 3PQ+3PR-30S (v) 3PS~ 425P + QP

!J

Show that:
) the points AL 0); B (6, 0) and €(0, 0) are collincar,

() ifd and b are the position veetors of points (2, —7) and (-?. 11). find the valuc of

m tor which d and b are collinear.
MU= L1 0=<0, 1 >andw =< 3,4 > then
Q) Find X that satisfies o — 23 = ¥ — w 4 30 (< x,y > mecans xi + yj) l
() Finduand Vil + 0 =<2, -3> 3+ 20 =< —1,2 >
(i) Find mtal pomt ol v = < =3, 1, 2 > ifits terminal point is (5, 0, 1). '
40 Find the value of m for which the vector @ = 3% + 4] — 9k is parallel to
b=1i+ mj - 3k.
(1) Find the value ot A for which the points P, Q and R are collinear.
Given that £+ 2] + 3k, =28 + 3] + Sk and A7 — k arce the position vectors of -
points P, Q and R respectively.

5.0 Wd =024k b=10~]—kand ¢ =21+ k then find a unit vector in the

=

direction of 2d — 3b + ¢,
(11) Use vectors to find the length of diagonals of a parallelogram having adjacent
sides T+ Jand 1 = 2J.
6. (1) Show that the points with position vectors T — J, 4i + 3] + k and 2i — 4] + 5k
are the verucees of a right-angled triangle.
(i) Show that the points with position vectors 21 + 3] + 3k, V10t — j + v/5k and
—37 + V3] + 2k are the vertices of an cquilateral triangle.
7. (1) Find the value of A for which |d| = |35| where d = — 3j + Ak and
b=1i+2j—k
(i1) Ifd =2i+3jand b = —3i + 2j. Check whether|d| = |5| or d=b.
8. Ifd=20—3j+k andb =i — 3 + 5Kk then find:

(1) A vector of magnitude S in the direction d — 2b.

v . . 3 X . . . - *
(11) A vector of magnitude = opposite in direction 3a + b.
7

9. The position vectors of points A and B are § = 2 + k and 21 + 3f — k respectively.
(1) Find the position vector of point P dividing the line segment joining A and B in
the ratio 2 : 3 internally.
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10.

11.

12

13.

14.

15.

16.

35

(i)  Find the position vector of point Q dividing the line segment AB in the ratio 3 : 2
externally.

(i) The three vertices of a parallelogram ABCD taken in order are A(3, —4);
B(—1,-3) and C(—6, 2). Find the fourth vertex D.

(i) Find the values of x and y if A(1, 2); B(4,y); C(x,6) and D(3,5) taken in order
are the vertices of a parallelogram.

Show that the line segments joining the mid points of the sides of a quadrilateral

consecutively form a parallelogram.

Show that line segments joining the mid points of the diagonals and the mid points of any

two opposite sides of a quadrilateral consecutively form a parallelogram.

Prove that line segments joining the midpoint of the diagonals of a trapezium is parallel

to the parallel sides and its length is half the difference of the lengths of the paralle] sides.

OPQR is a trapezium made from three p Q

equilateral triangles with E" =% 0§=3%
and M is the midpoint of QR.

6)) Write PS in terms of 7 and 5.

(i)  Show that OQ is parallel to SM.

ABCD is a trapezium with AB parallel
to DC. E is the point on the diagonal >
DB such that DE = %DB. 3b E

Show that BC is parallel to AE.

ABCDEF is a regular hexagon
as shown in the figure. If

AB = @ and BC = b, then
express AC, CD, EF, DA, EB,
FA and FC in terms of @ and b.

Gl

Dot or Scalar Product

3.5.1 Dot or Scalar Product of Two Vectors and its Geometrical Interpretation
If @ is the angle between the two non-zero vectors @ and b then their dot product is denoted by

@ .b and is defined as:

d-b = |d||b| cos @

where, 6 is measured from d to b-and 0° < 6 < 180°.
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0 is positive if measured in aniclockwise and is taken P

as negative if measured clockwise.

The value of dot product is a scalar quantity that’s why 0

it is known as scalar product.

Observe that:

b= |l_)‘| || cos(—6) The angle between the vectors
— |b||&| cos @ (** cos(— @) = cos8) is the angle where the tail or
= |d||b| cos 6 head of both vectors meet.
=d-b

ie; d-b=b-d

The reason for the angle to be taken —@ is that for b - d angle will be measured from btoad
which is measured clockwise and therefore will be taken negative.

Particular Cases:
Case I: when 8 = 90° then vertices will be perpendicular or orthogonal to each other. In this
case
d-b = |d||b| cos 90° = |d|||(0) = 0
Case II: When 6 = 0° then both the vectors have the same direction. i.e.; Both are parallel to
each other, in this case
d-b = |d||b] cos 0° = |&||b|(1) = |dI|b]

Case III: When @ = b then in that case:

d-d=|d||d|cos 0°

= |allal(1)
d-d=|dl?
= |d|? =+d-d

3.5.2 Dot Product of Fundamental Unit Vectors i, j and k
The fundamental unit vectors in R3are , f and k.

is along x-axis; j is along y-axis and k is along z-axis. So [{| = 1; |j| = 1 and |i2| = 1. Now

i
i.1 =|illf]cos0°=111=1 -
jj Ijllflcos0°=111=1
k.k = |k||k|cos0°=111=1 &
i.7 =i||f]cos90°=1.1.0=10
j.k = Ifl|k|cos90° = 1.1.0 = 0 -
k.1 = |k|lil cos90° = 1.1.0 = 0 0 f y-axis
Also j.i=101] =0 A

kj=jk=0

ik=ki=0 x-axis
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3.5.3 Dot Product in Terms of Components
Consider any two non-zero vectors @ and b in space.

Let a = a,i + ayj + azk
and b = byi + byj + b3k
Then a.b = (a,i + ayf + ask). (byi + boj + bsk)

= (ay1). (by1) + (@,1). (b2) + (@;1). (Bsk) + (@2f)- (Byd) + (@))- (B2))
+(az)). (bsk) + (ask). (b;1) + (ask). (b)) + (ask)- (b:k)
Since the dot product is defined between the vectors, so,
@b =a;by(L.0) +ayby (L)) + aybs(LK) + azby (1) + axb: (. )) + axbs5(j. k)
+ agb, (k.1) + azby(k.)) + asbs(k.k)
d.b = a,by(1) + a;b2(0) + a;b3{0) + 25, (0) + azbx(1) +a:b5(0) +
aszb; (0) + a3b,(0) + asbs(1)
d.b =ayb, +asb, + azbs
This is known as analytical expression for dot product.
3.5.4 Condition for Orthogonality of Two Vectors
Consider two non-zero vectors @ and b in space. Let @ = a,i + @,f + ask
and b = byl + byj + bsk |
@ and b will be orthogonal (perpendicular) to each other if and only if & b=
= (a;i +aof +ask). (by! + baf + bsk) =0
= a,b, + a;b, +azb;=0
Which is the condition for the two vectors @ and b to be orthogonal to cach other.
3.5.5 Commutative Property of Dot Product
Statement: For any two vectors d and b
a.b=b.d
Proof: Letd = a,i + a,j + ask and b = b, T+ b, + byk be two vectors
d.b = (a,i + ay) + ask). (b1 + bof + bsk)
= a,by +ayb; +asbs
Since commutative law holds in R, 'so
@.b = bya, + b,a, + byas
= gb,t + byj + b3k). (ay1 + ay) + ask)
a.b=b.ad
Distribumc Property of Dot Product
Statement: For any three vectors @, band &
a.(b+d)=db+ac
Proof: Let d = a,l +a,) + ask
b = byi + byJ + byk
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o Y

E =Cli+Czj+C3E

Then b+¢ = (byi + byf + bsk) + (i1 + cyf + c4k)
= (by + )i + (by + ¢;)] + (by + ¢3)k
= d. (b +¢) = (ayi + ayf + azk).[(by + c;)i + (by + ¢3)] + (by + c3)k]
= ay(by +¢;) + ay(by, +¢;) + az(b; +¢3) .
= (a1by + ay¢1) + (azh; + ayc;) + (azhs + ascs)
= (ayb; + ayb, + azhs) + (asc; + ayc; + ascy)
=d.b+ad.c
3.5.6 Direction Angles .
The angles which a non-zero vector 7 makes with the coordinate axcs in the positive
direction are known as direction angles of 7. Let these angles be a, f and y; then ‘

0<a<m 0<f<sm O<y=<nm

Direction Cosines
If @, B and y be the direction angles of
a non-zero vector 7 with x-axis; y-axis and
z-axis respectively, then cos @, cos ff and cosy
are called the direction cosines of 7.
Here 7 = OP = xi + yj + zk
7l = 7T+ 22
From right-angled triangle AOP:

[04]

[0P|

P(x,y.,z)

-----------------

X
=cosa or = cosa = —-
7

From right-angled triangle BOP:
|0B|

0P|

From right-angled triangle COP:
|oc]| z
=, =Cosy or = cosy=|—?-|

0P|

In literature cos @, cos ff and cos y are denoted by [, m and n respectively. i.c.;

=cosf or = cosf =

I7l

x
[=cosa=—
|7

y

m=cosff ==
||

cosy .
n= AT
|71
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3.5.7 Sum ol Squares of Direction Cosines is Unity

Let #* be a non-zero vector and a, # and y be its direction angles, 1f
#=xi+yf+ zk

Then |#] = x? + y?% + 22
712 = x% + y? + 72
The direction cosines of 7 are cos a = Iir’l' cosff = % and cosy = Fi-l .
p x \2 2 2 \2
Now cos® @ + cos? 8 + cos? y = (m) + (I—Z—I) + (ITI)
x*  y* 22 X’ +y*+z* ’
B e
I
1712
Hence cos?a + cos?ff +costy =1

Sum of squares of direction cosines is unity.
Deduction:
Since cos?a + cos?f +cos?y =1
= (1 —sin®a) + (1 —sin?p) + (1 —sin?y) =1
= 3 —sin?a —sin? —sin?y =1
. = sina +sin? B + sin®y = 2
Direction Ratios
The numbers which are proportional to the direction cosines of a non-zero vector 7 are
known as direction ratios.
Let a, b and ¢ be the numbers which are proportional to cos a,cos 8 and cosy. i.e.;
a«xcosa; b < cospf; € X COSY
= a= kcosa; b = kcosf; c = kcosy
where K is constant of proportionality and k # 0
= a?+b%+c?= k?cos?a+ k?cos?B + k*cos’y
= k2(cos? a + cos? B + cos?y) = k>
= k= ++ya? + b2 + ¢2

a

+a= kcosa = cosa =-1Z

Direction ratios are also known as
direction numbers or direction
components.

e  Sum of squares of direction ratios
need not to be unity.

a
cosa =+
va*+b* +¢*

b
b= kcosff = cosf =—k-

or

or COSﬂ =%

b
va? + b? + ¢?



¢

wc= kcosy =cosy=-—

¢
vad + b* + ¢
These relations are used to {ind direction cosines when its direction ratios are given.

or cosy=1

Key Facts
‘ Let OP = xi+ yj + zk be the position vector of a point P(x, y, 2).

If cos @, cos f and cos y are its direction cosines then
}& X "
cosa = = c=|r

= — X = |F|cos a
E |7l
cosf = |_y1’_| = y=|Flcosf
z

cosy = i = 7 = |F|cosy

The coordinates of point P in the form of direction cosines can be written as:
(x,v,2) = (|#'| cos @, |F| cos B, || cos y)

Example: Find the coordinates of point P, if OP is a vector of magnitude 2 and is parallel to the
vector 21 — 3j + 4k.
Solution:
Letd = 2i — 3] — 4k
= |l =V(2)2+ (=32 +(@)?2=V4+9+16=v29

-

da 20-3j+4k

Thus @ = = =
|al V29
a2 /3 4.
V% vz Vo
_ 2 3 4
As0P=za=2( g )
NERNCC U
h 6
= 0P 3 8

= T

are the coordinates of point P,

N—

(L gy
V29'  V29'v29
Fxample: Two direction angles of vector # are 30° and 60°, Find the third direction angle. Also
find unit vector 7.
Solution:

Let @ = 30° and f8 = 60°

Since cos® a + cos? f§ + cos?y = 1

= cos? 30° + cos? 60° + cos?y = 1

= ﬁ2+(1)2+ 2
2 o) cos“y =1
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3 1
4+4+cos y=1=1+cos?y=1=cos?y =0

=cos y =0
= y=90°0r270°
Since 0<y<180°
So y =90°
Unit vector of 7 is:
P=cosai+cosfij+cosyk
= f = cos 30°1 + cos 60° ] + cos 90° k
V3

R S
=>f—7l+§']+0k

Which is the required unit vector.
3.5.8 Angle Between Two Non-Zero Vectors

Let 8- be the angle between two non-zero vectors d and b,

Since a.b= I&IIEICOSG
= cosf = i
ld||b|
~ d
or 0 = cos™! i
a
a

0 =cos™!|—= i
ldl " ||

= 0 = cos~!(a.h)
In component form we can write it as
a=ayl+ a,f + ask
b = byi+ b,j + bsk
Then @b = (a1i+ ayf + ask). (b, + byj + bsk) = arby + azb, + asbs

la| =Jaf+a§+a§

|b| = be + b2 + b2

P Ilbl) we have:

Substituting values in the equation 6 = cos™’ (

9 = cos-l ( albl + azbz + a3b3 )

Ja? + a2 + a?\/bf + b? + b?
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Example:Find the angle between the vectors | — 2J + £ and 28 — 3) + k.
Solution:
Letd =1—2)+Kkandb = 21 - 3] + K, then
ab=(1-2)+K).(21=3)+K) = (1)(2) + (-2)(=3) + (D)
=2+6+1=9

ldl=y12+ (-2 +12=Vi+4+1=v6
Pl =V R =VE+ 9+ 1 = VId
If 6 is the angle between @ and b then

a. -
0 = cos™! (—E)
ldl|p|
9 9
0 = cos™! ( ) = cos™! (——)
V6Via V84
= 6 =1089°
59 Projectionof a Vector Along Another Vector
Consider two non-zero vectors @ and b and let 8 be the angle between them.
| I-O_ZI is the projection of b upon d.

From right-angled triangle BOL; P
. |
oL |
— = Cos 0

o i
|oL| = |_(.)_B‘| cos 6 0 i
= |b| cos '
l | B 0 a L 7\
_|dl|b] cos 6
ld
10z = d.b
|l
«.- Projection of b along d = %ﬁ
4w
=G b
=a.b=>b.a

Projection of balongd = b.a

Similarly, we can prove that:

Projection of d along b= %’f-

Projection of @ along b = d. b
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Example: Ifd = =]+ k and 8 =—{+J+ 3k, find projection of d along b and projection
of b along a.
Solution:
@b = (- +R).(=t+)+3Kk)
=(DED+EDM+ME)=-1-1+3=1
ldl =T+ DT+ (1D =3
5] = V=D + (7 + 3)F = V1T

i

d.b 1
Now projection of d alon b="n = — 4 yexis
proj & ) [b]  vix P(cosa,sina)
1

Projection of b along d = I a| =5
l*:.\:m?plt‘: Prove that cos(a — f) = cosa cos 8 + sinasin AN Q(cosB,sinB)
Solution:
Consider two-unit vectors 2 = OP B x-axis
and ¥ = 0Q making angles a and 8 0 .

with x-axis as shown in the figure. Thus
a — B is the angle between 1l and ¥. Since 11 = OP is the position vector of point P so,

ﬂ~cosat+smaj Similarly, ¥ =cosfi+sinfj
Now, 2.% = (cosaf+ sinaf).(cos B+ sing f)
.0 = cosa cos B + sinasin (1)
Also . © = |11||P]| cos(a — B) = (1)(1) cos(a — B) '
.9 = cos(a — B) 2)

From equation (1) and (2) we have:
cos(a — B) =cosacosf +sinasinf
Example: For any triangle ABC, with usual notations prove that |d| = |3 | cosy + |¢| cos B

Solution

Consider a triangle as shown in figure. N
It is clear that 180° —y
i+b+é=0

= d=-b-¢ Aa 180°- B L
Taking dot product with d on both sides A/ ~ — ‘
= d d=4d(-b-¢) //180°—a ‘ °
> |d? =-d.b- d.¢ v
. -|&I|5| cos(180° — y) — |d||c| cos(180° — B)
= ~|dl[B|(~ cosy) — |al|é|(~cosp)  * cos(180°—0) =—cos®
= |d||b| cosy + |d]|2| cos 8 g

= |d|* = 1a@(|b] cosy + |&| cos B)
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e B et e -\
= |d| = |b|cosy + |¢] cos B

3.5.10 Work Done by a Constant Force
Let a constant force is applied on an object
and it is displaced from A to B.
The force FF makes an angle 6 with the
displacement vector S.
The component of F* along S is |F| cos 6. A 4
Thus work done by the force F to move the |
object from A to B is: |
work done = || cos 0 (|S]) = |F||S] cos 6 |
work done = F. §
Example: Find the work done by a constant force F = 21 + j — k in moving an object from J

A(0,1,3) to B(~1,2,4). | |

Solution:
F=21+j-k
S=AB=(01-0)0+Q2-1)j+4-3)k
=i+j+k |

Work done = F. S
=i+ -k).(t+j+k)
= (2)(1) + (1)) + (1) -
=2+1-1=_2units '

I. Ifd=20—3j+k; b=10—3]+4kand¢=—1—2j+ 5k, then evaluate the

followings.
G) b (i) 2d.3b Giiy (d@- b).¢
(v) (2d+3b-2).(d@+b) v) Ld+ f.b+ké |
2. Ifd=j—-k; b=30—4f+kand &= —i+ 2] — 4k, then find the angles between the
vectors: . .
() dand3b (i) (2d- 3b)and2¢ (i) (—d+ &) and (B - 27)
(iv) (@+b+¢)and(d—b-¢) v) (@-2b+¢)andd

3. (i) Ifd,b and & are three vectors such that & + b + & = 0 and |d| = 2; |5| =3and |él=4
then find angle between @ and b.
(ii) If |@ + b| = |d - b, then find angle between d and b.

{5

.

N
.



N

10.

11.

12.

13.

14.

15.

16.

(@) Ifd=1-3]+4k; b=7i-9]+kand¢=3i— 2]+ 5k, find the value of A so
that @ — Ab is perpendicular to ¢.
(i) Show that the angle between any two diagonals of a cube is cos™? (-;-)
(i) 1fd@ = 21 — 3j + 4k, then find the direction cosine of .
(i) If @ = 1 — 2j + 3k; b=3i— 2j+kandé=7i—j+8k, then find the projection of
& — b along & and projection of b along & — @. Also find their vector projections.
(1) Three vertices of triangle are A(0,—1,-2); B(3,1,4) and C(5, 7, 1). Show that ABC is
a right-angled tmangle and find the other two angles.
(i1) A vector 7 is equally inclined with the coordinate axes and |#| = 5. Find the vector 7.
(i) Ifd,b and € are three vectors such that |d| = 2; lEI =5; |¢] = 4 and
d+ b + ¢ = 0 then find the value of @.b + b.¢ + ¢.d
(i) For any vector 7 prove that 7 = (7. )i + (./)] + (7. k)k
The dot products of 7 with the vectors i + j — 3k; i+ 3j — 2k and 2f + j + 4k are 0,5 and
8 respectively. Find the vector 7.

Prove that for any non-zero vectors @ and b;
. U ST L S P X
@) a.b=_|a+bl —-|a-b
Gy 1aP+[B =2la+5] +ila-5[°
(i) If the sum of two unit vectors is a unit vector, show that magnitude of their difference
is V3.
(i1) Show that angle in a semi-circle is a right angle.
(i) Prove that altitudes of a triangle are concurrent.
(i1) Prove that angle bisectors of triangle are concurrent.
(i) Prove that cos(a + 8) = cos a cos § — sin a sin f3.
(ii) With usual notations for a triangle ABC; prove that c? = a? + b% — 2abcos y and
b=acosy+ccosa
(i) The resultant of two vectors @ and b is perpendicular to d@ and |d| = \/%_ |b|. Show that
resultant of 7d and b is perpendicular to b.

(ii) Prove that 4 + b is equally inclined with @ and b.

A force of F = 3i — 5] + 7k newtons is applied on a body and moves it at a distance of
14 meters in the direction of the vector I — 3] + k. How much work is done?

Find the work done by the forces 2f + 3f — k and 3 + 7] + 4k acting on a particle in
moving from point P to Q with position vectors i — 3] + %E and 21 —J + % k.

A box is dragged on the surface of a floor by a string that is applying a force of 30N at an

angle of 30° with the floor. Find the work done by the force when the box is displaced
up-to a distance of 10 meters.
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3.6 Cross or Vector Product of Two Vectors

3.6.1 Cms; or Vector Product of Two Vectors and its Geometrical Interpretation

If @ and b are two non-zero vectors and @ is the angle between them, then their cross product is

also a vector denoted by d@ X b and is defined as:
axbh= I&IIEI sinf A

where 1 ia a unit vector normal to the plane containing

both the vectors d and b. 6 is positive when measured
anticlockwise and is negative when measured clockwise.

While computing b X d angle is measured from

b to @ which is the clockwise direction so;

bxd = |b||d|sin(— 6)7A . 7 B
Since sin(—@) = —sin@; then
bxd=—|bl|d|sing 5 g >
— rm = 4
=-dxb 3 &
— — ] -4
This shows that @ x b and b X d are opposite in direction. : Ad
Thus, axb=-bxd :ﬁ
It means cross product is anti-commutative, v
3.6.2 Cross Product of Fundamental Unit YVectors
We know that @ X b = |&||B| sin@ 1, so
ix1i=|i]|i|]sin0°A _
- z-axis
=(1)(M)On=0
k
Fxj=1jlljl sin0°A .
~ = J
=(1)(MO)7A=0 ——— »
o y-axis

kxk= |i€“i€[sin0°ﬁ
= (WA =0
We know that i, j and k are the mutually perpendicular unit vectors so, J
i xj=|0l|j] sin90°k
= (W)Wk =k

X-axis

j x k = |jl|k| sin90°t
=(1)MM)i =1

k x 1 = |k|2] sin90°) '\—/
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Key Facts

= WM =)

The cross product is
Also ):x Il=-IXx)= -k W,‘ defined only for the

kxj=—jxk=-I | vector in  3-space;
and Txk=-fIxk= -J ~ whereas dot product is
defined for vector both
- in 2-space and 3-space.

~—

3.0.3 Cross Product in Terms of its Components
Consider two non-zero vectors @ and b, where,
. d = a,t + ayf + azk
and b = byi + byf + b3k
Now @ x b = (a,1 + ayj + azk) x (byf + byf + b3k)
= (ayby)(@ x 1) + (a1 b2)(F X ) + (ayb3)(E x ié) + (azby)(J X i) +
(azby) (G % ) + (azb3)(j x k) + (azhy)(k xt) + (azby)(k xf) +
(asbs) (R x R)
= (a1b1)(6) + (albz)(&) + (a1 b3)(—f) + (a2b1)(—k) + (azbz)@
+ (azb3)() + (a3b)() + (azbz) (=D) + (a3b3)(0)
d x b = (abx)k — (a,bs)f — (azby)k + (azbs)i + (azby)j — (azbz)t
d x b = (azbs — azb;)i — (arb3 — azb,)j + (arb; — azb,)k
Which is cross product in component form. Also cross product can be written as:

~

. it J k
axb=|a, a, a3
b, b, bs

3.6.4 Area of Parallclogram

Consider a parallelogram ABCD. ? - |C

Let AB = d and AD = b be the | s
two adjacent sides of the parallelogram E g :.

and @ is the angle between them. [_i A |j a
From figure it is clear that area of the E i B F

parallelogram ABCD is same as that of

the area of rectangle EFCD,
From right-angled triangle EAD.
:i:’;:= sinf@ =>||£.=bD|—| = sinf

= |ED| = |b]|sin6
Area of parallelogram ABCD = Area of rectangle EFCD
= |EF|IED| = |DC||ED|
= |d||b| sin@ (1)
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Also dx b = |d||b|sin 6 i
|d@ x b| = |dl|b|sin6 ||
= |d||b| sin 6 (2)

From equations (1) and (2):

|d@ x b| = arca of parallelogram ABCD
Key Facts

S GRS —— ,D

l If @ and b are two adjacent sides of a triangle ABC then
Area of triangle ABC = % Area of parallelogram ABDC b

|' Area of triangle ABC = % |c'i X 1—5|

A

QA
w
L

Example: If @ = 21 + 5] — 2k and b=t — j + 3k are two adjacent sides of a parallelogram,
then find its area.

Solution: I F T R
axb=12 5 2
1 “» 3

=(15-2)i-(6+2)j+(-2-5k
dxb=131—8j -7k
|d@ x b| = 132 + (=8)% + (~7)?
=169 + 64 + 49 = /282
Area of parallelogram = |d X b|
= /282 sq. units

Example: Find the area of a triangle with vertices (0, 0), (2,9), (3,5).

Solution: B(2,9)
LetA=(0,0); B =(2,9)and C = (3,5) )
Then d = AC; b = AB | b @3.5)
Sod=(3-0)+(5-0)j=31+5]+0k %
bh=(2-0) -0)j=2i+9f
b=(2 ?)t+(9 ) =2i+9] + 0k A0.0)
Lk -
dxb=|3 5 0
2 90
d@xb=(0-0)+(0-0)j+ (27 -10)k

L

@xb=00+0j+17k
Axb=y0Z+02+172=17
17

_ 1123 1
Area of the triangle = - ld xb| = 3(17) == sq units
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3.6.5 Condition for the Two Non-Zero Vectors to be Parallel
Let @ and b are two non-zero vectors. If @ and b are parallel then angle between the vectors is
6 = 0°. So

dx b = |d||b|sin0°# = |d||b|(0)A = 0
Also, if @ and b are anti-parallel then angle between the vectors is 6 = 180°. So

@ x b = |d||b| sin 180°4 = |d@||b|(0)A = O
Thus, if two non-zero vectors are parallel or anti-parallel then the value of their cross product is
zero vector.

3.6.6 Distributive Law of Cross Product
If &,b and ¢ are any three vectors then:
G) dx(b+&)=dxb+dx¢
(i) (@+D)xEé=dxZ+bx¢
Proof: Let @ = a,i+ a,f + ask
b = byi + byj + bsk
¢ =i+ cf +c3k
Then b+ &= (byl + bof + bsk) + (c16 + cof + c3k)
= (by + c)i + (by +¢3)f + (b3 + ca)k
i j k
a, a; as
by +c; by+c; bztcs
i k i j k
=la;, a, az|+|a; a; aj
by b, b3 G G C3
=dxb+dx?¢
| = RHS
m&:l):r,wecanprove(&+5) Xe=adXeé+bxé

LHS=a x (E+E)

3.6.7 Angle Between Two Vectors

If 8 is the angle between the non-zero vectors d and b then:
dx b = |d||b|sin6 A
= |@ x b = al[B| sin 6]A|

=|&x5|=|&|]5|.sing (+0< 8 <mso|sinf| =sinf)
. dxb
= sinf =
|a||B]

= 0 = sin™! (]_“xb‘ )

|al|B|
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Example: If d=21—j+k b=—i+2/—kandi=1+]~
the vectors d + b and @ + .
Solution:

d+b= (2] +R)+ (-1 +2/—k) =1+ +0

and d+ E=(i —j+k)+(i+j-3k)=31+0]—
. i j k
now (@+b)x@+d =1 1 o
3 0 -2

=(-2-0)i—(-2-0)j+ (0-3)k

= —2i+27-3k

|(@+5) x @@+ = /(=27 + @)% + (-3)2
- VETETO=VT7

@+ 5 VT 0 =42

ld + ¢ =/32+02+ (-2)2=V13

Let 8 be the angle between @ + b and & + ¢; then
|(@+B)x(@+2)|

|a-+b|[a+¢|

Sme—ﬁ‘ﬁ.g J_
—_ -1 el QP o
=6 =sin ( /26 ’ 53.96

Example: Show that sin(a
" Solution:

sin@ =

— B) = sinacos 8 — cos asinf.

then find the angle betwesn

AY-axis
Consider two unit vectors I = 0A and ¥ = 0B making A
angles a and f with x —axis respectively. Then @ — 8 il
is the angle between #i and ¥.
~Q=04=cosal+sinaj ¢
§ = 0B =sBi+sinB] B
) jk 0]
Now ©OXf=|cosp sinf 0
cosa sina 0

=(0-0)t—(0~-0)j + (sinacos B — cos asin B)k
= 0f - 0j + (sin@ cos B — cos a sin B)k

= |0 x| = f2+02+(sinacosﬂ—cosaslnp)2
= (sina cos f — cos a sin §)
Also Dx @ =|0||2]sin(a = p)fi

(Y
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= ¥ x 2 = (1)Q)|sin(a = B)||fi]
= ¥ X 1 = sin(a — pB) (2)
From equation (1) and (2) we find that
sin(a — ) = sina cos f — cosasin 8
3.6.8 Moment or Torque of a Given Force About a Given Point
The moment of a force is the turning effect
of the force about a point, and is the product
of the force and d; where d is the perpendicular
distance of the point from the line of action of
of the force.

From figure, moment of the force F acting at
point P about point O is

Moment = |OA||F”|

From the right-triangle OPA;

ll—g%: =sinf; where 6 is the angle between 7 and F.
|0A| |
-— = sin @
|71
= |0A| = |¥| sin8
Thus, moment = (|7 sin §)|F|
= |i'°||13| sin@

Moment =7 X F
The vector M = # X F , 1s called vector moment of the force E.

Example:Find the moment of the force F=3i- 2] + 5k about the point (2,1, —1) when it is
applied at point (3,0, 2).

Solution:

Here F =3i—2j+5k
0=(1-1)
P =(3,0,2)
F=0P=3B-2)i+0-1)j+2+ Dk
=i—j+3k
Vector moment = # X F
|t 7k
M =11 -1 3
3 -2 5
= (-5+6)i— (5- 9+ (-2 +3)k
M =i+4j+k
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Example: Find the moment of the force F = 78 + 4f + 2k when it is applied at the handle of a
door at the point (2, 1, 4) about the hinge at point (0, 0, 1).

Solution:
Here  F=7i+4f+2k
0=(0,0,1)
H=(2,1,4)
#=0H= 2-00+@1-0)j+4- Dk
=20 +]+3k
Vector moment = #* X F
I A
M=12 1 3
7 4 2

= (2-12)i-(4-21j+ @8- 7Dk

M= —10i + 17} +k
Is the required moment which is produced in the door.

. For the following vectors, find @ x b and b X d and prove that @ x b = b x

i. a=2i+j—k; b=1-3j+7k
i,  da=7i+3/+9% b=2-3j+k
i,  d=1-2k b=3i+2]

2. For the following vectors, find @ X b and prove that a X b is perpendicular to both d-and
b.
i da=31-6j+2k; b=20-3j+4k
ii. d=4i-2j+3k b=i+j-3k

3. For the following vectors, find the value of the sine of the angle between them.
. d=21-4j+3k; b=i-3j+4k

ii. d=41-3]+2k; b=3i-7j+5k
4. 1. Find a vector of magnitude 5 and perpendicular to both the vectors
d=31-2f+5kandb = 8 — 2] + k.
ii. Express the vector 57 + 2f — 3k as a sum of two vectors one of which is parallel and
other is perpendicular to the vector 21 — j + 3k.
5. i. Prove the Lagrange identity |d@ X EIZ = |&|2|E|2 ~(a- B)z
ii. For the vectors = 1— 2, b = 20+ k and & = 3] + 2k, find a vector d which is
perpendicular to both d and b. It is given that &-d = 1.
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6. (i) Find the vector b such that d X b = & and @ - b = 3; where d = 1 — 2] + 3k and
¢=14]~k
(i)Ifdxb=déxdanddxd=hxd, show that @ - d is parallel to b ~ & where
d#dandb (.
7. (i) Fora non-zero vector d if d - h=d-¢éanddxb=dxéthen show that b = Z.
(i1) For three veetors d, band éifd+ b + & = 0, then prove that:
Axh=bxd=d¢xd
8. (i) If d, b and ¢ arc three unit vectors such that d is perpendicular to both b and ¢ and
the angle between b and ¢ i ': then prove that d = +2(b x ¢).
(i1) Prove that |a'. X I)'I2 = |“ ' “: ah’l
a-bh b-b
9. (i) If |d| = 3; |E| = Sand d- b = 60 then find |d % EI
(i) If |a| = 2; |h| = 5and |d x hI = 8 then find d@ - b
10. (i) Find the arca of a parallclogram if d = 2i — 3] + k and b = 1 — 2j + 7k are its two
adjacent sides.
(ii) Find the arca of triangle with vertices (1,—1,1); (2,1,2) and (3,0, —1). Also find its
interior angles,
I1. (i) Find the arca of the parallclogram having diagonals 37 + j — 2k and { — 3j+ 4k.
(i) If d, b and ¢ are the position vectors of A, B and C respectively, then show that area of
triangle ABC is i |d % b+bxé+éx dl.
12.1fd - b = 0and d x b = 0, then what conclusion can be drawn about @ and b.
13, Show that the three points with position vectors @ — b + 3¢,2d + 3b — 4 and
—~7b + 10¢ arc collinear.
14. (i) Find the moment of force 21 + 3] + 7k about the-point (1, 2, 3) when applied at the
point (=1,2,0).
(ii)Two forces 21 — j + 3k and 31 + 4] — 2k are applied at the same point (1, -2, 4).
Find the moment of these concurrent forces about (0,0, 0).
15. (i) How much force is required to produce a moment of magnitude V57 N.m along the
direction 61 — 21§ — 6k when applied at (2,1, —3) about (=1,-1,1).
(ii)At what point the force 21 + 2] — 3k should be applied to produce a vector moment
M = 30 = 2] + k about (—1,2,-3).
16. A toy car is located at a point (2, 3, 5) relative to origin, such that when a force of
31 4 2§ + 7k is applicd on car it starts rotating about the origin. Find the moment
produced by the forcein the car.
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17, A soesaw is fixed from ity middlo point which s at (0, 2, 3), Two forcen F 3,4, 5] and
1519, 2, 7] are applied at points (4, 5, 3) and (= 4, <1, 3) renpectively, Caleulnte the moment
produced by each force about the fixed point in soesnw separately . Also find net moment,

3.7 Scalar Treiple Product
L7.0 Sealar Triple Product ol Vectors
The sealar produet of two veetors in which one veetor is alrendy a cross product of two vectors in

ealled sealar triple product., 1 one vector is d and other is b x ¢, then their sealar triple product is

d- (b X ¢). It is also denoted by | b d).

372 Determinant Form ol Scabar Toiple Product

Consider the vectors u',!; and ¢ such that: - Koy Facts
i o=l a) +agk : (d-b) x ¢ is meaningless, because
b = Dy0 + byf + byk A8l - b s o scalar and will not have
¢ = ¢ + ¢y + (.';,)\: Ll cross product with ¢. Thus, there
Pk slmul'(l be no cnn!'usinn in writing
bxé=|b, b, by i (bxd)usd-bxd |
€y €2 €y I

1_; X (,: = (szJ - bn‘.‘z)i < (bl“':l & h:'cl)i + (hlc'l - ’)ZCI)E

Therefore,
a- (5 X (:') = (a,i + ayj + “:{ff) 4 |(l’z¢':s = bycy) = (bycy — byey)f + (bycy = bzcl)k]
= al(bzcu = b:;(.'z) - az(bl(.':; - b:;cl) + (l:{(l)l(.'z e bzcl)

“] (lz (l:’
a- (b X (':') =|by, by by
€, € G

If any two vectors in the scalar product are same or parallel then the two rows of the determinant
will be same, then the value of the determinant is zero. i, @b x ¢ =0
If we interchange any two vectors in the scalar triple product then the corresponding rows of the

determinant will be interchanged producing the value of new scalar triple product as a negative
multiple of the original product.

G-hbxé=—-b-dxé=—iéxb el

3.7.3 Sealar Triple Product of i, f and k Vectors
i jxk=i1=1
Jrhkxt=j-]=1
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f+kxf=1

Ixk .

j A A j Key Facts

Fopxi=k-(=k) = —(k-k) = -1 O

n 5.0 ao a When any two vectors
T.hu.s z-Exj=]-1xfc=iE-]x1=—1 ' are samcythc value of
Similarly, | their scalar triple

i-jxj=1-(0)=0 product is zero.

jl?x = (-0)=={ 1) =0 etc. -

3.7.4 Dot and Cross are Interchangeable in Scalar Triple Product
Here we will prove that the cross and dot product in the scalar triple product are interchangeable.

ie, d-bxé=dxh-¢
For this let
a = a,i+ apf + ask
b = byi + byf + bsk
¢ =ci+c,f + ek
As already proved that
_ a, Qa; 4as
a . B X 6 — b1 bz b3 (1)
G C (3
. ioj k
Now axb =l|a, Q; ajz
by by b
dxb = (ayb; — azb,)i — (a;bs — azby)j + (a1b; — azby)k
(fi X B) ¢ = [(a2b3 — a3b2)i - (a1b3 = a3b1)f + (a1b2 — azbl)E] . (Clt + sz + C3&).
(@ x 5) i = (aybs — agby)cy — (@1by — azby)cy + (ayby — azby)cs
(C-i X E) ¢ = aZbBCI - a3b2C1 - alb3C2 . a3b1C2 + a1b2C3 — a2b1C3
(@xb)-¢ = (ayb;c3 — arb3cz) — (azb1c3 — azbscy) + (azbicy — azbycy)
(c‘i X B) ' g = a,(byc3 — bycy) — az(bycs - bycy) + az(byc; — bacy)
a, a, as
axb-¢ =|by by by 2
€y C (3

From (1) and (2) it is clear that:
G-bxé=dxb-¢
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Example: Ifd = 28— 3§+ k; b= 30+ 2j+3kandé=—i+j—k findd-b x .

Solution:
- a; a; a;
Since d*bxé=|by b, by
G G2 G
- 2 =3 1
Then d-bxé=|-3 2 3
) -1 1 -1
A bxé=2(-2-3)+3(3+3)+1(-3+2)
=-10+18-1
a- B Xc=17
Example: Let we have three vectors d, b and & such that b is parallel to ¢. Compute @ b X ¢.
Solution:
Let a=a,i+a,j + azk
b = byt + by + bk
C=cyl+ cpf + ek

Given that b and  are parallel; so

b = A¢ for some scalar A.
byt + byf + bsk = A(c11 + ¢3f + c3k) = (Rep)i + (Acp)f + (Acz)k

= | by = A¢y; b, = Acy; ' bs = Acz .

a, a; as
Now a-bxc=|by b, by

i C C3
a, a, a3 a, a, as

d-bxc= [ Az Ag[=1|c1 €
C1 Ca C3 Cq () C3

da-bxcé=10)=0 (* Ry & Rj3 are identical) ‘

3.7.5 Volume of Parallelopiped and a Tetrahedron
Volume of a Parallelopiped
Consider a parallelopiped with

adjacent sides as d, b and .
Volume of the parallelopiped
= (area of base)(perpendicular height)

= |a x b| - oD (1)
@ x b is the vector perpendicular
to both @ and b. So OD is in the direction

of @ X b.
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Volume of Tetrahedron
Consider a tetrahedron with its three

coterminal edges d, b and €.
Volume of tetrahedron

1
=3 (area of base)(perpendicular height)

1 —n
=z (area of triangle OAB)(|0D|)

(1)
@ x b is perpendicular to both d@ and b. So |0D| is in the direction of @ X b.

Also |-0_D'| is the projection of ¢ on @ x b. Therefore
05| = (@xb)-¢ a-bxé
~ laxb| |axb|

Putting value in equation (1), we get:

» Volume of tetrahedron = —|d@ x b| axd] 6
Example: Find the volume of a parallelopiped with adjacent sidesd = — 2 j+ k,

5=3i—3/+kandé=-1-]+2k

Solution: Volume of a parallelopiped with adjacent sides @, b and ¢ is:

B 1 -2 1
a-bxc=|3 -3 1
-1 -1 2
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=1(-6+1)+2(6+1)+1(-3-3)=-5+14-6
= 3 cubic units
Example: Find the volume of a tetrahedron with vertices A(0, 0, 0), B(1, 3, — 1), C(2, 2, 1) and
D(1, 6, 5).
Solution:

Let the sides of tetrahedron ABCD are :
i=AB=(1-0i+B-0)j+(-1-0k=i+3j-k

b=AC=02-0)i+@2-0)j+1-0)k=20+2j+k

¢=AD=(1-0)i+(6-0)j+(5—-0)k=1+6]+5k

~ Volume of tetrahedron = % (a- b x )

1 3 -1
==z 2 1

16 5
= -:- [1(10 - 6) - 3(10 = 1) = 1(12 - 2)]

=i4-27-10) =22 =2
6 6 2

Since volume is a non-negative quantity, so

Volume of tetrahedron = 12—1 cubic units

3.7.6 Coplanar Vectors and Condition for the Coplanarity of Three Vectors
Coplanar Vectors

Two or more vectors lying in the same plane are known as coplanar vectors.
Condition for the Coplanarity of Three Vectors

Consider three coplanar vectors d, b and ¢. 'y
@ x b is the vector perpendicular to both @ and b. axb

Since @, b and & are coplanar then d X b is also
perpendicular to vector ¢, then

. (@xb)e=o . /5
& d- b x ¢ = 0 is the condition for the three vectors. —
to be coplanar. /
Example: Find the value of A so that vectors

&=i—}+’5.5=2i+j+§andi:’=—i+/1j+272arecoplanar.

Solution:
d, b and ¢ will be coplanar if
d-bxé=0
1 -1 1
=12 1 1=0
-1 1 8

=18-2)+1(16+1)+1(22+1) =0
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B8 =A4+174+21+1=0
wmd A+ 260=0

I. For the given vectors d, b and & prove thatd b x & =b-éxd=2&+d x b
i d=31—-)+2k b=2+3-k E=-t1+2f-3k

i, =-204+7)+k; b=4i+2f+k E=2f+k
2. For the given vectors d@, b and ¢ prove thatd b x é = =b-dx &= —d &% b
i d=1+) b=j+k é=t+k

W d=7-2)+k b=i+f; {é=f-k
3. 1. Show that the vectors d = —41 — 6] — 2Kk, b=—f+ 4f + 3k and
¢ = =1+ 2) — 3k are coplanar,
ii. Find the value of A so that the vectors @ = § — 2f + 3k; b = =21 + 3j — 4k
and & = —1 + A + 2k are coplanar.
4. 1. Find the value of A if the points A(— 1,4, — 3); B(3,4,-5); C(-3,8,—-5) and
D(=3, 2, 1) are coplanar.
il. If'the vectors @ = al + /' + kb= i+pf +kandé=t+/ +ykare coplanar,
then prove that 1ja + 1:;? + liy =1 where a,f,y #1
i 1fd, b and ¢ are coplanar then show that d + E, b+ ¢and & + d are also
coplanar,

‘n

ii.1fd, b and & are non-zero vectors such that ¢ is a unit vector perpendicular to
both & and b and the angle between d and b is %; then prove that
. . -
@ b & =;laP|3|
6. Find the volume of the parallelopiped with given three coterminal edges:
i d=21+3—4k; b=t+2j-3k &=31+j+k
i, d=-31+6+k b=1+2j+3k =-i1+2/+6k
7. Find the volume of the tetrahedron with given vertices:
L A(2,1,0); B(-1,26); C(2,03); D(1,-1,0)
ii. A(0,1,0); B(2,0,1); C(3,1,2); D(56,-1)

3.8 Application of Vectors in Real World

Vectors can be used by air-traffic controllers when tracking planes, by meteorologists when
describing wind conditions, and by computer programmers when they are designing virtual
worlds. In this section, we will present some applications of vectors that are commonly used in
the study of physics: work, torque, and magnetic force.



Projectile Motion _ A e -
A projectile (stone) thrown with an initial speed u at angle ¢ with the horizontal, 2 verticy

component of (u sin ¢ — g t) and the horizontal component of u cos ¢ under COMpPONEnts of vecyy,

Sharpening wooden pencil with a blade - ] )
We cut the pencil at an angle. The component of force in the direction perpendicular to the pencg

cuts the pencil. The component of force in the direction parallel to the pencil removes the thip

wooden part.

Earth’s magnetic field : \

Earth’s magnetic field has-two components B and H which are perpendicular to Earth’s surface
and parallel to the surface.

Pendulum .

The tension in the string has two components to balance the weight and to give the centripetz]
force.

Digital graphics: Vector art can be defined as digital graphics using mathem_au'cal fO@% ©
construct shapes and lines. Vector images maintain their quality irrespective of size. This
adaptability makes vector file formats flexible, resilient, and always looking sharp. Vector artwork
is digital art produced with vector design software like Linearity Curve (formerly Vectornator),
Adobe Illustrator, and Sketch. These vector graphics editors generate simple shapes between
points instead of pixels.

Programing: A vector, in programming, is a type of array that is one dimensional. Vectors are a

logical element in programming languages that are used for storing a sequence of data elements of
the same basic type. Members of a vector are called components,

GPS Unit: When you use your GPS unit to get from point A to point B. The GPS unit will give
you a distance (magnitude) and a direction. A vector is, therefore, a directed quantity: a number
with a direction.

Example: An air-plane is flying with an airspeed of 475 km/h on heading of 70°. If an 80 kmh
wind is blowing from a true heading of 120°. Determine the velocity and direction of plane relative
to the ground.

Solution: AN

air

= 475¢0s 20°1 + 475 gin 20°)

P
A = 80 cos 150°1 + 80 sin 15005
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P = 446.351 + 162.46]
A = —69.281 + 40§
OB = P + A = 377.071 + 202.46]

' (2) = tan™1(0536) = 28.23°
OB = /377.07% + 202.462 = 428km/h

0 = tan™

~—~
RI

I have Learnt

Recognizing rectangular coordinate system in space.

Recognizing: unit veetors 1, § and k components of a vector.

Finding the magnitude of a vector.

Demonstrating and proving propertics of Vector Addition

Explaining dot or scalar product of two vectors and giving its geometrical
interpretation. Expressing dot product in terms of components

Finding the condition for orthogonality of two vectors and angle between them.,
Finding the projection of a vector along another vector and work done by a force.
Explaining the cross or vector product of two vectors and giving its geometrical
interpretation. Applying cross product to find an angle between two vectors.,
Describing scalar triple product of vectors and expressing it in terms of components.
Understanding that dot and cross product are interchangeable in scalar triple product
Recognizing coplanar vectors and finding the condition for planarity of three vectors,

Review Exercise 20

Choose the correct option,
i, The vector in the dircction of £ + 2§ — 2k and having magnitude 12 is;

a. (14 2] = 2k) b. 12(1 + 2f - 2k)
c. =(i+2)-2k) d. 40+ 2 — 2k)

ii. The position vectors of three vertices of triangle are 21 + J — k,3t = 2 + 4k
and 1 + 4f — 3k, The triangle is:
a, isosceles b. right angled ¢. scalene d. equilateral

iii. Given two vectors { = j and T+ 2] , then the unit vector coplanar with two vectors
and L 1o first is:

0 =) b. o7y (20 + )
b, c.:7’5(1+)) u.:t7'i(r+2';)
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iv. 1f|d+b| = |d - b| then:

a. |dl=b| b.dlb c.dllb di=h=0
v. Ifa,b and ¢ are mutually perpendicular unit vectors; the value of |d 4+ b + é| is:
a. | b. V2 c. V3 d.2
vi. Ifd+b+¢=0and|d| =3, |5| = 5,|¢| = 7 then angle between d and b is:
T 2m LY/4 n
a. -6- b. ? C. ? d. 3

vil, [fa=22+3j—§;5=—i+ 2f — 4k and ¢ = i + j + k then the value of
(a@x B).(&XE) is:

a. 74 b. =74 c. 52 d. =52
viii, If |d x B| = 4 and |.B| = 2; then {d[2[B| " is:
a. 6 b. 20 c.2 d.8

ix. If@ is the angle between the two vectors @ and b and |d@ x b| = |. B
then value of @ is:

a. 0 b2 c.— d.=
6 4 2
x. Thevalueof[3—p b—¢& &-—alwhere|d|=1|b|=5I¢]=3is:
a. 0 b. 1 c.6 d. 15
Find the value of A so that the vectors @ = 31 — 2J + 6k and b=1i- Aj + 37k are:
i. parallel ii. perpendicular

Ifd = —3i+ 2f + 4k and b = § = 2 + 4k then find the component of @ + b along
i - b.

Find |#| if © is unit vector and (i — #). (i + ¥) = 18.

The scalar product of  + j — k with the unit vector along the sum of the vectors

2f — 3§ + k and A = 2j 4 3k is 1. Find the value of A.

For any vector &; prove that |d x £|2 + |d X f|? + |d X IQI2 = 2|d|2.

A . o a b
With usual notations for a triangle ABC; prove that =—= 2 by vector
sina  sinf  siny

method.

Suppose an airplane has a velocity relative to the air with a speed of 200 kmv/h and a
direction of 60°. Suppose the wind is blowing from the west at 40 km/h. Calculate
the ground speed and the true coprse for the plane.

A pilot wants to have a true course of 100° with a ground speed of 250 km/h. If the
wind has a velocity vector (r, ) = (20, 30°), what should be the speed and direction
of airplane with respect to air.
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SEQUENCES AND SERIES

After studying this unit, students will be able to:

Define an arithmetic sequence and find its general term.

Know arithmetic mean between two numbers. Also insert n arithmetic means between them.
Define an arithmetic series and establish the formula to find the sum to n terms of the series.
Show that sum of » arithmetic means between two numbers is equal to » times their AM.

Solve real life problems involving arithmetic sequence, arithmetic mean and arithmetic
series.

Define a geometric sequence and find its general term.

Know geometric mean between two numbers. Also insert n geometric means between them.

Define a geometric series and find the sum of » terms of a geometric series.

Find the sum of an infinite geometric series.

Convert the recurring decimal into an equivalent common fraction.

Solve real life problems involving geometric sequence, geometric mean and series.

Recognize a harmonic sequence and find nth term of harmonic sequence.

Define a harmonic mean and insert # harmonic means between two numbers.

Recognize sigma (X) notation.

Find sum of

» the first n natural numbers (Zn),
» the squares of the first » natural numbers (£n?),
» the cubes of the first # natural numbers (£n°).

¢ Define arithmetico-geometric series.

e Find sum to » terms of the arithmetico-geometric series.

e Define method of differences. Use this method to find the sum of » terms of the series
whose differences of the consecutive terms are either in arithmetic or in geometric
sequence.

e Use partial fractions to find the sum to n terms and to infinity the series of the type:

1 1

+ +...
a(a+d) (a+d)a+2d)

A sequence is simply an ordered list. For example, a superball dropped
from the top of the tower (556 ft high) always rebounds three fourths of
the distance fallen. How for (up and down) will the ball have traveled
when it hits the ground for the 6th time, a sequence is being formed?
When the members of a sequence are numbers, we can find their sum.
Suchasum is called series.




4.1 Sequence

We encounter sequences at the very beginning of our mathematical experiences. The list of even
numbers;

2,4,6,8,10...
and the list of odd numbers;
1,3,5,7,9...
are examples. We can ‘predict’ what the 20th term of each sequence will be just by using
common Sense.
Sequences can be either finite or infinite. For example,
2,4,6,8,10
is a finite sequence with five terms whereas,
2,4,6,8,10...
continues without bound and is an infinite sequence. We usually use ‘...°, three dots to denote
that the sequence continues without bound.
For a given infinite sequence, we can ask the questions.
¢ Can we find a formula for the general term of the sequence?
e Does the sequence have a limit, that is, do the number in the sequence get as close as we
like to some number?

For example, we can see infinitively that the terms in an infinite sequence
| = 2d £

) 223 4 35

whose general term is %, are approaching zero as n becomes very large.

------

The list of positive odd numbers:
1,3,5,7,9,...
is an example of a typical infinite sequence. We use the symbol a, to denote the nth term of a
given sequence. Thus, in the above sequence; a; = 1, a; = 3, a3 = 5 and so on, the first term is
a, = 1, but there is no last term.
The list of positive odd numbers less than 100 is:
1,3,57,9,...,99
This is an example of finite sequence. The last term is 99. This sequence contains 50 terms.
There are several ways to display a sequence.
o Write out the first few terms.
o Give a formula for the general terms.
¢ Give a recurrence relation.
A much better way to describe a sequence is to give a formula for the nth term a,. This is also
called a formula for the general term. For example, a, = 2n — 1 is the general term for the
sequence of odd numbers.
Consider the sequence 2, 4, 8, 16,...
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Here, firstterm: @, =2'=2
second term: a,=2'=4
third term: a3 =2"=8§

)

2! 4’ 8, ------ . 2"‘
Example: Find the first four terms and the S7th term of the sequence whose general term is
. (_l)n
iven by a,, = )
g Y n =T
. -1 1 —1)?
Solution: a1=u=—_ i . = Sl =
1+1 2 = 2+1 3
_ (-1)3 1 _ (_1)0 _ 1
el . a, = =&
3+1 -4 4+1 )
- )% 1
As7 = 5741 58

Note that the expression (—1)" causes the signs of the terms to alternate between positive and
negative, depending on whether 7 is even or odd.
[-xample: For each sequence, predict the general terms.
(i) 1.4,9.16,25.... (i) VI, V2.V3. V4.
(1) -1, 2, =4, 8, —lo.... (av) 2,48, lo....
Solution: (1) There are squares of consecutive positive integers.
So, the general term is #° i.e. @, = n°.
(i) There are square roots of consecutive positive integers. So, the general term is Vn.
(ii1) There are powers of 2 starting from 0 with alternating signs.
So, the general term is (—1)"[2"71).
(iv) If we see the pattern of powers of 2, we will see 16 as the next term and gives 2™
for the general term.
Triangular Numbers
A triangular number counts objects arranged in an equilateral triangle. The nth triangular number
is the number of dots in the triangular arrangement with # dots on each side and is equal to the
sum of the integers from 0 to n. The sequence of triangular numbers, starting at the Ist triangular

number, is
O
@ X
o0 X X )
o o0 000 0000
7} =1 731==3. :I§===6 7}:::“0
O
@ o0
o0 000



1,3,6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91,...

The formula for ath triangular number is given by T, = ——"("2“)
For example; Tyo = 10(120“) =55

Pascal’s Triangle

One of the most interesting number patterns is Pascal’s Triangle (named after Blaise Pascal, a
famous French mathematician and Philosopher). To build the triangle, start with “1” at the top,
then continue placing numbers below it in a triangular pattern. Each number is the number

directly above is added together.
[ — Ones

1 u—~(ounlmg Numbers

Diagonals ,>1‘ 1 [ Trimngulae Numbers
The first diagonals is of count, just “1”. A T2 T3

The second diagonal has the “counting M 3 M3 1

numbers” (1, 2, 3, 4,...). T4 el 4 1]

The third diagonal has the “triangular L

151010 5 1]
161520 15 6 1
1 7 21 35 35 2ilifi;

g S —— | ',I

DI frovinc ) ———

In each of the following, the nth term of the sequence is given. In each case find the first 4 terms;

numbers”.

the 10th term, a,, and the 15th term, a;s.

. ap=3n+1 2. a=3n-1 3. a=- 4. ap=n*+1

- _1\n-1
5. au=-2 6 a=hm 1 a=(3) 8 a=(-D?.w2
9. a,=(—1)" (n+3) 10, a, =(-1)"* (3n-5)
Find the indicated term of the sequence.
11. a,=4n-3; ag 12. a,=5n+11; aqg
13. an = (3" = 4) (2" = 5); aq 14. an = ("1)“-1 (3.4" - 17.3); aiz

2

15. a, =4n*(11n+31); az 16. a,,=(1 +i) y Qg0

17. a, =log 10™; a4 18. a,=Ine"; ag
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Predict the general term or nth term, a,, of the sequence.
19. 1,3,5,7,9,... 20. 3,9,27,81,243,...
21. VZ,v4, V6, VB, V10,... 22. 12,23,34,45,...

4.2 Arithmetic Sequence

A professional race car driver drives out of a curve. He enters the straight away at 119.9 mph. He
increases his speed by 78.3 mph and after 9 seconds his speed is 198.2 mph.
The table below shows how his speed increased each second after entering the straight path.

, . .
e 0 1 2 3 | 4 5 6 7 8 9
seconds

Speed inmph | 119.9 | 128.6 | 1373 | 146.0 | 154.7 | 1634 | 172.1 | 180.8 | 189.5 | 1982

250

~
=
=N
E
S’
!
<
9
a

50

0

0 2 4 6 8 10

Number of seconds

From the table and graph, we observe the number and pattern. This set of numbers is an example
of a sequence. Each number in a sequence is called a term. The first term is symbolized by a,,
the second term by a, and so on to a,, the nth term. The sequence shown in the table contains
ten terms. Therefore, a;=119.9, a,= 128.6 and a;, = 198.2 (each term is obtained by adding 8.7
to the previous term). A sequence of this type is called an arithmetic sequence or arithmetic
progression. The number added to find the next term of an arithmetic sequence is called the
common difference and is symbolized by the variable d. ‘

Definition

~ An arithmetic sequence is a sequence in which each term, after the first, is found by adding a
~ constant called the common difference, to the previous term.

_— -—
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To find the next terms in an arithmetic sequence, first find the common difference d by
subtracting any term from its succeeding term, then add the common difference to the last term
to find successive terms.
Example: Find the next four terms of the arithmetic sequence 33, 39, 45...
Solution: Find the common difference d by subtracting two consecutive terms.
d=39-33=6 or d=45-36=6.

Now add 6 to the last term of the sequence and then continue adding until the next four terms are
found.

Ay =45+6=5I, as = 51 +6=57

@ =57+6=63,  a7= 63+6=69

The next four terms of the sequence are 51, 57, 63, and 69.

In this way terms of an arithmetic sequence are formed. A formula to find any term of an arithmetic
sequence can be found if you know the first term and the common difference. This formula is
known as a recursive formula. Recursive means that each succeeding term is formulated from
one or previous terms.

a, a, as a, as 01 a,

33 39 45 51 57 Al an
33+06) | 33+1(6) | 33+2(6) | 33+3(6) | 33+46) |.|.|.|.|33+(n—-1)d
a,+0.d | ay+1.d | ay+2.d | ay+3.d | ay+4.d |.|.|.|.|ag+(n-1)d

4.2.1 Formula for the nth Term of an Arithmetic Sequence |
The nth term a,,, of an arithmetic sequence with first term @, and common difference d is given by

ap =a;+(n-1)d
Note that the coefficient of d in each case is 1 less than subscﬁpt.

Example:
Suppose a race car driver increases speed at constant rate. What will his speed be after 15
seconds, if his initial speed is 85 mph and his rate of acceleration is 4.5 mph per second?
Solution:
a,=85 and d=4.5, ay4=? (After 15 sec means we have to find a,¢ term)
Find a,¢ using a, =a, +(n-1)d

a6 =85+ (16-1) (4.5) .

a6 = 152.5 . ‘
His speed will be 152.5 mph after 15 seconds. .
Example: The third term of an arithmetic sequence is 8, and the sixteenth term is 47. Find a,, d
and construct the sequence. Also find a,s.
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Solution: We know that a; = 8 and a,¢ = 47. We need first term a,and d (common difference).
a; =8 (Here n=3)

So, az=a;+(3-1)d = 8=a,+2d (1)
and a6 =47 (Here n=16)
a6=a,+(16-1)d = 47=qa, +15d (i1)
Solving (i) and (ii), we have
a;=2, d=3
So, a;=2, a,=a; +1.d=2+3=5, az=a; +2d=2+6=8,

as=a, +3d=2+9=11
The sequence is 2, 5, 8, 11, ...
Now, a;s=a;+(15-1)d=a,+14d=2+14(3)
a;s =44 ’
4.2.2 Arithmetic Mean

To find arithmetic mean between two numbers a and b, we use formula

a+b
AM= =
A number A is said to be arithmetic mean (A.M) between two numbers a and b if a,
A, barein AP

If d 1s the common difference, then
d = A-a=b-4

24 = a+b
_aw
A_z

Example:
Find the four arithmetic means between 19 and 54.
Solution: We can use the nth term formula to find the common difference.
In the sequence 19, , , , , 54; we have, a; = 19 and a4 = 54.
To find d, use ag=a; +5
54=19+5d = d=17
Use a; = 19 and d =7 to find the four arithmetic means

a, =a,+d =19+7 =26
as =aq,+2d =19+2(7) =33
a, =a, +3d =19+3(7) =40
as =aq,+2d =19+4(7) =47

The four arithmetic means are 26, 33, 40 and 47.
Example: Find the A.M between 6 and 18. Find! three ‘nrmbers fiad have. &

Solution: We have a; =6, b= 18, then sum of 27, a product of 288 and
form an arithmetic sequence.
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a+b 6+18
AM==,==-=02

Example: Find the 7 4.Ms between 7 and 20.
Solution: Let A1, A2, A... A7 be the required A.Ms between 7 and 20. Then
7, Av, Az, A3, Aa, As, As, A2, 20 are in A.P.
=7, n=9, ag=20
a, +8d 20 = 7+4+8d=20 = d——

Al=a +d=7+1 =8 '] Cheé'lﬁ'olnt Powanr ~ - |
i B TR
11\ 92 Show that sum of n 4. Ms between
A2=a1+2d=7+2(_)=ﬁ a & b is equal to » times 4. M
betweena & b.
Similarly, A3 == A4—— As=5 Ade= =, A7 = 14_7

il m.._

1. Find the first four terms of each arithmetic sequence.

@) a; =4, d=3 (i) a;=7, d=S5 (i) a, =16, d=-2
. . 3 5
(iv)a, =38, d=-4 (v) a1=§-, a’=% vi) ay=5 d=7
2. Find the next three terms of each arithmetic sequence.
@ 5,9,13, ... @) 11,14,17, ...
135 .
(iii) - >3 5 (iv) -54,-14,-26, ...

3. Find the 11th term of the arithmetic sequence 0.07, 0.12, 0.7,..
4. The third term of an arithmetic sequence is 14 and the mnth term is —1. Find the first four

terms of the sequence.

5. Find an arithmetic sequence for a;; = —40 and a,g = -73, find @, and d. Write first five
terms of the scquence.

6. The fifth term of an arithmetic sequence is 19 and 11th term is 43. Find the first term and

87th term.
7. Which term of the sequence -6, -2, 2,... is 70?
8. Which term of the sequence E £ % is _%59

9. If ;, b, - are in A.P. Show that the common difference is (;T_u:

10. During a free fall, a sky diver falls 16 feet in the first second, 48 feet in the 2nd second and
80 feet in the third second. If he continues to fall at this rate, how many feet will he fall
during the 8th second? '

11. If Rs. 1000 is saved on August 1, Rs. 3000 on August 2, Rs. 5000 on August 3 and so on.
How much is saved till August 20?

12. A gardener is making a triangular planting, with 35 plants in the first row, 31 in the second
row, 27 in the third row and so on. If the pattern is consistent, how many plants will there be
in the eighth row?
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13. Find A.M. between
(i) 7and 17 (i) 3+3v2and7-3v2
(iii) 75 and V5 (iv) 2y+5and5y+3 .
14. Find ‘b’ if 10 is A.M between b and 20. ‘
15. Find x and y if 2 and 13 are two arithmetic means between x and y.
16. Find the two arithmetic means between 5 and 17.
17. Find three arithmetic means between 2 and —18.

— |
.

4.3 Arithmetic Series _
A sky driver falls freely covering the distance in the following pattern. These free-fall distances
form an arithmetic sequence. .

16, 48, 80, 112, 144,176, ...
To find out what the total distance coverd by the sky diver is, we would add the terms in the
sequence.

16 +48+80+ 112+ 144+ 176
The indicated sum of the terms of a sequence is called a series. Above series is called an
arithmetic series.
Following are the examples of arithmetic sequences and their corresponding arithmetic series.

Arithmetic Sequence Arithmetic Series
2,4,6,8,10 2+4+6+8+10
-8,-2,4 -8+ (-2)+4
a, az, az, Qg,..., ay a, +a,+azta,t,.,+a,

The symbol S, is used to represent the sum of the first n-terms of a series. For example, Ss means
the sum of the first four terms of a series. For example, the sum of series 3 + 6 + 9 + 12 is 30.
If a series has a large number of terms, it is not convenient to list all the terms and then find their
sum. To develop a general formula for the sum of any arithmetic series, let’s consider the series
of sky diving distances.
16 +48 +80+ 112 + 144+ 176

We write Ss in two different orders and find the sum.

Se=16+48+80+ 112+ 144+ 176

+ S6=176+144+112+80+48 + 16
286=192 + 192 + 192 + 192 + 192+ 192 ... 6 times 192 (6 sums of 192)
=6[192] = Ss=5[192] (Divide cach side by 2)

Here, 6 represents n, 192 represents the sum of the first and last terms (16 + 76) i.e. a,+ a,. We
can replace the equation with the formula: .
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Sn = %[ai“" a) (i)

We have learnt that in an arithmetic scquence, a, = a; + (n — 1) d. Using this formula(i), we get
another version for the sum of an arithmetic sequence.

Sh = %[al‘r a,); replacca, witha; +(n-1)d
Su= 3 lay+ (@, +(n-1) d)]

Sn=2[2a;+(n-1)d]

[ The sum S, of the first n-terms of an arithmetic series
is given by:
Sn= 2[ar+ ap] = Su= 3 [2a5+ (n-1)d]

Example: Find the sum of the first 100 positive integers.
Solution:

1% Method: In this series, a; =1and a, = a;go= 100

Sn= 7 lar+ ay)

100

Sioo= —= [1 + 100] = 5050
2"Method Sumisl+2+3+............ + 100 term
a,=1,d=1,n=100
S.= > [2a;+ (n-1) d]

Sico = ?[2(1)+(100-1x1)]

S100=50[101] = 5050
Example: '

Find the sum of the first 50 terms of an arithmetic series where a, = 5 and d = 25,
Solution: Given

a;=5,d=25n=>50
Sn= 2 [2a,+ (n-1)d]

S0= 2 [2(5) + (50 - 1)25)] (substituting values)
Ss0=25 [10 + (49)(25)] = 30875

Example: Theaters are often built with more seats per row as the ro\-vs move towards the back.
Suppose the main floor of a theater has 28 seats in the first row, 32 in the second, 36 in the third
and so on for 50 rows. How many seats are on the main floor?

Solution: From the given information, Ist row = 28, 2nd row = 32, 3rd row = 36. The series is:
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28+32+36+ cueeen., (50 rows)
a, =28,d=4,n=50

Si= 2 [2a,+ (1= 1) d)
Sso= 2 [2 (28) + (50 - 1)(4)] (substituting values)
Sso =25 [56 + 196] = 6300

Example:
Find the first three terms of an arithmetic series where a, = 17, a,, = 101 and S, =472.
Solution: First, find ‘n’

$1= 2lart a]
472——[17+101] = 944=18n = n=8
Next, find ‘d’. .
ap=a, +(n-1)d
101=17+(8-1)d
84=7d = d=12

Now we have:
a,=a, +d=17+12=29
az;=a,+2d=17+2(12)=41
“Thus, the first three terms are 17, 29 and 41.

Exercise 4.3 S I T S

Find the sum of each series (1 - 7).
1. 4+7+10+13+16+19+22+25 2. a,=2, a, =200, n=100

a; =5, a, =100, n=200 4. a;=4,n=15,d=3
a, =50,n=20,d=-4 6. 3+(C-N+(1D)+.......... + a0
9+ 11+13+15+......... forn=12

Find the sum of the even numbers from 2 to 100.
Find the sum of the odd numbers from 1 to 99.
10 Find the sum of all multiples of 4 that are between 14 and 523.

© N YW

Find §,, for each arithmetic series.

11. a,=3,a,=-38,n=8 12. a,=85,n=21,a,=25
13. a;,=34,n=9,a,=2 14. a;=5,d=5,n=13
15. a,=91,d=-4,a,=15 16. d=-4,n=9,a,=27

Find sum of the arithmetic series.
17. 6+12+18+...+96 18. 34+30+26+...+2
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.\

19. 10+4+(=2)+...+(=50)

Find the first three terms of each arithmetic series.

20. a,=7,a,=139,S, =876 2. n=14,a,=53,S, =378
22. a,=6,a,=306,S,=1716

23. A formation of a marching band has 14 marches in the front row, 16 in the second row,
18 in the third row and so on, for 25 rows. How many marchers are in the last row?
How many marchers are there altogether?

24.  How many poles will be in a pile of telephone poles if there are 50 in the first layer, 49
in the second and so on, until there are 6 in the last layer?

25. A family saves money in an arithmetic sequence: Rs. 6000 in the first year, Rs. 70,000 in
second year and so on, for 20 years. How much do they save in all?

26. Mr. Saleem saves Rs. 500 on October 1, Rs. 550 on October 2, and Rs. 600 on October 3
and so on. How much is saved during October? (October has 31 days)

4.4 Geometric Sequence

Iodine is used medically as a tracer isotope in monitoring the activity of the thyroid gland. A patient
is given a compound containing the radioactive iodine. The amount of iodine retained by this gland
is a measure of its ability to function.

Iodine has a half-life of about 8 days. That means approximately every 8 days, half the mass of
iodine decays into another element. Then in the next 8 days, half of the remaining iodine decays,
and so on.

Suppose a container hold a mass of 64 milligrams of iodine. To find the remaining mass of iodine
after each half-life, 64, 32, 16, 8, 4, 2, 1, and 0.5, are what type of patterns do you suggest?

The pattern of masses forms a sequence of numbers known as a geometric sequence or geometric
progression. The terms in this example are 64, 32, 16, 8,4, 2, 1, and 0.5.

Definition ]
. . . . |
A geometric sequence is one in which each term after the first is found by multiplying the |

previous term by a constant (not zero) called the common ratio. |

In any geometric sequence, the common ratio r is found by dividing any term by the previous term.
Example: Find the next two terms of the geometric sequence 4, 12, and 36.

Solution: To find the common ratio, find the quotient of any two consecutive terms.
14—2 = %:— =3; the common ratio is 3.

The fourth term = 36 (3) = 108
The £ifthterm = 108 (3) =324
 The next two terms of the geometric sequence are 108 and 324.
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4.4.1 Formula for the nth Term of a Geometric Sequence

Successive terms of a gcometric sequence are usually expressed in the product of » and the previous
term. Thus, a geometric sequence is also a recursive sequence. Each succeeding term in a GP
contains a factor of , cach term can be expressed as a product of .

We derive the formula for GP using previous example. Observe the following table:

a, a; as ‘ ay an
43)=12 | 4(3%)=36 | 4(3)) = 108 4 (- 1)
ar ar? ar? ar™1

The nth term a,, of a geometric sequence with first term a; and the common ratio r is given by
formula:

a, = a;r"*’?
Example: Write the first five terms of a geometric sequence in which a, = 5 and » = 2.
Solution: Given a; =5. Write next term using formula; a, = a,;r™*"?!
a, = a;r? Y =a;r =(5)(2) =10 (Substituting values a;=5,r=2andn=2,3,4,5)
az=a,;r®*1=a,r?=(5)(2)2=20
a,=a,;r* 1 =a;r3=(5)(2)2=40
as=a,;r>" ' =a;r* =(5) (2)* =80
~ The first five terms of a sequence are 5, 10, 20, 40, and 80.
Example: Find the seventh term, a,, of a geometric sequence in which a; = 96 and » = 4.
Solution: The general form of the third term of a sequence is a7 (a;r3~1).
We have a3 =96, r=4,a, =?
a3 = ar?
96 = a, (4)%; (we need a,to find a;)
96 = a,(16) = a,=6
Thus, a; = a,;7° = (6) (4)° = 24,576.
Example:
Mr. Khalid saves Rs. 1000 on the first day. Then each day thereafter, saves double the amount he
saved the day before. Find the amount he should save the 20th day of the month.
Solution:
In this sequence, a, =1000. Since the amount of money is twice that of day before, so » = 2.
An=a;r™t 5 aye=?
g0 = a;r2°~1 = g, 719 = (1000) (2)"’
az0 = 524288000 '
On the 20th day, Khalid should save Rs. 524,288,000.
4.5 Geometric Mean

If a, G, b is in a geometric sequence, then G is called the geometric mean of a and b.
From geometric sequence a, G, b, we have :
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. . G .
Common ratio: r = (1), r=s (i1)

Form (i) and (ii)
a G

E=—b' = Gz=ab

G=tVab

Thus the geometric means of two numbers is the square root of their product.

N B

Key Facts

I e The positive square root is chosen, if both the numbers are positive.

e The negative square root is chosen, if both the numbers are negative.
e The mean is imaginary, if two numbers have opposite signs.

Example: Find the geometric mean of each of the following pairs of numbers.

(i) 9 and 4 (i) -g and—% 4
Solution: (i) Here a=9 and b=4. So,
G=+vab (both are positive)
G=V9x4=6
N Gi =—3 p=_27
(ii) Givena=—2, b i
G=+ab (both are negative)
2 8 16
|
s

Example: Find two geometric means between 81 and 3.

Solution: The sequence is 81, , -
Use the general formula for the nth term to find the value of 7.
Since a, =81,a,=3,n=4,

So, as=a;r"! becomes a,=a;r* or 3=81(r)3
1 03, ..
-r3 = E — (r)3 = (;) (takmg CUbe)

3
a,=a,r=_8l (§)=27

2
a,=ayr?=81(3) =9
The missing geometric means are 27 and 9.

1 : ] .
Example: A vacuum pump removes = of the air from a sealed container on each stroke of its
piston. What percent of the air remains after five stroke of the piston?
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Solution:

Let 1 represent the original amount of air. Afier the first stroke, 1 —% or % of the air remains.

1 .5
The second stroke removes 3 of the remaining air.

. . 4 4 16
Thus the amount that remain after two strokes is § (1 - %) =2 S or

This pattern can be expressed as a geometric sequence.

Number of

0 2 5
strokes 1 3 4
S 1 4 16
equence g T
Terms a, a, as a, as as
Now we use the fopnula a, = a;r™"! to find ag, the amount of air left after five strokes
a, =a,r"71 (substituting the values; a; =1 and r = E)
. S 5
ag = 1-(%) or %;
1024
6 = 3158 O 0.32768

"Exercise 4.4

Determine whether each sequence is geometric. If so, find the common ratio.

1. 5,20, 100, 500,... 2. 2,4,6,8,...
3 9 27 81
3. S e ie 4. 7,14,21,28,...
Find the first four terms of the geometric sequence.
5. a,=3, r=-2 6. a;=27, r=—3 7. e =12, r=>
Find the next two terms of each geometric sequence.
8. 90,30, 10... 9. 2,6, 18... 10. 20, 30,45...
1 11 11
11. 729,243, 81... 12. — 535 3. o5-1.
Find the nth term of each geometric sequence.
14. a,=4,n=3, r=>5 15. a;=2,n=5,r=2
16. a,=7,n=4, r=2 17. a;=243,n=5, r=—3
‘18, @, =32,n=6, r=— 19. a,=16,n=8, r=3

Find the missing geometric means.
20. 3, - s , 48 21. 1, ; , 8

22. 8, , , , , 23. 3, ,75
24 5N , , 80 , 25. 7, : 1 , 112

P
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26. A Ping-Pong ball is dropped from a height of 16 /7 and always rebounds one-fourth of the
distance fallen. How high does it rebound the 6th time?

27. A city has a current ‘population of 100, 000 and the population is increasing by 3% cach year.
What will the population be in 15" years? .

28. A super ball dropped from the top of the tower (556  high) always rebounds three-fourths of
the distance fallen. How far (up and down) will the ball have travelled when it hits the
ground for the 6th time?
29. The teaching staff of high school informs its members of school cancellation by telephone.
The principal calls 2 teachers, each of whom in turn calls 2 other teachers, and so on. In order
to inform the entire staff, 6 rounds of calls are made. Counting the principal, find how many

people are in staff at high school?

30. A 5-day rain caused the river to rise. After the first day, the river rose one inch. Each day the

rise in the river tripled. How much had the river risen after 5 days?

4.5 Geometric Series

The sum of the terms of a geometric sequence is called a geometric series.

4.5.1 Sum of the First # Terms of a Geometric Sequence

We want to find a formula for S,, when sequence is geometric as given below.
a, a;rt, a,r? ard, ... , ir™?

The geometric series Sy, (sum of n terms) is given by:
Sp=a, +a;rl +art+ard .. +ar®* % +a,r*? 1)

If we multiply both sides of equation (1) by r, we have
rSn = a1r+ a1T2 + a1r3 2 PP + alrn_l + alrn (2)

Subtracting corresponding sides of equation (2) form equation (1), we get:
Sp—rSp=ay —ayr™
or Sa(l-r=a, (1-1")

Dividing on both sides by 1 —r gives the following formula:

The formula for finding the sum of n terms of geometric series:
_a (1-m"

S
Note: When r = 1, the denominator becomes zero. Therefore, the formula is applicable when r # 1.

forany »# 1
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AExamplc:
Find the sum of the first 7 terms of the geometric sequence 3, 15, 75, 375, ...
Solution: First we note that:

a =3, n=17, r=13—S or 5

Using the formula for the sum of geometric series:

a; (1-r"
Sn= l(l—rr)

— 7 .
,= 3(1—_52 (Substituting values of a,, 7 and 7.)
_3(1-78125) _
= 58, 593.

Key Facts
[ Another form of the formula for S,, can be developed and used, when we don’t have

number of terms.
a, =a;r*!

a, .r=a;7v" ! . r  (Multipling by ‘7’)
anr=a,r" )
We have, Sp === Gy
1-r
Sp =" (Substituting value of a;r")

Example: Find the sum of a geometric series for which a; =48, a,, =3 and r = — é

Solution: Since we don’t know #,

- a;—anr
Sn 1-r
_3(-2
= !43—(3—(1& (Substituting a; =48, a, =3 and r=—2)
2
3
_ 48 +lz =43
19

Example: Find a; in a geometric series where S;=3279 and r = 3.
Solution: Now, Here S7=3297,r=3,a, =

S — _a, (1 Tn)
1-r
9a?

s, =% (11__: ) (Taking n =7 to get 57).
3979 = % (11_—3 37) (Substituting r = 3)
3779 = & (1-2187)

_ 32-7'291(;62) =a - (Solve for a,)

a, = 3

4.5.2 Infinite Geometric Series
The first swing of a pendulum measures 25cm. The lengths of the successive swings of the
pendulum form the geometric sequence 25, 20, 16, 12.8,...



A" |

Suppose the pendulum continues to swing back and forth indefinitely then the sequence shown

above becomes an infinite geometric scquence.
The total distance the pendulum travels can be expressed as the infinite geometric series

25+20+16+ 12 +...
In the series, a; =25 and r = % = 0.8
So, the series can be expressed as:
25 +25 (0.8)" +25(0.8)% +25 (0.8)% +25 (0.8)* +...
Look for a pattern in the values of (0.8)" as » increases.

(0.8)! = 0.8, (0.8)1° =0.107374, (0.8)%° = 0.0000143
In an infinite geometric series where |r|< 1, as the value of » increases infinitely, the value of ™

approaches 0. Therefore, substituting value of 7™ in the formula:

- _ay(1-r"
S, = 1 ( ),
1-r

. a . ol .
we get. S0 = 1—1 . This is formula for the sum of an infinite geometric series.
-r

Sum of an Infinite Geometric Series
The sum, Seo,0f an infinite geometric series where —1 < » < 1 is given by the following

formula:
.=
1-r

Key Facts
| An infinite geometric series in which |r|> 1 does not have a sum. For example, consider
3% the series 1 +2 +4 + 8 +...... where a; = 1 and r = 2. The terms of this series keep
increasing, so the sum becomes greater with each additional term and never approaches

I to any point or number.

4

Example: Find the total distance travelled by the pendulum before coming to rest, if it successive
swings form the geometric series:
S +20+16+12.8+...

Solution: Sum of the infinite geometric series is given by:
8=25+20+16+128+...
Here . a;=25and r=0.8

N
Sy "ios T 1
Thus, the pendulum travels 125¢m.
Example: Find the sum of the infinite geometric series ; - ; + § _% + ...

Solution: To find the value of r, divide any term by its preceding term,
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=23 __1
a/3 2
Since |r|< 1, we have Se = 1“—1
=T
Seo = 4/3 — 8
1-(-) 9

Example: Find fractional notation for 0.63636363...
Solution: We can express this decimal as:
0.63636363....... =0.63 + 0.0063 + 0.000063 + ...
This is an infinite geometric series, where a; = 0.63 and = 0.01. Since |r|< 1,
this series has a sum:

a, 0.63 063 63
Sw= — — = e
1-r  1-0.01 099 99
Thus, the fractional notation for 0.63636363... is L 4 or l,
99 11

.

Find the sum of each geometric series.

1. 16+16+16+...... to 11 terms 2 IS+15+3+...... to 10 terms
3. d1=5’ r=3, n=]2 4 a1=256, r=0.75, n=9
5. a,=7,r=2,n=14 6. a,=12, ag=972, r=-3
7. a1=16,r=—§, n=10 8. a;, =243, r=¥§,n=5
3 3
9. a,=343, a,=-1, r=—§ 10. a;=3, ag=;, n=6

Find a for each geometric series:
11. S,=244, r=-3, n=5 12. S,=32,r=2,n=6
13. a,=324, r=3, 5, =484

14. Find fractional notation for the infinite geometric series.
(i) 0444... (i) 9.99999... (iii) 0.5555...
(iv) 0.6666... (v) 0.15151515... (vi) 0.12121212...

15. To test its elasticity, a rubber ball is dropped into a 30/ hollow tube that is calibrated so that

the scientist can measure the height of each subsequent bounce. The scientist found that on
each bounce, the ball risesto a heighté the height of the previous bounce. How far will the

ball travel before it stops bouncing?
16. A hot-air balloon rises 80f% in the first minute of flight. If in each succeeding minutes the

balloon rises only 90% as far as in the previous minute, what will be its maximum altitude
if it is allowed to rise without limit?



4.6 Harmonic Sequence

A sequence of numbers is called a harmonic sequence or harmonic progression (H.P.) if the
reciprocals of its terms are in arithmetic progression.

1 1 1 . b4 1 1
P eI sa harmonic sequence because the reciprocals of its

terms are 1,4, 8, 11,...... which form an arithmetic sequence.
4.6.1 The uth Term of a Harmeonic Sequence

The sequence:
1 1 1

a;’ a; +d’ m’
The reciprocals of the terms are:
a;,a, +d,a, +2d,......... in A.P.
We know that general term of A.P. is
a,=a;+t(m-1)d

For example, the sequence; 1

The reciprocals of the terms :

11 .
o atmnd (iInH.P.)

where a;and d are the first term and common difference of the corresponding A.P.

Example: Find the 9th term of the H.P. % ; % 1—17 .
Solution:

11 1 1 .

;, = E’ E" .. 1s H.P.

The reciprocals of the terms 2, 7, 12, 17,... are in A.P.

Wehavea, =2, d=5, n=9
a,=a;,+(n-1)d
ag=2+09-1)5

=2+40=42 inA.P.

Thus, the 9th term of the H.P. is ﬁ.

Example: Find the harmonic sequence, whose fourth term is % and eleventh term is -255

Solution: The fourth and eleventh terms of H.P. are ;1; and ,}5 respectively.
The reciprocals are in A.P. So,
Fourth term (A.P.) =a, =13,
and eleventh term (A.P.) =a;; =25
a,=13 = a;+3d=13 (i)
a1 =25 = a; +10d=25 (i)
Solving (i) and (ii), we have
a, =7 and d=2
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Here, a, =7
a;=a, +d=7+2=9
az=a, +2d=7+2(2)=11
a,=a, +3d=7+32)=13
The arithmetic sequence is
7,9, 11, 13,......
So, harmonic sequence is
4 08
7 9117137
4.6.2 Harmonic Mean ,
A number H is said to be the harmonic mean (H.M.) between two numbers a and b if a, H, b are

in H.P.
: 111 "
So, oy arein AP.
. 1 1 1
Common difference == —-—= i
1,1_1,1
H H a b
2_atb
H ab
2ab .
= H= P (Harmonic Mean)

This gives the formula for H.M. between a and b.
Example: Find the harmonic mean between 15 and 7.
Solution: Here a=15 and b =7, therefore

HM, = 28D

15+7
_ 210 _ 105
22 11

4.6.3 Relations between Arithmetic, Geometric and Harmonic Means

(i) IfA, G, H are the arithmetic, geometric and harmonic mean between two positive numbers a
and b, then show that

A>G>H
We know that
a+b . .
== (Arithmetic Mean) )
I .l\cy Facts
G=+ab (Geometric Mean) If a and b are negative real
L, XN numbers then
Ty (Harmonic Mean) ' lf <G<H
® A>G if 22> ab
We have a+b > 2\/ab

l at+b-2vab > 0
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e f P ——
Yr L‘ o it . - — .

We can write:  (Va + Vb — 2Vab) > 0
(Va - \/5)2>0, always truc
A>G
& G>H if ab>22

We can write: a+b > ﬂ

vab
a+b > 2Jab
So, at+b-2Vab > 0 = (Va - \/3)2> 0, always true
G>H
Therefore, we have A>G>H
(ii) A x H=G?
LHS. =4 xH
_ atb 2ab
2 a+b
2
=ab=(Vab)" =G? =R.HS
v Ax H=G>

Example: Find the arithmetic, geometric and harmonic means of 24 and 16.
Also show that AH = G2.
Solution: Here a=24, b=16

A_a;b 24+16_20 (AM)

G=x/E—\/24x1 =8vV6 (G.M.)

= 2ab_224)(16)_ %
a+b  24+16

We have AH = G*
LHS. =AxH =20><*’5—6 =384

< (HM)

RH.S.=G?=(8V6)? =64 x 6=384
v AxH=G?

Find the indicated term of the harmonic progression (Q. 1-6).
11 1 '

111

1. TP 7th term 3 T 10th term
1 11 111

3. 5138 20th term 4, oI nth term
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T, e el |
5. — — —,... nth term 6. - —,-, —+,... nthterm
27° 20’ 13 2 27’3 37

: 111 1
Find the 14th term of H.P. P10

1, &, )iz is arithmetic sequence, find the 17th term in H.P.

9. Find the 8th term in H.P.
11 p

1, =35

76 3
10. Find H.M. between 9 and 11. Also find 4, H, G and show that 4H = G2.

11. Find H.M. between ; and ;.

12. Find four H.Ms. between% and ﬁ

Note: Sum of Harmonic Progression Formala
Sum of n terms in HP;

e ey e NP S
a+@n-1)d

+ +
a a+d a+2d

S =—In
.0 d 2a—-d

Where: ‘@’ is the first term of A.P, ‘d’ is the common difference of A.P, and“/r” is the
natural logarithm

1 (20"" (2n— l)dj (This is approximated sum for harmonic series)

4.7 Miscellaneous Series

A sequence is simply an ordered list. For example, when a baseball coach writes a batting order,

a sequence is being formed. When the members of a sequence are numbers, we can find their
sum. Such a sum is called a series.

4.7.1 Sigma Notation

When the general term of a sequence is known, the Greek letter X(Sigma) can be used to write a
series. For example, the sum of the first four terms of the sequence 3,5,7,9, ...,2k+ 1, ... can
be named as follows, using sigma notation or summation notation;

; (2k + 1)

This is read as, “the sum as k goes from 1 to 4 of (2k + 1).” The letter k is called the index of
summation. Sometimes the index of summation starts at a number other than 1.
Example: Find and evaluate the following sums.

a) Y. k? b) Yy, (~1¥ (k) 0 Y. ,2%+5)
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Solution:
) Y, kP=12+22+32+42+52
Evaluate k2 for all integers from 1 to 5 and then add.
*~ 1+4+9+16+25°= 55
b) X, (DX @k) = (-1 (21)+(-1)? (22) + (-1 23) = (- 1"
=-2+4-6+8=4
) Yi (2K+5)=(20+5)+ (21 +5)-(2+5)+(23+5)
=6+7+9+13=35
"Example: Write sigma notation for the sum.
a) 1+4+9+16+25
b) -1+3-5+7
c) 3+9+27+81~ ...

Solution:

a) 1+4+9+16+25 .
This is a sum of squares i.e. 12 + 22 + 3% + 4% + 52 So. the general term is &k~ and = sz

notation is,

DN
b) -1+3-5+7
Except for the alternating signs, this is the sum of the first four positive odd numbers.
Note that 2k — 1 is a formula for the kth positive odd number and (—1)% = I, when ks even
and (—1)¥ =—1, when & is odd.
The general term is thus (—1)% (2& — 1), beginning with &= 1.
So, its sigma notation is:

4
e CDE K- 1)

c) 3+9+27+81+...
This is the sum of powers of 3, and it is also an infinite series. We use the svmbol x

represent infinity and name the infinite series using sigma notation as follows:
@
k
L=t 3

4.7.2 Some Important Results
The sum of the first » natural numbers, the sum of squares of the first 7 natural pumbers and &

sum of the cubes of the first # natural numbers are expressed in sigma notation as:
Yrs1k=1+2+3+4+ ... +n

T k2=12+422+32+42+  +m?

Y =122 4334834+ 4+
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We evaluate z;; JkT = (k= 1)™] for any positive integer m and shall use this result to find
out formulas for three expressions stated above.

ST [k™ = (k — 1)™] = (1™ - 0™) + (2™ — 1) + (3™ — 2™) +
H( = D™~ (= 2)™ + [0 - (0 — 1)™]

=M O 4+ 2 < 1R 4 3R 2T 4 s +(n-D"-(mn-2)"+n"-(n—1)"
=nMm [only n™ will left, all other terms will be cancelled out]
Thus, Y eea[k™ = (k= )™ =n" @)

If m = 1, the equation (i) will become
n 1_ (1 — |
Sr K —(k-1Y=n
n
Zk=1 [k=—k+1]=n

2=1 1=n [Meéns;l+1+1+...+l=n]
When m = 2, the equation (i) will become (n times)
S [k? = (k= 1)) =n?
> [k —k* + 2k — 1] =n?
n —
Tpmil2k—1  =n?
2 zz:l k —Z;:=1 1 = nZ
2 zﬁ:l k—n=n® (Z;cl=1 1=n)
2 27l:=1 k= nz +n
Yk=1 k= b | Key Facts
=1 -
2 % YX(a+b)=Xa+Xb
n _ n(n+1) Y3a=3Y%a
2k=1 k 2 '

Taking m = 3 in equation (i), we have
n
Dy [k = (k= 1)3] =n3
o [3K2 =3k + 1] = n?
3 k=38 k+Eh 1=n3

We haven zzal 1= n, zzzl k= n(nz+1)

3 B -3 =

3 Z:=1 k?=n3-n+ 3n(12|+1)
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2n3 -2n+3n2+3n
-
2
2nd +3n?2+n
= —
2
_n@n*+3n+1)
2
_n@2n*+2n+n+1)
= = 9
[2n2+2n+n+1]
=n—__—-
2
_n[Zn(n+1)+1(n+1)

2
n _nn+1)(2n+1) ‘
3 Z k=1 kz— 2 |

Zn I2 = nn+1)2n+1)
k=17 6

Similarly, we can prove that
n _[n(n+1) 3
2 k=1 k= 2 ]

Example: Find the sum of the n.terms of the series ‘

1.2+23+34+......

Solution: We know that the general term of

1+2+3+......... is k.
2+3+4+......... s k+ 1 |

If T}, is the kth term or general term of the series, then:

Te=k(k+1) | [
Te=k*+k ll
|

To find sum, taking summation both sides:
TraTe= Y, k2+k
n

- n(n+1)(2n+1) n(n+1)

6 2
_n(n+1) [2n+1
v 2 [ 3 +1] [Zk=n—(nz;1)]and
4 n(n+1)(2n+4) i
v Yk = nn+1)@n+1) l
nom (1) (n+2) 6
Zk =1 Tk 3 i
Example: Find the sum to n terms of the series whose nth termis n? +4n + 1. ‘_
_ Solution: Replace n with .
( T, = k? + 4k + 1

Taking summation
Y Tie= S (k?+ 4k +1)
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=LkI+d4Tk+T1

Lhnt \\(‘:n+l)+4u(n+n+

2
= "L—(M e s+ 1)+ 1]

="'n’+2n+n+3+12n+12+o]
{ 6

. m¥ 150+ 20
LT " o ]

4.8 Arithmetico-Geometric Series

In mathematics, arithmetico-geometric sequence is the result of term-by-term multiplication of a
geometric progression with the corresponding terms of arithmetic progression. The nth term of
an arithmetico-geometric sequence is the product of the nth term of an arithmetic sequence and
the nth term of a geometric sequence. Arithmetico-geometric sequence arise in various
applications such as the computation of expected values in statistics and other fields. For
instance the sequence y

12

is an arithmetic-geometric sequence. The arithmetic component appears in the numerator and
geometric one in the denominator.
The summation of this infinite sequence is known as arithmetic-geometric series.
4.8.1 Terms of the Sequence
The first few terms of an arithmetico-geometric sequence composed of an arithmetic progression
with common difference d and initial value a and geometric progression with initial value b and
common ratio r are given by: '

T, =ab=A,G,

T, =(a+d) br=A4,G;

Ty = (a+ 2d) br* = A3Gs

lTn =lat(n-1) ﬂ_b}'"_l = A, Gy

A, [
) 0123 4 5 _ = _ 1
For example, in the sequence BT e d=1,a=0,b 1andr=2.

Then nth term is:

T, = [0+ (n— 1] 1. (g)"_l

o)
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4.8.2. Sum of the n Terms
The sum of the first # terms of an arithmetico-geometric sequence has the form:

Sn=The1 Te= 2, la + (k-1)d] br~?
=ab+(a+d) br+ (a+2d) br+...... LH[a+(n-1)dlbr™t (i)
Sp=A.Gy +A;Gy + A3G3 + ... + A, Gy
This sum can be written in closed form.

Proof:
Equation (i), is written as by putting b = 1
Sp=at+(@+dyr+(@+2d)r+...... +[a+(n-1)d)r*1? (ii)
Multiplying both sides of equation (ii) by r.
rSp=ar+(@+dyr+(@+2d)r+@+3dr.... +a+(n-1)dlr™ (i)
Subtracting rS,, from S,, and using the technique of telescope, we get:
Sp—rSp=[a+@+d)r+(@+2d)r+ ...... +la+(n-1)d)r" 1]
—[lar+(@a+d)P+(@+2d) P+ (a+3d)r'.....+ [a+(n-1)d]r"]
=a+ar+dr+ar+2dP?+...+ar" 1+ (n-1)dr"1
—ar-ar—-df-ar -2dr - ...—ar" - (n- 1) @r™

After cancelling like terms, we have:
=a+d(r+r+r+.... +r" Y —[a+(n-1)d] " ;.M(l te: the formula
=a+td(r+r+r+... +r" Y —ar™ — ndr™ + dr® 0 generate e o

_ for finding the sum of
Sn—rSn=a+d(r+r2+r3+ ...... W 1+T")—(a+nd)r" «wQe »
(1-nS, =a+dr(l+r+r2+ + 7" Y~ (a + ndyr® the nth term "5,

(1 ------ r wetakeb=l.
(1-r)Sp, =a +dr—— -(a+nd)r

— 1- r") (a+ nd)r™
Sn= 1-r +dr 1-rz_  1-r (iv)

Hence, a is first term and d is common difference of arithmetic series and r is common ratio of
geometric series.
4.8.3 Sum to Infinite Terms of Arithmetico-Geometric Series

Let |r|<1
We know that r"—b 0 as n— oo, then equation (iv) will become
dr
So=1s 1-r (l—r)2

This is sum to infinity of arithmetico-geometric series.

Example: Find the sum of 1 + ;+ ; + % o to n terms.
Solution: We know that the sum of arithmetic-geometric series formula for n terms is
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l___

(1-r") (a + nd)r™ .
Sn= it Tt T 1 @

We need the value of a (1" term) and d (common difference) for arithmetic series and r
(common ratio) for geometric series. .

Given series is: : .

3 5 7 b
......... to n terms

We can rearrange as:
i 1 1 1
1.;+3..;+5.;+7.;+ ...... to n terms
It can be guessed that 1, 3, 5, 7, ... is arithmetic sequence witha=1,d =2,
aEsEL tri ih =t '
2w g o 1S geometric sequence with r=2.
Substituting the value ofa=1,d=2and r =% , We get:

1 (1-37) G+
Sn= P : +2. —2 (1_—)2_ 1_%2

L (1 l—ﬁ) (1+fn)ilﬁ

4 2

=2+ 4(1—-—) (1+2n)2—n .

Solution: Given arithmetic-geometric series can be written as:

1 x 1+2x1+3x+4xi+5xé+
The numbers 1, 2, 3,4, 5, ... are in A.P. w1tha-landd 1.

Similarly, the numbers 1, ; ; 217 311 . are in G.P. w1th first term as 1 and r = 3

Thus, sum to infinity of the anthmenco-geometric series for

4+ 22 +3>< +4x5- +5xa+

=._“_ dr
Se 1-r * (1-r)?
Herea=1,d= l,r=§
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DN | 2 Y
k=12k =y 2k +1

5
3 o2t ‘ 4. Yi=omk
5 ZB =8l 6 27 (_1)k4k+1
) k=1 K+1 t Lig=1
5 2 "
7. ¥S (P -2k+3) .8 Zk e

Rewrite the sum using sigma notation:’

10. 3+6+9+12+15

11, 2+4-8+16-32+64

12 L+l 0
1- 2 34 4-5

3
13. Prove that z:=1 k3 = [n(n2+ 1)]

Find the sum to n terms of the series whose nth terms are given:
14. n+1

15. n*+2n

16. 3n*+2n+1

Sum the following series up to » terms:

17. 22+52+82+......

18. 22+42+6%+......

19. 13+33+53+......

20, 2+5+10+17+...... to n terms
21, 1x4+2x7+3x10+.......
22, 1X3x5+3x5x7+5x7x 9+ ....... to n terms

Sum to n terms of the following series (arithmetico-geometric series):
23, 1+2x2+43x22+4x23+ ...,
24, 1+4y + TP+ 100 + ...
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25. 1+2+1+1%
7 72 73

26, 1+i4pd2, 20,
2 4 8 16

Find sum to infinity of the following series:
27. 5+ g #2414

......

9 27
2 3
28. 1+2+3+44+
5 25 125

29. 1+4x+72+1083 +

30. 3+ s + —_ + 1_24.
10 100 1000

4.9 Methods of Difference
If the differences of the successive term of a series are in A.P. or G.P., we can find nth term of the
series by the following steps:

e Denote the nth term by T, and sum of the series up to n terms by S,,.

e Rewrite the given series with each term shifted by one place to the right.

e Then subtract the second expression of S,, from the first expression to obtain T;,.

Example: Find the sum of the series:
7+12+20+31+45+62+...... up to » terms
Solution: Let
S,=7+12+20+31+45+62+ ...... +T,
- Also a=7+12+20+31+45+...... + -1+ Th
Subtracting second expression from the first expression, we have
Sp—=Sp=7+12+20+31+45+62+ ......
+T,—(7+12+20+31+45+...... +Tpo1 + Ty)
0=7+(12-7)+20-12)+(31-20)+(45-31) +...... +(Th—Tp-1)-T,
7’ of 1st expression and T,, of second expression will be left as single.
We get y '

0=7+(5+8+11+14+17+....... up to (n — 1) terms) — T,
Then _
T,=7+(5+8+11+14+17+....... up to (n — 1) terms)

L=7+22[2(5)+(n-1-1)3] (v Su=2[Ra+(®-1d)
=T+ 2210+ (n—2) 3]
=7+%== [3n +4]
_14+(n-1)3n+4)
2

— 14 +3n?4+4n-3n-4
2
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3n?4+n+10
T,= —

2
So, Sn=2Ty= ZWT,HIO
=§En2+%2n+1—:21
_3. n(n+1)(2n+1) +l . n(n+1)

2 6 2 2
=§[(n+ D2n+1)+n+1+20]

Sp=7[n?+2n+11]

Example: Find the nth term and sum of » terms of the series:
1+3+7+15+31+.......
Solution: Let nth term and sum of n terms of the series be T, and S, respectively.
Sp=1+3+5+7+15+31+...... +Imy + Ty @)

+ 5n

Also,
Sp=1+3+5+T7+153 31 +.aise + T, g Tps + Ty (i1)

Subtracting (i) and (i1), we have ‘
0=1+Q3-D+(7-3)+(15-7)+@B1-15)+...... + (T —Tp-1) + T,

We get
T,=1+2+4+8+16+...... up to (n — 1) terms
and
T,=1+2+4+8+16+....... up to n terms
This is a geometric series witha=1,r=2,n=n
_ . @) f f "1
Tn _l. 2—-1 (. Sn_' T—l)
T,=2"-1
Spn=2XT, =X@2"-1)
=y2"-y1
= 2+20mp 2N ;.....+ 2" -
_ 2(2"—1)_n
2-1

Sp=2@2"*—1)=n

4.9.1 Summation of Series by Partial Fractions

This method is used to find the sum of series T; + T, + T3 + ...... up to n terms, when each term
T, can be expressed as the difference of two consecutive terms of a new series i1.€.

Th=Va—Vna
= Sn=2T=WV-Vo)+ (o -V)+(V3-Vp)+....... +(h = Vn-1)

Sn=W=Vo '

We can convert rational algebraic fractions into partial fractions, which can be written as a
difference of two or more fractions in such a way that an addition of the fractions in successive
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_—- . - _

terms cancel. This is also called telescoping series. This technique will be used to find the sum of

given series.
< w g e : = 1
Example: Find the sum of nth term T, .

Solution: Given nth term 1s
1

nopm+1)

First, we will convert into partial fractions.
1 Ay Ay
= — 4 —
nn+1) n n+l
This implies that: 1=A,(n+ 1)+ Azn
After comparing coefficient, we have :

A =1, A,=-1 N
We have
1 _ 1 1
n(n+1) n n+1
YTk =Zn 1
k=1 k=1 Kk +1)

Applying sigma property, we have: |
[(1-9+ G-+ G-+ -+ G-
After cancelling like terms, we have:

n 1 n+1-1 n
v T"=(1—-—) \ -
k=1 n+1 n+1 n+1
n

n+1

Example: Find the sum of the series

1 i 1
e’y to infinity.

13 35 57
Solution: The given series is

1 1 . . »
—t+—=+—+...... infini 1
13 35 57 ko ty @

Here, 1,3,5...arein A.P, witha=1,d =2, whose general term is:

at(n-1)d=1+(n-1)2Q)=2n-1

Similarly, for 3,5,7... a=3,d=2, and the general term is:
at(n-1)d =3+(m-1)(2Q)=2n+1

The nth term of (i) is,
1
Tn= (2n - 1)(2n +1)
To find sum of infinity

[+2]
= - k = —1_ 11
sm - Zk-l T z:k-l (Zk - 1)-(2k +1) . (“)

n
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\

1
(2k - 1)(2k +1)

We make partial fractions of and write the expression as:

1 _1 [ 11 ]
(@k-1)2k+1) 2l2k-1  2k+1
Equation (i1), can be written as:

Seo = zk 1Tk_zk 1:[2;1 2k1+1
B Zk 1[2k11 2k+1
SEY DG

- %m:

N =

B . .1
Sum of infinite series is >

A o 1 ———————————————

Using the method of difference, find the sum of the following series:

L3+7+13+4+21+....... to n terms
2.1+4+10+22+....... to n terms
3.1+4+13+40+ 121 +....... to n terms
4. 1+2+4+T7+11+16+...... to n terms

5.3+4+6+10+18+34+66+ ...... to n terms
6. 1+4+8+14+24+42+76+ ...... to n terms

Find the sum of n terms of the series:
A W SN W
1X4 4X7  7x10
8. 1,1 1
1x6 6x11 11x16

Evaluate the sum of the following series:

1 1 1

e ==t =ttt N to o0
9 13 25 37 wile

n 1
10. Zk 3 (k+1)(k +2)

11. zkglk(k-fZ)

—_— — —-*' ....... i i
12. “+”+710 to infinity
13, it Ny + ==t ....... to n terms

511 713 915
. n
14. Z '2——' 15, z =
[ 1jmy FKPH2k=2

k-z kz -k

—___ __ T._". n-m—r—,, _
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4.10  Applications of Sequence and Series

Sequences and series have their own i’ﬁ\ponnncc in many areas of Mathematics such as finance,
statistics, population growth and physics. Most of the socicty and reality around us is based upon
sequence after sequence, changing and repeating themselves over and over again. Common
examples of this are time and calendrical system. Time (seconds, minutes, hours) always follow
the same sequence, which always contains the same number of elements. Our lives are ruled over
by sequences such as the routines that we follow every day without knowing leading to their
great importance in the structure and function of the modern world.

Example: Khalid is saving for a new car. He deposits Rs. 100,000 into his account and then each
month he deposits in Rs. 10,000 more than the month before. If the price of the car is
Rs.1,260,000; find: '

!

i.  The amount Khalid has saved in four months.

ii.  The time in which Khalid reaches his goal of Rs. 1,260,000.
Solution: '

i.  Since Khalid deposits same amount every month, therefore, we will use arithmetic series.
Let a, =100000, d =10000, S ,=?
S, =2(2a+(n=1d)

S, =%[2(a)+(4—1)d]

S, = 2[2(100000)+ (3)10000]
S, = 2[200000)+ 30000]
S, = 460000

Therefore, amount saved in 4 months = Rs. 460,000
il ] Let Sa = 126,0000, d = 10000, a = 100000, n = ?
.S = §[2a+(n-1)d]

126,0000 =§ [2(100000)+ (n—1)10000]

=n[190000 1 +100000]
2520000 = 190000 7 + 1000022
n +19n-252=0
n’ +28n—9n—252=0
n(n+28)=-9(n +28) =0
(n—9) (n+28)=0
n =9, n=-— 28 (n cannot be negative)

Khalid willreach Rs. 1,200,000 in the 9*month.
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Example: A new virus 1s on a remote area. On day one, there were 10 people infected, with
the number of new infections increasing at a rate of 40% per day.
i.  Find the expected number of infected people on the 7™ day.

ii.  Find the expected number of infected people during week (7 days).

Solution:
i.  Asthe infection is increasing in percentage, therefore it is the problem of geometric

sequence series.
Let a, =10, r=1.4 [40% increasing so r = (100 + 40)% = 140% = 1.4], a,=?

Formula for nth term of a geometric progression.

a,=ar""

a, =ar’

a, =10(1.4)°
a' =75.29

Expected number of new infections = 75after seven days

ii.  Total infected people after one week are S;.
S = a(r'-1)
r—1
a(r’ -1)
r—1
S, = 10(1.4-1)
14 -1
S, =238.53

cr>l

S, =

Expected number of total infections = 239

1. A rocket rises 20 feet in the first second, 60 feet in the 2nd second and 100 feet in the
third second. If it continues at this rate, how many feet will it rise in the 20™ second?

2. On the results declaration day, the school wants to invite parents as well as students.
Auditorium has 21 seats in the first row and each of the other rows has one more seat
than the one in front of it, There are 30 rows of seats in total. If they anticipate that 1200
people will come that day, will there be a seat for everyone? Justify your answer.

3. Maijid retired after 30 years of employment. If his salary was Rs. 4500 in the first year
and he received as increment of Rs.820 at the end of each year of service. What was his

total salary after 30 years?
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4. You save Rs. 1 in the first day. Then cach day thercafier, save double the amount you

saved the day before. Find the amount you should save in the 20" day of your plan.

5. A vacuum pump removes 1/5 of the air from a sealed container on each stroke of its
piston. What percent of the air remains after five strokes of the piston?

6. Aslam borrows Rs. 20000 at 11% interest compounded annually. If he pays off the, loan
in full at the end of four years, how much does he pay?

7. A property dealer estimates that a piece of land will increase its value at a rate of 10%
each year. If the original value of land is Rs. 450000, what will be its value in 8 years?

8. A man deposits in a bank Rs. 2000 in the first year, Rs. 4000 in the second year, Rs. 8000
in the third year and so on. Find the amount he will have deposited in the bank by the
fifth year.

9. The number of bacteria in a culture increasc. zcometrically from 16000 to 1215000 in 5
days. Find the daily rate of increase assuminy the rate to be constant.

10. A car loan is in the amount of Rs. 600000 from the bank. Interest is 9% compounded
annually and the entire amount is to be paid after 10 years. How much is to be paid back?

11. Zain bought a new car and got policy from insurance company..He will pay 5000 the first
year, 6125 the second year, 7250 the third year and so on, for 10 years. How much he
will pay to insurance company for vehicle? _

12. Naveed takes a vehicle from bank after paying down payment. He deposits Rs. 13000 in
a bank in first month, Rs. 14500 in the second month, Rs. 16000 in the third month and
so on. Find how much total amount he has to deposit in the bank at the end of two years.

13. A man borrows a loan Rs. 1000000 for leasing a car and agrees to repay with a total 20
installments. Each installment is less than the preceding by Rs. 2000. What is his first
installment?

14. Sara pays her first installment Rs. 8000 to insurance company for the vehicle. Each
installment will increase by 5%. What total amount she will pay in 24 installments?

I have Learnt

Defining an arithmetic sequence and finding its general term.

Knowing arithmetic mean between two numbers. Also insert » arithmetic means between them.
Defining an arithmetic series and establishing the formula to find the sum to 1 terms of the series.
Showing that sum of » arithmetic means between two numbers is equal to » times their AM.
Solving real life problems involving arithmetic sequence, arithmetic mean and arithmetic series.
Defining a geometric sequence and finding its general term.

Knowing geometric mean between two numbers. Also inserting # geometric means between them.
Defining a geometric series and finding the sum of » terms of a geometric series.

Finding the sum of an infinite geometric series.
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Converting the recurring decimal into an equivalent common fraction.
Solving real life problems involving geometric sequence, geometric mean and series.
Recognizing a harmonic sequence and finding nth term of harmonic sequence.
Defining a harmonic mean and inscrting » harmonic means between two numbers.
Recognizing sigma (Z) notation.
Finding sum of
« the first # natural numbers (Zn),
« the squares of the first » natural numbers (Zn?),
« the cubes of the first 12 natural numbers (Zr?).
o Defining arithmetico-geometric series.
e Finding sum to » terms of the arithmetico-geometric series.
¢ Defining method of differences Using th:s method to find the sum of » terms of the series
whose differences ¢f the consecutive terms are either in arithmetic or in geometric sequence.

] R ——
| Y Miscellancous ExCreisc) N e |
1.- Choose the correct option.
(i) How many terms of the sequence 18, 15, 12,...... are needed to give a sum of 45?
a. upto 7th b. up to 10th ¢. upto 6th d. upto Sth

(ii) . Find the 20th term from the end of A.P. 2,7,12,17, ...... s LB

a. 222. b. 132 c. 127 - d. 122
(iii) In the sequence 1,2,2,3,3,3,4,4,4,4, ....... where 7 consecutive terms have the value
n, the 22nd term is:
a. 6 b. 7 c. 8 d. 9
(iv) Ifa, b, c are in A.P., then 32, 32, 3€ are in:
a. G.P. b. H.P. c. AP. d. none of these
(v) Predict the general term for the sequence: ‘
4 4 4 4
a b. == ¢ = d ==
(vi) 0+0.1+0.01 +0.001 +0.0001 +...... , the sum is:
a. 9 b. % [\ 1—90 d. %
(vii) Find first term of the geometric series, when S, =30, n=4, r=-2
a. 6 b. -6 c. 8 d. -8
(viii) The arithmetic means in the sequence -7, ___, 5 are:

a, -3,1 b. 3,1 c. —-4,2 d. 3,-1
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1.
(ix) Geometric means between 1 and 7 is:

1
a. 3 b. = c. V3 d.

W=

(x) Zi=1 kZis equal to:

a. 14 b. 13 c. 5 d. 30
(xi) The sigma notation for the sum -2 +4 — 6 + 8 is:
3 5
a3, (—D¥k+1) b. Y. _ (—Dk2k
5
c. Yo (~D¥2k d X, (-1)*2k
(xii) Xk=15 is equal to:
a.n b. Sn c.5 d. 5™
(xiii) The general term of the given series 1—13- + ;lg + 3—17 ... is:
a — . ———— N X e
n(2n+1) (n+1)(2n-1) n(n+2) (n—-1)(2n+1)
. 1 1 1 -
(xiv) In ety F (ianmas , the nth term is:
——— e . b. 413
8. (3n-1)(3n+1) ' (3n-2)(3n+4)
1 1
c. (3n+1)(3n+4) ' (n+2)(n+6)
(xv) The sum Z _~_ represents:
=71
3 4 1
a.l b'Z c 3 d. ¢
(xvi) Sum oftheseries 1 +3+5+7+9+11+....... is:
a. n b. n? c.n(n+l) d.(n-1)
(xvii) Y32, 3 is equal to:
a.l0 b. 103 c. 300 d.30
2. The sum of four numbers in A.P. is 24 and their product is 945. Find the numbers.
3. Find four numbers in A.P., whose sum is 6 and sum of whose square is 14.
4. Insert 20 A.Ms. between 2 and 86.
5. Evaluate3+33+333+....... up to n terms. _
6. If the product of three numbers in G.P be 216 and their sum be 19, then find the numbers.
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7. Insert 4 G.Ms. between 2 and 486.

Q™+ bn

9. Find the H.P., whose 3rd and 14th terms are

8. Find n so that may be the harmonic means between a and b.

6

) and % respectively.

10. Evaluate the sum:
" 10 gk 2 8 k+1 7k
(i) Zk_lzﬁ i) X, _,(—1D¥13

Sum to » terms of the following (arithmetico-geometric series):
11.4+14+30+52+82+...

12.1+4+10+21+39+ ...
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POLYNOMIALS

After studying this unit, students will be able to:

State and prove remainder theorem and explain through examples.

Find remainder (without dividing) when a polynomial is divided by a
linear polynomial.

Define zeros of a polynomial.

State and prove factor theorem.

Use factor theorem to factorize a cubic polynomial.

Apply concepts of remainder and factor theorem to real world problems.

WW\ Mﬁ%’

Use of letters to represent an unknown quantity was introduced by “Rene Descartes”, a French
Mathematician, in 1637. Today 'x' is used by most of the mathematicians as the standard letter for a
single unknown. In fact x-rays were so named because the scientists who discovered them did not
know what they were and thus labeled them the 'unknown rays' or

X-Tays.

Algebra is a branch of Mathematics, which uses letters to represent unknown quantities, numbers
and variable quantities. It helps to solve a wide variety of problems. It is basically an extension of
Arithmetics.
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Muhammad Bin Musa Al-Khawarizimi was the first Muslim
' mathematician who introduced Algebra and wrote a book

entitled Hisab-Al-Jabr Wal Muqabala in 820 A.D. He is known
as 'Father of Algebra',

S.1 Algebraic Expressions
A statement in which variables or constants or both are connected by arithmetic operations
(le. +, =, X, *) iy called an algebraic expression,

For example,
B '
-5 + 4 - . .
4 ’ 3(1\ + b) -4, 0 ) r” Enlighten Yourself
. =1 Components of an algebraic
I g
e ©) o
r=v2t, =, Vb —dac et N | expression are:
Y _ , e Numbers
S L1 Rinds of Algebrate Fapressions s Signs nl'opcm(im\s (=, X, +)
Algebraic expressions are of three kinds. e Variables (a,b,¢,...,.x.,2)
x Polynomial Expressions e Grouping symbols  —, (),
Rational Expressions Pl i

Irrational Expressions

1. Polvnomal Fxpressions (Poly nowials)

Polynomials are algebraic expressions consisting of one or more terms in which exponents of the
variables involved are whole numbers.
For example,

3 o 3 2, 3 3 ,)'4 2 -
0, -2, z.\ +4y‘z. \/;y. 2t - V10 et

|
. | ‘ : .
The expressions x ) y? &5 \‘/ y*, 2p? are not polynomials because their exponents are not
R

L G T &

positive integers (whole numbers). .
The highest exponent of the variable ‘

Lypes ol Polvoomials wort, Degree ~involved in a polynomial is called its 1
o Jevopohvnomiator ne degeee polynowials o degree. I more than one variables are
' being multiplied in terms of a
‘0" is called a polynomial of no degree. Also, polynomial, then the degree of that
0x’ + Ox is a no degree polynomial, because j polynomial is the maximum sum of the
coefficients are always zero in zero polynomial. 1 (l.-lxp‘oncms of the variables involved in
e lerms,
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 Constant Polynomial: A polynomial having degree zero is called a constant polynomial.

| :
o8 2 *S.;—\\/g are all constant polynomials.
o Lincar Polynomial: A polynomial having degree one is called a linear polynomial.
& N, 20 = W, - T ete,

¢ Quadratic Polvnomial: A polynomial having degree two is called a quadratic polynomial.

3
R 207+ 7, av + 2uyp + 3, —:.\;\2“ ete.

* Cubic Polynomial: A polynomial having degree three is called a cubic polynomial.

v N 2,_ 2
el O = I+ §, - vz, Jvy - 3 z et

All other polynomials have no specific name w.r.t. degree but simply, we call them polynomials of
degree tour, degree five and so on.
2. Rational Expression

. . . . I
An algebraic expression of the form O

t‘: L where Pv)and Q(x) are polvnomials and Qx) = 0 (i.e.

itis not @ zero polvnomial) is called a Rational Expression.

. | 3 2x-1 RAR D FR A

For example, | = | —, —/—— , —= T — Sete
2 N URE VS SRR W S L U S (SN G S

A, Trrational Expression

. . . : . P(xX)
dAn algebraic expression which cannot be expressed in the form —(—- where P(x) and Q(x) are
polvnomials but Q ix not a zero polvnomial is called an irrational expression.
A

X | T . ox 9

- e §/\ + 07 L2y T — =Tt

J_r ‘\/ v y
8.2 Remainder Theorem and Factor Theorem

1 we have two polynomials

py) ot e Sand do) v 2, then dividing pey) by d(x), we
can tind the quotient and remainder as tollows.

]
For example: vy-7, Jx -

XA+ 0 <« Quotient

Divisor = x — 2) N oont H 1y -8« Dividend

. LR E AN

—da” + 8w

ox -8
+ox-12
. .

4« remamder
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So, quotient = x?—4x + 6 and remainder
Similarly, here

quotient x divisor + remainder = (x> -4x+6) (x-2) +4
=x(x’—4x+6)-2(’-4x+6)+4
=X -4’ +6x-2>+8x—12+4
= x3 - 6x% +14x -8
= dividend

Here, (x — 2) is the divisor of x* — 6x* + 14x - 8.
If we put x = 2 in the dividend , we have,

PQ2) =(@)’-6Q2)°+14(2)-8 - Key Facts
= 8-6(4)+28-8 When you put x = 2 in
= 8-24+28-8 7 3% p(x) then the factor x- 2 is
= 36 — 32 : just zero.

4 « remainder

~ Hence, p(2) gives us same remainder which we have got by long division.
i.e. p(2) = remainder
.. We can deduce that, if a polynomial x’- 6x* +14x — 8 is divided by a polynomial x — 2, the
remainder is 4 and the value of dividend at x = 2 also equals remainder.
Conclusion: If p(x) = x’—6x*+ 14x— 8 « dividend
d(x) x—2 « divisor
then, remainder p(2) = 4

([

5.2.1 Remainder Theorem
Statement: If a polynomial p(x) is divided by x — ¢ (where c is a constant), then the remainder s
p(c).
Proof: We know that:
dividend = divisor x quotient + remainder.
Let q(x) be the quotient and r be the remainder when p(x) is divided by (x — ), then
P@=(x-c)gx)+r...... (1)
Substituting x = ¢ in result (i) , we have
P(©)=(c-c)g(c)+r
=0+r =r, which is the remainder.
Hence, p(c) is the remainder when p (x) is divided by x —c.

Example: Find remainder if x’- 5x*+ 7x — 6 is divided by x—3.
Solution: Let p(x) =X -5+7x—6

- . Key Facts
B fiagy= x=3, | Remainder theorem provides us
y using the Remainder Theorem, a helpful tool for findi
px) =x" - 5x*+7x -6 remainder instead of doing long

Remainder = p(3) ;  division.
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=(3)' - 503 +73)- 6
=27-5(9) +21-6
=27-45+21-6
=48-51 = -3
Example: Find the value of p, when 3x* — 4px?+ 5x — p is divided by x + 2 and the remainder is 4.
Solution: Let f(x) =3x*—4px?+5x—p; d(x)=x+2
By using remainder theorem,
Remainder = f (-2) =3 (-2)*— 4 p (-2)*+ 5(-2) - p
4=3(16)-4p@)-10-p
4=48-16p-10-p
4= 38-17 p r Pay Heed

38-4 =17p w ® Degree of dividend is always greater
34 =17p i than or cqual to the degree of divisor
34 szl ® Degree of remainder is always less than
p= 17 =2 l the degree of divisor.

Hence, the value of p is 2.

5.2.2 Zeros of a Polynomial
Consider an equation, 2x +5=9 '
2x+5=9 The zeros of p(x) = x* - 9 are the same |
N+5-5=9-5 ‘ as the solution to the cquation x*—~9 =0. %
2x=4 |
or x= 2

Here ‘2’ is called the root of 2x + 5 =9, as it satisfies the equation.
Hence, the roots of a polynomial p(x) means the values of x that satisfies p(x) = 0. These roots are
called ‘zeros of the polynomial’.

The values of x which satisfy p(x) = 0 are called ‘Zeros of the Polynomial p(x)’.
For example 5 and -5 are the zcros of the polynomial p(x) = x* — 25, because

p(5) =(5)-
=25 - 25 =0
and p(-5) =(-5)7-25
=25-25/ = 0

Basically, when we are finding zeros of a polynomial, we are looking for those values of x which
cause the values of polynomial equal to zero.

Example:
Is -3 a zero of polynomial p (x) =2 x*+7x 3 4x*—27x - 18?

Solution: -3’ will be a zero of p(x) =2x*+ 7x’— 4x*—27x - 18,
Ifp(-3)=0
So  p(=3)=2(-3)*+7(-3)*- 4(- 3)*-27(- 3) -
=281)+7(-27)-4(9)-27(-3)-18
=162-189-36+81-18
=243-243 =0
Hence, ‘-3’ is the zero of p(x).



https://fbisesolvedpastpapers.com

Example:  If zeros of a polynomial are 0, 6, —1, find the polynomial.
Solution: Let required polynomial be g(x). Then settingx=0, 6, -1, we have
g)=@-0)(x-6)(x+1)
=x(.\‘2—6x+.t—6)
=x- 52— 6x

Example: If one zero of g(x) = 2+ -2v—1is —71 find its other zeros.

Solution: Ifone zero of the given polynomial is -TI, then its other zeros can be found by

P . -1
factorizing it. Setting x = — - S0 that 2x + 1 is the factor of g(x).

First divide g(x) by 2x + 1 for getting its quadratic factor.

x* =1
2x+1 ) 2x% + x2 -2x-1
+2x +x?
-2x-1
—2x-1
- =
0

So, 2X+xX* —-2x—1= (x+1)(x’=1)
= (2x+1) (x=1) (x+1) «———factorizing

Hence, its other zerosare 1 and—1. «—— sctting x—-1=0and x +1 -0
e, x=1land v I
5.3 Factor Theorem
Factor Theorem is a result of Remainder Theorem and is based on the same reasoning.
Statement: A polynomial p(x) has a factor x — ¢, if and only if p(c) = 0.
Proof: Let q (x) be the quotient and r be the remainder when p(x) is divided by (x - ¢)

then, p(x)=(-c)q®)+r ....... (1)

ey Facts
I Every factor is a divisor but every

If x—cisa factor of p (x), thenr=0.

Now by Remainder Theorem, r = p(c)
~.remainder=p (c)=0

Conversely, if p(c) =0, that means, remainder =0 l

Therefore, result (1) reduces to
p(x) = (x —¢) q (x)
.. (x—c) is a factor of p(x).

Hence, (x — ¢) will be the factor of p(x) if and only if p(c) = 0.

polynomial.
Factor of a polynomial divides it

completely.
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Example: Show that \-llsafadmof) L2847 13y 4 36

Solution: Let f(3) =y'-24"-13y+36 .......
By Factor Theorem. » —lmllbcafxtorofﬂ)). d'}(l) 0.
So, first we find f7(1).

FO=)'-24(1Y-13(1)+36 — swrsaivoz AN
f(H=1-24-13+36
=37-37
=0
te. remainder =0
Hence, y - 1is a factor of 3" - 24" - 13y = 36.

Example: Determine the value of k for which x=-3isa fasorof (x=2F - (3x—kL
Solution: Let _I'(.\')=(I‘~:)5—(3.l‘-k\. dx)=x-3
As x =+ 3 is a factor of f{x). so by Factor Theorem,

f(=3)=0

ie. (-3+2)+[3(-3)-k]=0
1Y =(-9-k)=0

-1-9-k=0

-10-k=0 or k=10

1. Find the remainder of the following by using "Rememder Thaorem™ wiaen

-

2r +3xr" — 4r= ]l sdvidadbyx -2

Show that y— 3isafeciorof ¥ — 2r — 3r—a.

Y

Decide whether x— 3 is 2 factor of x — 2v — 3x = 1 ar oot

I'J
.

4. If4°— 47 = 10 = 2y is completaly divisible by sy of its factor sach thet the qaotent i
4v" — 8y =+ 10, then find other factor.
Find the value of "q if X" = qr' — Tx = & s exactly dnvisihle by (x = 1L
6. Find the value of ‘m’ in the pohynomial 2¢° = Ax" - 3x — m which when divided
by x -2 gives the remainder of 16,
7. Check whether | and —2 are the zeros of x-Tx = &
8. Find zeros of the polynomial 2¢" = 3x" - Ilx - 6
9. Express f(x)=r -xr-l4xr-Sinthe form F(X)=(x-a) gx) = r, where a=4
10. A rectangular room has 2 volume of (& = 1137 = 3x = 24) cubic foot. The hetght of the
room is (x +1) feet. Find the area of its floor.
(Hint: Volume of room = area of floor x beight)

N
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5.4 Factorization of a Cubic Polynomial

By using Factor Theorem together with some intelligent guessing, we can factorize polynomials
of higher degree. Consider a cubic polynomial,
f(x)=x3— 2 -5x+6
The process of factorizing above polynomial is explained as under.
Step—I: Obtain one factor by hit and trial.
First try, x— 1.
Here, x — 1 will be the factor of f(x) if f(1)=0——= by Factor Theorem
f=( 22(1) 25(1)+6
=1-2-5+6
=7-7=0
Hence, (x — 1) is a factor of f(x).

Step —II: Divide X —2x*—5x+6 byx—1 to find its other factor g(x).
x*-x-6
x=1) x*-2x* -5x+6
+x3 —x?
-+
- x -5x +6
-x*+ x
+ —
—-6x+6

—6x+6
+ r—

0
So, (-2 -5x+6)= (x—1)(x*~x-6).

Step-I11: Factorize quadratic factor (if possible) for other linear factors.

¥
©-2%-5x+6
=(x—1)(*-x-6)
== 1)*-3x+2x-6)
= (x — 1)x(x - 3) + 2(x - 3)] 1) (+2)(3)=+6

=(x-1)x-3)(x+2)

Hence, P2 -5x+6=(x-1) (x-3) (x+2)

I
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Example: If two linear factors of the polynomial 2y3 + y2 —8y—4arec(2y+1)and
(v —2), find its third factor. ¢ unknown factor
Solution: 2)° +)y*—8y—-4=2y+1)y-2)( ? )
2t +yl-8y-4=(y+y-4-2( 7 )
2+ -8y—4=(2-3y-2)0( ? )
2y’ +y* -8y-4

=( ?
y+2
2 2y°+y*—8y-4
2y—3y—2) y +)y y
+2y° -3y? -2y
e S -
4y —6y-4
+4y* —6y—4
-+ +
0

Hence, missing factor is (y +2).
LY —8y—4=2y+ DNy-2)y+2)

Example: Factorize x° — 5x — 2 by factor theorem.
Solution: Let fix)= X —5x-2

2 —_— —
Step-I1 For x=-2, fi-2) = (-2)*- 5(-2) -2 x"—2x-1
=_8+10-2 =0 x+2) & =5x=12
3 2
Hence, x + 2 is one of the factors of xX’—5x-2. L x i-22x
—5x ~2~ 2%
Step-11: Now, we divide X~ 5x =2 by (x + 2). Ay —2?
- +
So, xX’'—5x—2=(x+2)(-2x- 1) —x-2
. -x-2
" + +
Hence, x —5x—2=(x+2)(*-2x—1) 0

Key Facts
l By inspecting, if f{x) is of degree

three, we would expect it to have
three linear factors at most, so that

Sfx) = (x + a)(x + b)(x + c), where a,
b and ¢ can be positive or negative
numbers. Also, by multiplying the
last term of each factor,a b ¢

numerically equals the last term of
the polynomial. '
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Factorize the following by using factor theorem.
1. WY-Tr-6 X 2t - -2v+1 3. 27+ 53¢ - 9x — 18

4. V-5 -36 5. P+ 43t-5

6. If (x — 2) is one of the factor of 2’ - 15x% + 16x + 12, find its other factors.
. 3 .2 B -
y A Factorize 2x"— 15x"+27x - 10 if 5 isone of its zero.

-1

8. If h(x)= 4%+ 4%+ 73x +36and h T) = 0, then factorize h(x).

—

5.5 Applications of Remainder Theorem

If you give 10 pencils to five students out of 11, each will get 2 pencils. Only one pencil will
remain with you and this leftover 1 pencil is called the remainder. 11 is the dividend, 5 is the
divisor, 2 is the quotient and 1 is the remainder.

A remainder theorem formula is a powerful tool that can be used to solve a variety of
mathematical problems. A remainder formula is used to differentiate the polynomials.

Suppose Nasir hits a high fast ball straight up over home plate. The function that describes the
height of the ball after t seconds is

h(t) =—16¢> +80r +5 T

The roots of the function tell us that at what times the

ball is theoretically in the ground. When r =0, the 100 L+

height of the ball is 5 feet. This is the point at whichhe |

hits the ball.

Suppose we find the height of the ball after 4 seconds. i

h(r) =16t +80t +5 w04

h(4) =-16(4)* +80(4)+5 replacet with 4. 20

h(4) = 69 —t—t—t—t—+—

o 1 304 s 6 t

After 4 seconds, the height of the ball is 69 feet.
Notice that the value of A(4) is the same as the remainder when polynomial is divided by 7—4.

Example: The volume of a rectangular solid is 72 cubic units. The width is twice the height and
the length is 7 units more than the height. Find the dimensions of the solid.

Let x be the height of the solid.
volume = (2x)(x + 7)(x)

72 =2h° +14K*
W +7h*-36=0

Trace the possible zeros.
The zero is 2.
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(2 +7(2)* -36=0

0=0

So,

height =x =2
width =2x=4
length=x+7=9

o

The volume of a drinking water bottle is 120 cubic centimeters. The bottle is 7 centimeters
longer than it is tall. Find the dimensions of the bottle.

In the cricket match season, the number of tickets sold during the match can be modeled by
t(x)=x’ —12x* +48x+74, where x is the number of games played. Find the number of
tickets sold during the twelfth game of the cricket season.

A rectangular solid has a volume of 14 cubic units. The width is twice the height and the
length is 2 units more than the width. Find the dimensions of the solid.

The volume of a rectangular solid is 2475 cubic units. The length of the box is three units
more than twice the width of the box. The height is 2 units less than width. Find the
dimensions of the box.

The area of rectangle ACED is represented A G D
by 6x* +38x+56. Its width is represented by
2x+38. Point B is the midpoint of AC. ABFG B

is a square. Find the length of rectangle F
ACED and the area of square ABFG. C £

The volume of the box is y* —2y* — y+2. If the length of one side is y—2, find the
length of the other two sides.

I have Learnt

o Stating and proving remainder theorem and explaining through examples.

o Finding remainder (without dividing) when a polynomial is divided by a linear
polynomial.

o Defining zeros of a polynomial.

o Stating and proving factor theorem. ‘

[

Using factor theorem to factorize a cubic polynomial.
Applying concepts of remainder and factor theorem to real world problems.
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L. Encircle the correct option in the following.

(i) Factors of — 2 — x + x 2 are: :
(@) (x=2)(x=1) (b) (x+1)(x+2) (c)(x+2)(x-1) (d) x+1)(x-2)

(i) Divide 9y?+9y- 10 by 3y —2, then remainder is:

(a) 0 (b) 1 (c)2 (d) 3
2 ?
X“-x-9 !
iii 2 T =x+2+
W = =
(a) =27 by 3 (¢ +x+2 (d) 3
x—
(iv) If 3x*— 22+ 5 is divided by x + 1, then x + 1 will be its:
(a) divisor as well as factor (h) dividend
(c)  quotient ()  remainder

(v) If 2isa zero of the polynomial x*+ 5x*— 4x + k, then the value of k will be:
(=4 f -20 (¢) 20 (d) 0
(vi) If x—bisthe factor of q(x), then q(b) is:
(1) factor ) divisor remainder () dividend

(vii) If the expression 2x* + 3px®— 4x has a remainder of 4 when divided by x +2,

thenp=
(a) -2 (b)yo 1 -1 (dy 0
(viii) If flx) is divided by x -2, then remainder is 12. What is f{2)?
(a) -12 )y fl-2) (¢) 12 (d) zero
2. (64y> — 8) + (4y-2) 3 125y - 8) = (5y-2)

4. Is 3y -2 afactor of 6y’ —y?—5y+2?

n

If zeros of a polynomial are 4, %, -2, find the polynomial.

6. Find the value of ‘k’ so that the remainder upon dividing (¥*+ 8x +k) by (x— 4 ) is
zero.

i Suppose that the quotient upon dividing one polynomial by another is

x2-x+32- —!—21—
x+4
What is the dividend?

8. Iftwo linear factors of the polynomial y* + 6y? —y — 30 are (y - 2) and
(y + 3), find its third factor.
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PERMUTATION AND COMBINATION

After studying this unit, students will be able to:

e Know Kramp's factorial notation to express the product of first #» natural numbers by n!.

e Recognize the fundamental principle of counting and illustrate this principle using tree
diagram.

e Define the permutation of n different objects taken r at a time and proof of formula of

permutation.

Find out the arrangement of different objects including around a circle.

Define the combination of 1 different objects taken r at a time.

Prove formula of combination and solve problems involving combination.

Apply the above formulas for permutation and combination to solve the real world word

problems. '
e P I . e Y e e W

The history of gounting is as old as the humanity is. Counting is a basic tool. How to count
correctly and quickly is very important in our daily life. For this purpose, we develop the
techniques for computing number of elements in sets without listing them. To determine a
general rule, we consider a coin and a dice. A coin has two outcomes that is head and tail while a
die has six outcomes 1. 2, 3.4, 5 and 6. Then the outcomes of tossing a coin and rolling a die are
(H,1),(H,2),(H,3),(H,4),(H,5),(H,6),(T,1),(T,2),(T,3),(T,4)T,5),(T,6).

These outcomes are 12 in number. We can also find this number 12 without listing all outcomes.
We know that a coin has two outcomes while a die has six outcomes. So, the total outcomes are

the product of values of two things that is 2 X 6 = 12.
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6.1 Rule of Product

If' A can happens in m ways and B czn happen m n wzys then Se pair (A, B) cn Eoppen @
m % n or mn ways. If we have three objects A, B znd C which cam Eappemed m m ¢ znd p wa5s
respectively. Then the triplet (A, B, C) czn be wrinen in m X 1 X p or =op wars. [ S oo we
will develop formulae and techniques for counting the smmber of objecs. Then Sese formmine
will be used to calculate the number of arrangements of the objects.

0.2 Factorial Notation

Factorial notation was introduced by French mzthemenicizn Carsten Keeop m 1808 Facoom:d

of an integer n is denoted by

n=1x2x3..(n—1)n

and is defined as the product of all the positive integers Tom » down @ 1.

Factorials for First 6 Numbers
N=1,1=1

20=2%x1=2,3!=
4! =4x%x3%x2x%x1=24

3x2x1=6

' - - ey Py

l Al Se v crlcuimees i

'_.rce.tin:tr:uls::m:m\ :
05T oo oo & wop of 7° Sawe

P?Q s:z:"\"\ﬂ.v‘:immn -1

" For co=pie. £1 =24
5/=5%x4%x3x2x1=120 -
6! =6x5%x4x3%x2x1=720 , : i I
( Poimt to be Neoted )
l".xamplc Slmpllfy the followmg. | AxH=ExXINEXIX2X) =4S |
8! veee (m#1) | @ x4 =8 =430 1
(l) 5! ( ) 4!%x3! 5')(2! (lll) (ﬂ-:’.)! ‘ = mk lm X =)l ==Xz
Solution: | @m+rr)l=m!+w! |
.. 8! _ 8765 _ _ N w,
(i) 5 B 8.7.6 = 336
- 1 7 _ 5 7x3
() a7 Szt~ sax3 33zl
_ 5 21 _ 5+21 _ 26 _ 13
=531 T 5Ix31 _ 120x6 720 380
... (n+1)!  (n+1)n(n-1)(n-2)! R
(iii) vt - =(n+1n(n-1)=n"-n
F.xample: Write the following in factorial form.
: 13.12.11.9.5 . m=4)(n-3)}(n-1)
() 6.5.4 (i) a(n-1)
Solution:
) 13.12.11.9 _ 13.12.11.10L9.8L 5 3! _ 131913
() oo 6.5.4.3! 10L8!  10LSLé!
.. (n-4)(n-3)(n-2) _ (n-2)(n-3)(n-4)(n- N (m-2)
(i) n(n-1) n(n-1)(n-2)! (n—s)!
_ (n-2)i(n- 2)' _ [m=-21°
ni(n-s)!  nlL(n-S)!



https://fbisesolvedpastpapers.com

1. Evaluate the following:
M 10t (i) 755 (i) 3 31451
2. Write the following in factorial form:

(1) 14.13.12.11

3. Prove the following:

<~ 1 .3 1 4
O G+tat71~s5:
4. Show that:
(Zn) i
Q) = 2"(1.3.5..(2n - 1)) (ii) ——

5. Find the valucs of n in the following.

(i) 1.3.5.7.9 (iii) n(n* — 1)

(2n 1)

(n-1)! 8

(V) ooyt M Gz
. (n=3)(n-2)(n-1)
(iv) n(n-4)
. (n—l)! g 2 _
(ii) _(n—3)l =n‘“-3n+2

= 2""1(135..(2n - 1))

=1l _ 36, 2

) n __ 33!

@ (n-4)!  (n-3)!

6. Prove the following for neN,
(i) @n)!=2"(nH[13.5..2n-1)]

(i1)

(ii)

n! n!

(n—4)! " (n-3)!

mn+Dnn+(-D'Cn-D+n=-2)'(n—-D!]=(n+2)!
(n+1)!

(ii1)

ri(n-r)!  (r=1)!(n-r+1)!

(iv) 11- =n(n-1)Mn-2)..(r+1)
n! n!
v) (n -r+1). (n—r+1)! (n—r)!
(vi) 33! is divisible by 21°
2n!

~ ri(n-r+1)!

_ n(n+1)(n+2)..(2n-1)(2n) .

(vii) (n-1)12 (n-1)!

(viii) (n! + 1) is not divisible by any natural number between 2 and n.

(ix) (n)? <n™n!<(2n)!

7. Find n, if

. n! e
M) Gy = 9302 2 (i)

(i) (+2)=60.(n—1)! (iv)
(v) (n+2)!=56.n (vi)
(vii) = 990. (n — 3)! (viii)
. (n+2)! (n+3)l 72

(ix) Gn-1)l _ (n+1)l 7 x)
(xi) .1 __onx4

2(n-2)! " 4l(n-4)!

n!

n!
sy~ 20 Gt 25
(n + 2)' = 132.n!
-
9l + ﬁ T 1
(n +D!I'=6.(n—1)!
@n) _ 4(n-4) _
4(2n=-3)!" nl 52
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1

63 Permutation

The number of ways in which r objects out of n objects 0 < r < n can be arranged in a definite

order is called permutation.

Example:  Ifa vehicle number plate consists of four digits; then the different number plates
consisting of distinct digits from 1, 2, 3, 4, 5, 6 can be counted as follows.

BT 2™ 3rd 4t
LY
' | | l
v
6-choices S-choices 4-choices 3-choices

i .r the first digit, we have 6 choices of digits 1, 2, 3, 4, 5, 6. For the second digit, we have 5-
choices: because the selected digit cannot be selected again. Similarly, for the third digit, there
are 4-choices and for the fourth digit, we are left with 3-choices.

So. the ol number of plates =6 X 5 X 4 X 3 = 360

Example: Suppose a student has four different subject’s books and wish to arrange them on a
shelf. In how many ways he can armange the books, can be counted as follows.

For the first place he has 4 choices, for the second place he has 3 choices, for the third place he
has 2 choices and for the fourth place he has 1 choice.

Hence total number of arrangementsare =4 X3 X 2 X 1 =24 = 4!

So. we can conclude that if we have » distinct objects then total number of arrangements are n!.

5.3.1. Permutation of # Distinct Objects Taken rata Time (0 < r <n)
Here we are going to generalize the above discussed counting process.
Let we have » number of distinct objects and we want to arrange r of them in some order.
We denote such armrangement by "P; and read it as n-permutation-r.
For the first object, we have n choices.
For the second object, we have n - 1 choices.
For the third object, we have n - 2 choices.
For the third object, we have » - 2 choices, and so on.
For the 7 object, we have [n-(r- 1)]=(n-r+1).
We write “P, in factonal form as:
(n-r)(n-r-1)(n-r-2).321

*,=nn-1n-2)..(n - T+1)X(n_r)(n_,-—1)(n-r—2)...3.2.1

nn-1)(n-2).(m-r+))(n-r)(n-r-1)(n-r-2)..321 _ nl
mn-r)(n-r-1)(n-r-2).3.21 - (n-r)
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Deductions
(i) If r=n; then (ii) Since, "Pn=n!

"Pa=n (n- 1)(n-2).. (n-n+1)
s _n_
=n(n - 1Dn-2)..1=nl Therefore, nl == 0! == =1
n! a Ak
!

n = = e— ]
(n-n)! 0! Loo=1 .

P
Example: In how many ways can 6 peoples out of 8 can be seated in a row?

Solution: Total number of people =n =8

People to be seated =r=6

=n =8 = = = 8—'
Total number of ways = "P, = *Pg (8—6)! 21
_ 8.7.6.;.!4.3.2! — 20160

6.3.2. Permutation of n Objects When Some of Them are Alike (not Distinct)

Let we have total ‘»#’ number of objects which are all not distinct. Suppose that there are n,
objects in 1* similar objects category, n, objects in the 2" similar objects category, and
similarly, n, objects in the k'™ similar objects category.
So,n=ny +ny + ng + - ny.
Let X be the total number of permutations in this situation. If we consider all similar objects as
distinct objects in all the categories, then number of permutations for 1% category are n,!, for 2™
category 1! and for the ™ category n!. ‘
~ We have X.n;!.n,! ... n;! number of permutations.
But total number of permutations are n!, therefore

Xnln!.n!=n

n!

52 X=—
n1!.n2! ...nk!
mp n!

n — e ——
nylnplngl
Example: « How many different arrangements of the letter used in the word EVENING can be
made by using all the letters?

Solution: The total number of letters in the word ‘EVENING’ =7

Here, E is repeated 2 times, N is repeated 2 times

i |
Thus, number of permutations are 'P; = 7 _ 1654321

S22 2121 - 1260
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6.3.3. Circalar Permutation

Some times we have to find the number of permutations whilc arranging

the objects about the circle. d b
Observe these four arrangements; abed, beda, cdab, dabce
All are distinct along a line but all are same along a circle. Since
a
the position of cach object with reference to other is same,
4! 4.3.2.1
~ Number of arrangements = — = = 6 ~
So, if we have n number of objects which are all to be arranged in a circle, then
n!  n(n-1)!
Number of ways = — = it (n—1)!
I Check Point
[y In how many different ways can the letters of the word ‘OPTICAL’ be arranged
l /8 so that the vowels always come together? |

Example: In how many ways 8 people can sit around a circular table for dinner.
Solution:

Total number of people =n=8
Number of permutations = (8 — 1)! = 7! = 5040 ways
Example: There are 5 men and 5 women in a party. Find the number of ways in which they
can be seated at a round table if:
(1) anyone can occupy any seat,  (ii) men and women have alternate seats.
Solution:
(i) Total number of persons =5+ 5= 10
Since there is no restriction, so they can sit in (10 - 1)! = 9! ways.
(ii) We can start either with men or women. If we start with men then they can be seated in
(5-1)! ways
So, the total number of ways that 5 men and 5 women be seated at round table such that
they occupy alternative seats = 4! X 5! =24 x 120 = 2880
Now we consider the case in which the objects are arranged in a circular manner but we can
flip or turned over them.

4 3 3 4

flip
_
1 2 2 1

The arrangements which were anticlockwisc are now in clockwise direction after flipping but are

(4-1)! 31

same. So, number of arrangements are ~—— = == g =3
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Use of Permutation in Cryptography
Permutations are used in the cryptography as explained in the following example.

Let we have to encrypt the word “PAK™. Label P as 1, A as 2 and K as 3. Total number of
encrypted words are as follow:

PAK a2 3
PKA a3 2)
AKP Q@ 3 1)
APK Q 1 3)
KAP G 2 1)
KPA G 1 2)

Let we want it to be encrypted as
APK e, 2 1 3 -
It is decrypted as 1 2 3 .

=PAK

[_

Prove the following for neN.

(i)., "Pr= G, (i) "By= "P,_, (iii). "Pr=n"Pr
(iV). np, = "—IPr‘*‘i‘."'lPr-l (V) "Pn = 2."Pp.2
2. Find n, if:
(). "Ps=20"P; (ii).  2"P; =100"P: (iii). 16"Ps =13 "*1p;
(iv). "Ps =20 "P; v). 307"Ps= "*2p; (vi). "Psi™Py=6:1

(vii). "Py:™Ps = 9:1 (vii). "/P3:"P3=5:12  (ix). ™Py 2P, =22:7
3. Find r, if:
‘(). Pri=°Ps (i) P, =2°P, (i), “P,=210  (iv). %P, =3 10P,,
(v). 4P, =0Ppy  (vi). 20Pns =P,  (vi). *Prs:%Prs=1:30800
4. How many 3-digit even numbers can be formed from the digits 1, 2, 3, 4, §, 6, lf the digits
are not repeated?
5. How many 7-digits mobile number can be made using the digits 0 to 9, if each number
starts with 5 and no digit is repeated?

6. How many 4-digit numbers can be formed with the digits 1, 2, 3, 4, 5, 6 when the repetition
of the digits is allowed?
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7. How many numbers can be formed with the digits 1, 1, 2, 2,' 3., ?, 4 so that the eeq 4: .
always occupy the cven places, using all the digits and no digit is repeated?
8.  In how many ways can a party of 4 men and 5 women be seated at a round table g that g
two women are adjacent? :
9.  How many different signals can be made with 2 blue, 3 yellow and 4 green flags using g
: at a time. ‘
10. How many words can be formed from the letters of the word FRIDAY? How many of
them will end with F?
11. How many different permutations of the word STATESMAN can be formed using a]|

letters at a time? . ‘
12. Find the number of arrangement of letters of the word VOWEL in which vowels may

occupy odd places?

13. In how many ways can letters of word MACHINE be arranged so that all the vowels
are never together?

14. How many 3 letter words (with or without meaning) can be formed out of the letter of

- the word ENGLISH, if the repetition of the letter is not allowed.

15. Fatima wants to arrange 5 Mathematics, 3 English and 2 Urdu books on book shelf. If the
books on the same subjects are together, find all possible arrangements.

16. How many odd numbers can be formed by using the digits 1, 2, 3, 4, 5, 6 when repetition

of digits is not allowed. .

17. How many 4-digit odd numbers can be formed using the digits 1, 2, 3, 4 and 5 if no digit is
repeated.

18. How many odd numbers less than 10,000 can be formed using the digits 0, 2, 3, 5, 6
without repeating the digits.

19. The chief secretary of Sindh calls a meeting of 10 secretaries. In how many ways they be
seated at a round table if three particular secretaries want to sit together?

20. Find the number of ways that 6 men and 6 women seated at a round table such that they
occupy alternative seats.

21. Make all the permutations of the following words
WHY, SAD, TWO, MADE
22. Encrypt the word LAHORE by using the permutation:

. B 461 5 2
By labelling L as 1, A as 2 and so on.

23. Decrypt the word “TNLUMA” by using the permutation:
4 6 3 2 15
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6.4 Combinations

In permutation we arrange the objects in some definite order. If in the arrangements of objects
their order is not important then this arrangement of objects is called combination.

Let, we have three objects a, b and ¢ then abc, ach, bac, bca, cab, cba all are same. In
permutation we consider them all distinct, so there are 6 arrangements, but in combination all
these are same (since order is not important). Hence, we consider all these arrangements same
and consider them a single combination. The combination of r objects taken out of n distinct

objects is denoted by "C; or (2)

6.4.1 Prove that "C,= (':) = r|(:!_r)'
Proof: Let we have n distinct objects and we want to take r at a time where, 0 < r < n. Let the
total number of combinations be . i.e. X we take these r objects in some order then total number

of ways are r!. But in combinations all these r! ways will be treated as same that is one-way.

i.e.  r!combination =1 permutations
= r! X =1 permutation
Since, total number of permutations are "Pr. So,
- Xr| —
1 n!
=>X= “P
X= T r' "(n-r)!

o= (M=
="Cr (r) ~ ri(n-7)!
Deductions

o ()=()=1

Since, ( ) r'(n—r)'
Putting 7 = n; we have

n _ n! _ n! _1 1
(n)—n!(n—n)!—n!O!—O!—l—
Now taking r = 0; we have

(n)= n! _ n! =l=1'

0/=0(n-0) 1n! 1
s (1) = (3) =
@ (=)

h n n!
pince, (r) T rlin-n)!
Replacing r by n — r, we have

n n! n!
(n - T) (n— r)' [n—(n- r)]' n=-N'n—n+nr)
) N (n —r)!r! - (T)
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()

i ()=()=n

(n 2 r)

n !
Since, (r) = r!(:—r)!
Putting r = 1; we have
n n! n(n = 1)! _
(1) “Tm-D -1 "
Nowputr =n-—1

( n ) _ n! _ n(n—1)! _n(n—-1)!
- " a-D)n-(n-1) (@-D!(n-n+1)! (n-1)1!
=n .

fonce, () =, 1) =
@ ()+GI)=07)

Since, () = S 0

Replacing r by r — 1

n n! " n!
(r - 1) - (r=D![n-(r-1)]! = (r=D!(n-r+1)! @
Adding (1) and (2)
n | !
n! n!

=r(r-—1)!(n—r)!+(r—1)!(n—r+1)(71—7‘)!

_ n! 1 1
_(T—l)!(n—r)![;+n—r+1J

_ n! n—-r+l+r
== r(n—1r+1)
) ] n! n+1
T r-D'-D'r(n—r+1)
nl(n+1) _ (n+1)

TE-Dir-Nin—r+1) rMmri-n!
— (n + 1)
r
Example: 10 students applied for 6 HEC scholarships. In how many ways can these 6 be chosen?

Solution:
Total number of students =n =10
Number of students to be chosen=r=6
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Because for this sclection order of the students is not necessary.

So, this selection can be made in:
10! 10! _ 10.9.8.7.6!

10Ce = = = =

6!(10-6)!  6!4!  6!4.3.21
Example: Find the value of n if "C2 =10
Solution: Given"C2=10

n!
CED
n(n-1)(n-2)!
(n-2)!

n(n—-1) =20
n?-n-20=0
n?—5n+4n-20=0
nn—5)+4n—-5)=0
n=5Mn"+4)=0
n—=5=00rn+4=0
n=50orn=-4
n = —4 is not possible as value of n is positive.
Hence,n=5

= 210 ways

=10x2

A

i Check Point-
-7 There are 8 men and 10 women and you need to form a committee of 5 men and 6
\\J/ women. In how many ways can the committee be formed?

g

Exercise 6.3

1. Prove the following for neN.

(i " ,=-ﬂ(:—ir)! (ii) 0,"'Cr1=(—-r+1)"Cr1 (iii) 1°Cr=(n—r+1)Cr.

2" [1.3.5..(2n~-1)] :

(i) ™Cu+™C="Ci (V) "Cot"Cri="C; (vi) 2Cu=TAiES=

(vii) "Cp="Cq=>p =qorp+g=n (viii) "Cr+2"Cr1+"Cr2=""C

(ix) r"Cr=n"'Cei (x) The product of k consecutive integers is divisible by k.
2. Findn, if

(1) "Cs="Cs (it) "Cis="Cs (1ii) "Cso="Ci (iv) *Cy*Ca=11:1

(v) "Cs:™C3=33:4 (vi) C3: "C2=12:1
3. Findr, if:

(i) "Cy="Cuns (ii) *C:="C3="C2 (iii) 'Ci='"*Cra (iv) “Ci:PCr1=11:5



10.
11
12.
13.

14.
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Find n and r, if: ' N ~
(i) “Ce1:"Cr:"Crr1=6:14:21 (i) "Cr1:"Cr:"Crt1=3:4:5
(iii) "™'Cr+1:°Cr: ™'Cr1=22:12:6 (iv) °Cr:°Cr+1:°Cr2=1:238

In how many ways can 11 players be chosen out of 16 if
(1) there is no restriction.
(i1) a particular player is always chosen.

Out of 5 men and 3 women, a committee of 3 is to be formed. In how many ways can it be
formed if at least one man is selected?

A committee of 5 members is to be formed out of 6 men and 4 women. In how many ways
can it be done if it has (i) exactly 2 women (ii) at least 2 women (iii) at most 2 women?
There are 10 points on a circle. Find the number of (i) lines (ii) triangles that can be drawn?
Find the number of diagonals in n sided polygon?

In how many ways a group of 10 girls can be divided into two groups of 3 and 7 girls.
Number of diagonals in n-sided polygon is 35. Find the number n? '

For the post of 6 officers, there are 100 applicants, 2 posts are reserved for serving
candidates and remaining for others. There are 20 serving candidates among the applicants.
In how many ways this selection can be made?

In an examination, a candidate has to pass in each of 6 subjects. In how many ways he cannot
qualify the examination?

A question paper has three parts A, B and C each containing 8 questions. If a student has to
choose 5 questions from A, and 3 questions each from B and C. In how many ways can he
choose the questions?

I have Learnt

Knowing Kramp’s factorial notation to express the product of first » natural numbers by n!.
Recognizing the fundamental principle of counting and illustrating this principle using tree
diagram.

Defining permutation of » different objects taken r at a time and proof of formula of
permutation.

Finding out the arrangement of different objects including around a circle.

Defining combination of » different objects taken  at a time.

Proving formula of combination and solving problems involving combination.

Applying the above formulas for permutation and combination to solve the real world word
problems.
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I s —

1.

Select the correct option in the following.
(1) If 3"P3="P4 then value of n is:
a. § b. 6 8.7 d8

(ii) Number of ways of arrangement of the word “GARDEN":

a. 480 b. 600 c. 720 d. 840

(iii) The product of r consecutive positive numbers is divisible by:
a. r! b. (r+1)! c.r' +1 d. 2r!

(iv) The total number of 6-digit number in which all the odd and only odd digits appear is:
a. 6! b. 6! . 36! d. 26!

(v) LetA={1,23,...,20}. Find the number of ways that the integer chosen is a prime
number is:
a. 3 b. 5§ c.7 d.8

(vi) FromA={1,3,5,7,9} and B= {2, 4,6, 8} if a cartesian product A X B is chosen,
then the number-of ways that a +b =9 is:
a. 0 < b. 2 c. 3 d. 4

(vil) A student has to answer 10 out of 12 questions in an examination such that he must
choose at least 4 from fist five questions. The number of choices is:

a. 30 b. 35 c. 40 d. 45
(viii) If °C4 = "C)o then value of n s:
a. 10 b. 12 ¢, 13 d. 14
(ix) If 'SCs; = '°Crs then value of r is:
a. 1 b. 2 c. 3 d. 4
(x) The number of ways in which r letters can be posted in n letter boxes in a town is:
a. "C; b. "P: c. ™ d n"

. How many words can be formed by using four distinct alphabets?
. How many 3-digit numbers are there which have 0 at unit place? :
. How many six-digit numbers can be formed using the digits 0, 2, 3, 4, 5, 7 without

repeating.

. The number of ways of arranging 7 keys in a key chain.
. Twelve persons are seated at a round table. Find the number of ways of their arrangement

if two particular persons don’t want to sit together.
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MATHEMATICAL INDUCTION AND
BINOMIAL THEOREM !

After studying this undt, stadents will be able (o)

o Dexeribe n mathematicnl argument, identily the basg cone, tnduction of hypothesis
and a precise conclusion
e Apply the principle of mathemntical mduction (o provestatements, identities,

divisbility of numbers and sammation Tormulae

o Livaluate and justily conelusions, commumienting i position clearly in an approprinte
mathematicnl torm m dily hite

e State and apply the Binomial Theorem to expaud Ccpressions of the form (a + b)"
where noas n positive inleper

e Describe Binomial Theorem as expangon of binomial powers restricted o the set of
natural numbers

e Calculate binomual coetticients vang Paseal™s thiangle

o Lxpand using the binomial theorgims, and une approprinte technigues to simplify the
('\l\ll"-‘-lﬂll

e LFind an approxmmate value wang binomal theorem

e Use binomual theorem to tindithe revmder when o number to some large exponent
1s divided by o number

e Use binomial theorem to Lind the Tt digat of oo number, test the divigibility hy "
number and compare two Targe numbers

o Apply concepts of Mathematcal induction and binomial theorem to real world
problems such as (puzzlesedommo eltects, Pascal's tangle, Eeonomig Imn'llllillu.

Rankings, Varable subletting)

| o

, [
g | 1, 1 5 ¥
I'he concept of matheman@al induction was firsl EME TR EATA (T fol u-h'.’wwfu

LTS ’.

utilized by the Italian gcientist Francesco Maurolico /,M,/” ! )
in 1575. During the seventeenth century, both Merre o pl 5"
de Fermat and-Blaise Pascal also employed this v nenfs g

PROLLEE N

technique, with Fermat referring to it as the "methaod K /™

of infinite descent," In 1883, Augustus De Morgan, ﬂ\/T\ f :\_
renowned for Re Morgan's laws, provided a 1w
mcuculnuis desenption of the process and named i 1”.__,.,((,,,:"
mathematical induction, nongfe) I8
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7.1 Mathematical Induction

To illustrate the idea of mathematical
induction, envision an infinite sequence of
dominoes arranged in a line, where if one
domino falls backward, it causes the next
one to fall backward as well. Now, suppose
the first domino falls backward. What
occurs next? . . . They all fall down.
(Figure 7.1)

If the kth domino falls backward, it will also push the (k + 1)th domino backward.

To establish the connection between this visualization and the principle of mathematical induction,
consider the sentence "The nth domino falls backward", denoted as P(n). It is known that for every
k = 1, if P(k) is true (the kth domino falls backward), then P(k + 1) is also true (the (k + 1)th
domino falls backward). Additionally, it is given that P(1) is true (the first domino falls backward).
Hence, according to the principle of mathematical induction, P(n) (the nth domino falls backward)
is true for every integer n > 1.

7.1.2 Principle of Mathematical Induction

I-vample: Use the method of mathematical induction to prove that

nn+1)(n+2)
3

12423 +34+-+nn+1) =

for all positive integers ‘n’.
Here the proposition P(n) is:

+1D(n+2
1.2+2.3+3,4+...+n(n+1)___n(n Y(n+2)

3
Step 1: (Basis Step)
P(1) is true; since r Key Facts
1(1+1)(1+2) w17] The two steps are involved in the
1.2 = ——— CLFO . ; . :
3 () mathematical induction. First one i§ known
=22=2 . as basis step and next one is known as
Step 2: (Inductive Step) | inducive step. ’

P(k + 1) is true whenever P(k) is true.
Let P(n) is true forn = k. i.e.;
k(k+1)(k+2)

12423+34++k(k+1) = -

Now we prove that P(k + 1) is also true. For this we add (k + 1)(k + 1 + 1) on both sides.
12423434+ +k(k+ 1)+ k+D(k+1+1)
k(k+ 1)k +2)
a 3

+k+DE+1+1)
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k(k + 1)(k + 2)
3

= (k+1)(k +2) [-'§+ 1] =G+ 1)(“”)[,‘%3]

_ e+ Dk +T+ DK +1+2)

3
This shows that P(k + 1) is true. Thus, it is true for all positive integers.

Example: Use the method of mathematical induction to prove that

1111)(11)(11_1
(1-2)(1-3)(-3)-(t-759) =77
for all positive integers 'n’.

Solution:
Here the proposition P(n) is:

(1-2(-3)(-9-(=39) -7

1.2+23+34++k(k+1)+Kk+1)(k+1+1)=

+(k+1)k+72)

Step 1: (Basis Step)
Forn=1;P(1)is

This shows that P(1) is true,

Step 2: (Inductive Step)

In this step we will prove that P(k + 1) is true whenever P (k) is true.
Let it is true forn = k; i.e.;

(1'%)(1_% (1'%)‘"(1%11):'1(11

Now multiply both sides by ( g = 7”_—1—)

e e

Tk+U\ kw14 )=(kil)( _k+1+1.)
=(k_ili)( - i ) Jlf )( :izl) (kil) kI;) k+2
“k¥i+1

This shows that it is true forn = k + 1i.e.; P(k + 1) is true.

Thus, it is true for all positive integers n.

Example: Use the method of mathematical induction to show that n? — 3n + 4 is an even (L.e;
divisible by 2) for all positive integers n.
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Solution:

The proposition P(n) n? — 3n + 4 is an even number for all positive integers.

Step 1: (Basis Step)

Forn = 1; P(1) is 12 — 3(1) + 4 = 2 which is an even number. Thus P(1) is true,

Step 2: (Inductive Step)

P(k + 1) is true when P (k) is true.

Let P(k) is true i.e.; k? — 3k + 4 is an even. Now P(k + 1) is:

(k+1)2-3k+1)+4=k*+2k+1-3k—-3+4

=k*-3k+4)+2k+1-3)
= (k*-3k+4)+ 2k - 2)
=(k?-3k+4)+2(k-1)

Which is an even because it is sum of two even numbers (k% — 3k + 4) and 2(k — 1).

=  P(k + 1) is true. Thus, it is true for all poritive integers n.

Example: Use the method of mathematical induction to show that 3" > n? for all positive

integers n.

Solution:

The proposition P(n) is 3™ > n? for all positive integers n.

Step 1: (Basis Step) a

Forn=1

P(1)is 31>1253>1

= P(1) is true.

Step 2: (Inductive Step)

P(k + 1) is true when P (k) is true.

Let it is true forn = k. i.e.;

3k > k2
Now 3k+1 = 3 x 3k = 3k 4 3k 4 3k > 3k 4 3k
= 3k+1 5 j2Z 4 3k +3ksS k?istrueforn =k

Also3¥>2k+1 fork>1

=3k > k2 4+2k+1

= 3k+1 > (k + 1)?

This shows that P(k + 1) is true. Thus, true for all positive integers n.
Example: Use the method of mathematical induction to show that

+1_
4446+46%2+4.6%+ - +46"= f—@% for all positive integers n.
Solution:

n+l_
We have to prove the proposition P(n) that 4 + 4.6 + 4.62 + 4.63 + - + 4.6" = ﬂgs—l)
by mathematical induction.

Step 1: (Basis Step)
Forn=0
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a
Il.

$= 26T D, 5y
= =4xg=

=P(0) is truc

Step 2: (Inductive Step)

P(k + 1) is true when P(k) is true.
Letitis true forn = k. i.c.;

‘ 4(6k*1 -1 '
4+4.6+4.6%+46%+- +4.6F =—(—5——) @

Now we have to show that proposition is true forn =k + 1.
Adding 4. 6¥*1on both sides of equation (1), we get:
4+4.6+4.6%+4.63+ - +4.6" + 4681 = ——— t+4 6h+1
4. (6% —1+45.6"1)
B 5
_4.(6.61 —1) 4.(6"**-1)
- 5 - 5
This shows that P(k + 1) is true. Thus, true for all positive integers n.

. By Exercisc 7.1
By the method of the mathematical induction prove the following when n is an integer.
L 1+2+43++n="C00 yn>g
2. 124224324t p? = HEDEHD gy > g
2 2
3. 134284334403 =200y
1 1 1 1 n
NI NG O LS Ay = >
% 1.4 t 4.7 + 7.10 teet (3n-2)(2n+1) 3n+1 vzl
2_
5. 12+32+52+---+(2n—1)2=w vn>1
1 | 1 1 n
— Plind o — >
L 1.2 + 2.3 t 3.4 L n(n+l) n+1 vnz21
3 4 5 n+2 1
t——=1 - — =
8, 1.2.2 + 2.3.2% G 3.4.23 toet n(n+1).2" 1 (n+1).2" vnz1
5 6 7 n+4 n(3n+7)
0. + -+ ves = vn=>1
123 234 345 Tt n(n+1)(n+2)  2(n+1)(n+2)

10. 7+ 774777 + =+ 777 .. T times = g5 (101 —9n—10)  Vn 21

1 P+33+53++@2n+1)°=(n+1)2@2n%+4n+1) vn=0
12. 1.2°42.2'+3.2% 4+ +n2"'=n-1).2"+1 vn>1
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13. 1.1+ 221 433!+ nnl=Mn+1) -1 vn=>1
14, (1——)(1——)(1-——) (1-35)=22  vnz2
2. ('}%) G%) (é%) (2n1+1'2n1+2) - (2ni-2)! vnzj
16. 1= 2+22 =23 44 (D)2 = =520 vn>1
. ())+ () ()4 ()=
() r2() 3@ etn()mnas  vazd
19. (5) +3 (D) +1G)+ -+ () = 5 vn20

Prove the followings by mathematical induction

20. n3 + 2n is divisible by 3 V=1
21. 6is a factor of n(n? + 5) vyn=1
4 2

22. n(3n ::n *7) is a rational number.

23. 4™ + 15n — 1 is divisible by 9 vn=>1
24. 7™ — 2™ is divisible by 5 vn=20
Prove the followings inequalities by using the method of mathematical induction.
25. 2" < (n+1)! Vn=2
26. 5" +9< 6" Vn=2
27. Ifh>—=1then1+nh< (1 +h)" vn=>0
28. (°") < 222 vn>5

n

29. Yn<2—-= v n>2
30. 1+3n< 4" vyn=0
3. n¥>2n+1 vn=2
32. n! >n? vn>4

7.2 Binomial Theorem

‘Bi’ mean two and ‘nominal’ mean terms. So, binomial mean an algebraic expression consisting
11 1 o

of two terms. e.g.,(x + y), (; - 5) ) (x2 + ;) etc all are binomials.

Often, we need some positive integral powers of binomial like square, cube or even higher powers.

Higher is the power the longer will be the expansion. To handle such problem we use binomial

theorem. General form of binomial expression is a (a + b)™ where n 1s a positive integer. We can

expand the expression (a + b)™ by using binomial theorem. Another way to expand (a + b)"is the
use of Pascal’s triangle.
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7.2.1 Pascal's Triangle

o -+

This tﬁangle of positive integers is known as Pascal’s triangle. How the Pascal triangle is
helpful in the binomial expansion; observe some positive integral powers of (a + b)".
forn=1 (a+b)=a+b

forn=2 (a + b)? = a? + 2ab + b?

forn=3 (a+b)3 = a® +3a%b + 3ab? + b3

forn =4 (a + b)* = a* + 4a®b + 6a?b® + 4ab® + b*
Observe that the binomial coefficients in the above expansion are.
forn=1 1 1

forn=2 1 2 1

forn=3 1 3 3 1

forn=4 1 4 6 4 1

Which are same as the first four rows of the Pascal’s triangle.

In this way we can find the binomial coefficients from the Pascal triangle by considering its n*”

row; for the expansion of (a + b)™. Also from the above expansion note that, expansion starts

with a™ and in each next term exponent of a is decreased by 1 and the exponent of b is
increased by 1. The expansion ends with the term b™.

xpansion by using Pascal’s triangle is convenient when n is a small positive integer.

Example: Expand (1 + 2x)® with the help of pascal’s triangle.

Solution:

Here @ = 1; b = 2x and n = 6. For the binomial coefficients we need the 6™ row of the
Pascal’s triangle.

Here a = 1; b = 2x and n = 6. For the binomial coefficients we need the 6® row of the
Pascal’s triangle.

1* Row -+ 1 ]
2 Row > ] 2 1
3" Row PO 3 3 |

4™ Row > 1 4, 6 4 |

Key Facts

|
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5% Row > | 5 10 10 5 1

6™ Row 16 15 20 15 6 1

Thus

(14 2x)% = 1(1)® + 6(1)°(2x) + 15(1)*(2x)* + 20(1)%(2x)? + 15(1)*(2x)* + 6(1)* (2x)*
+ 1(2x)°

= 1(1) + 6(2x) + 15(4x?%) + 20(8x3) + 15(16x*) + 6(32x5) + 64x°®
=1+ 12x + 60x? + 160x3 + 240x* + 192x° + 64x6
5
Example: Expand (2 = i) with the help of Pascal’s triangle.
Solution:
1,® INE
(=2 - (2]
X X ‘
Herea=2; b= —i and n. = 5. For binomial coefficients we need 5™ row of the Pascal’s
triangle.
1* Row > l 1
.2““_Row - > 71 2 1
3" Row — | 3 3 1

4™ Row > | 4 6 . 4 1
5% Row > | 5 10 10 5 1

Therefore

e (-] = s (-2 o (-2 o (-2 o ()

(-3 | ‘
= 1(32) + 5(16) (—i—) +10(8) (%) +10(4) (—%) +5(2) (%) +1 (—%

80 80 40 10 1

4

7.2.2 Binomial 'I'hpm'cm

Statement: If a and b are any two real numbers and n is a positive integer then
n

(a+b)" = (g) a"b® + (T) a™ b + (2) a"2p? + -+ (nr_l 1) alb™ ! + (:) apn
Proof:
We will prove this with the help of mathematical induction.
Step 1: (Basis Step)
Forn=1
(a+ D) = (5) @b +(})a' 16! = (Ma(D) + MDWb=a +b

True forn=1
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Step 2: (Inductive Step)
Let it is true for n = k. i.c.;

k\ e ke k-1 4 (kY ,0nk

ak-1p1 k=2h2 o ...

(a+b)k = () akp® + (1) 1p +(2)a b? + +(k_1)ab +(k)ab

Now we will prove that it is true for n = k + 1. For this multiply the above equation by a + b on
both sides.

(a+b)a+b)* = (a+b)[(£) a0+ (¥)abt + (¥)at-202 + & () ab*=t+ (5) a%b4]

= (a+b)*t =a [('5) akp° + (’I) ak-1pt + (’2‘) @k + o+ 4 Jab< (ﬁ) a®b¥|
+b [(g) akb0 + (]I) ak-1p! + (’;) ak2p? + o+ k Jab (”i) a%b¥|

S e N i e

0 1

& [(k) apl + (’I) a1p? + (’2{) a-2p3 + o+ (k ﬁ 1) abk 4 (’/:) aobk+1]

0
By collecting the like terms, we have,

@by = (g)arawe +[(5) + (] o+ [()+ (e e (o2 1) + (]
+ ('I‘;‘) a®b*+! ,

()=1=("3")
DA=(1)
L)+ ()= (kil for 0<r <k

)
(a+b)k+1=(k-(l)'1)ak+1bo (k+1) kb+(k+1) k—1b2+...+(kf‘|_';'i1 ab®
+(k+1) 01
k+1/°

This shows that it is true for n = k + 1; hence it is true for all positive integer n.

Some Properties of Binomial Expansion

I.  The number of terms in the expansion of (a + b)™ is one more than the index n.

2 The sum of exponents of a and b in each term of the expansion of (a + b)" is n.

3.  The coefficients of the terms equidistant from the beginning and the end are same.

4.  Ifniseven then there will be odd number of terms in the expansion of (a + b)™. So the

th th
middle term in this expangion is the (2 + 1) = (nT+2) term.
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5. Ifnis odd then there will be even number of terms in the expansion of (a + b)™. So there

n+1\t" 3\th
will be two middle terms in the expansion; these are (—2—) and (—2—) terms of the
expansion.
6.  Inthe expansion of (a + b)™, exponent of a is n and the exponent of b is zero in the first
term. In cach next term exponent of a is decreased by 1 and the exponent of b is increased
by 1. In the last term exponent a becomes zero and the exponent of bis reached to n.
7. Any particular (r + 1)*" term from beginning also known as general term in the expansion
of (a + b)" is given by '
Topy = (:) a™Th"
8. A term which is at rt" position from the end in the expansion of (a + b)" is at
(n + 2 — r)*" position from the beginning.
Example: Expand (x — y)® using binomial theorem.
Solution:
=y =k+CEnP :
= ) x5+ ) w0t + (3) 3 y2+ (3) x299° + () 2 (-*

(D) x o
Now the binomial coefficients are;
5 L
(0) o'(s 0! 1x5! 1
5! 5! 5% 4!
() 1(G-1)! 1x4 4
5 5! 5! 5x4x3!
() 21(5-2)! 21x3 2x1x3!
5! 5! 5x4x3!
(3= 3Go3) 3x2 3xzx1 0
5! 51 5x4!

()=
)TNGB -2 ax1 Ax1

5 5! 5L
(5)=0!(5—0)!= 1x50
Substituting values in equation (1)
= (Dx5(=y)° + G)x* (=3 + (10)x*(=¥)* + (10)x2(—y)3 + (5)x* (—y)*
+ (1)x°(=y)®
= x° — 5x*y + 10x3y? — 10x%y3 + 5xy* — y°

10
- v . . 2
Example: Find the constant term in the expansion of (x + —) .
X

Solution:
The constant term in the expansion is independent of "x’
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2
Here a = x; b= - and n =10

The general term of binomial expansion is
g n) n-rpnr
4 = a'h
r» +1 (’.
Substituting the values

T, = (lr())xm_r G)r _ (I'P)x’o"":—:
- (1:)) c10-2rpr -

Term will be independent of x if the exponent of x is zero ie.; 10 = 2r = 0 = 2r = 10
2r=>5
Putting value of r in equation (1), we have

{10\ gos _ 10! o 100 ,10.9.8.7.6.5!
Tsu ‘(5)" &= 5!(10—5)!'(1)(32) 5!5!'32 T 5.4.3.2.1.5! (32)
T, = 8064

5
Example: Find the 3rd term from the end in the expansion ol (2 - 'ﬁ) .

L
3™ term from the end is at 5 + 2 — 3 = 4" from the beginning.

Trys = (:) aTpr

For fourth term, r = 3
Substituting the values;

_ (5\.s-3(5) _ 5! 2(-—125 5! -125\ 543! (=500
= (327 (F) =a6=92 TR Y T R

3
X X2

Solution: Herca=2, b= n=>5

T, = 10 (~500x2) = ~5000x=

Example:
- Find the remainder when 7'%1 is divided by 25.
Solution:
7101 77100 7.(72)50  7(49)50 7
F 3 — = ) - (50 - 1)50
7 tg 5,50
= =[(3) 501" + (7) G0 (=11 + (37) (509 (=1)% + =+ (30) (50)1 (-1)*

() o]
= 215 {(50)50(_1)0 i (510) (50)°(=1)! + (520) (50)*8(=1)% + - + (ig) (50)1(__1)49}

*(50))
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T R\ AN

= o [50)==1)° + (0) 501! + (%) (50)*2(-1)2 + - + (3) GO (-1)¥]

N 7
25
Thus, the remainder is 7. Illustration
_ ' L Ifwedmde25by7the
Example: The fourth term in the expansion of (ax . 2 ;) iS 2 remainder is 4. We may
Find the values of a and n. write
Solution: _ZE =3+ g
General term of the binomial expansion is 7 7
LN Numerator of the fractional
Trs1 = (r) a"™ b part is the remainder.
n :
The fourth term in the expansion of (ax + i) is
n (1N M\ .o
=2 T34 = ( )( x)" 3(;) = (3)a" W 4
Given that fourth term lb ; thus
A 5
3) an 3xn 6:.; (1)
Now right side of (1) is independent of x, this needs exponent of x to be zero. ie.n—6 =10
=2n=6
Putting value of n in equation (1), we get
N\ a-z.0 5 6! 5 6543! 3 5
(3) "X =2 Py E7 P am® =)

5 5
3 _ — 3 = —
= 20a° = 7 =a v,
3
1 1
3_1_ (1
= @ =3 (2)
=20a-= E
7.2.3 Use of Pascal’s Triangle and Binomial Theorem in Real World Problems
Pascal triangle and binomial theorem are used in the real-world problems such as cryptography,
calculating the number of matches played in a tournament where n teams are playing, calculating
the possible number of protein structure and DNA sequence.
10 Use pascal triangle to find the possible number of heads when three coins are tossed
simultancously.
Solution:
When three coins are tossed together the following are the possible results.
HHH HHT HTH HTT THH THT TTH TTT

0 Heads = one result
1 Head = 3results
2 Heads = 3results
3 Heads = one result

By pascal triangle we have



By pascal triangle we have

1 1
1 2 1
1 3 3 1
TN
0 heads lhead 2 heads 3 heads

B Excrcisc7.] eeS——

Expand the following with the help of Pascal’s triangle.

5
, 1\° .. 3,9\ o [&°
(1) (2\/2 + ﬁ) (11) (; + %) (1i1) (2 — x3/2)7 (iv) (;7 - Jg)
Expand the followings by using binomial theorem.

) 2x 3\ " _ s
(1) (— ~ —) (i) (—x + y™1)¢ (iii) (Bu — 1)7 (iv) (aw/f + b\/§)

3 2x

W) @+2x-y) i) (G435 + 2)

. Expand and simplify. .
() (1+10x)*+(1—10x)* (i) (2 N +4x?)
(i) (1+2x+2x?)(1-x)° (iv) (.99)% + (1.01)*

4 4
) (’_":__i.) +(§+§) (vi)(a2+\/a2—1)4—(a2—\/a2—1)4
Find the coefficient of the 8" term in the expansion of (x2 + %)m.

Find the middle term in the expansion of the following.
5 1 10 . 2 1 11
0 (3x*-5) (i) (2% - 2)
12
i (&5’ @ (a-3)
Find the specified term in the following expansions.

(i)  Term involving b® in the expansion of ( + ZbZ)

12
(i) _ Terminvolving q° in the expansion of (”7 N qu)

(iii) ~ Term involving x*y? in the expansion of (3x* — y)*
(iv)  Term involving y®x* in the expansion of (y* — 3x)°
. Find the term independent of x in the expansions of the following

0 (22-3)" @ (F+5)

Find the r*" term from the end in the expansion of (a + b)® where0 <r < n.
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Prove that sum of all the binomial coefficients in the expansion of (a + b)™ is 2™; hence or
otherwise prove that sum of odd coefficients is 2™,

n
The sum of coefficients of first three terms in the expansion of (a - ;35) is 559. Find the
term involving a3 in the expansion.
If the coefficients of (r — 5)" and (2r — 1)*® term in the expansion of (1 + a)3* are
equal; then find the value of 7.

. If the coefficients of 2, 3™ and 4™ terms in the expansion of (1 + x)?™ are in A.P., show

that 2m?> - 9m+ 7 = 0.
If coefficients of three consecutive terms in the expansion of (1 4+ x)™ are in the ratio
6 : 33: 110, then find the value of n and the position of terms.

e () ) 30+ () -
Prove that () *5(1) +1G) -+ Q)=
Prove that () +2(7) +=(3) + -+ 2 (%)n
Prove that (8)2 + (111)2 + (721)2 PN CDZ ) (2:)

Use pascals triangle to find the number of heads when six coins are tossed simultaneously.

If 7 coins are tossed how many times 5 heads will appear.
If a coin is tossed 8 times how many times 3 tails will appear.

Binomial Series

7.3.1 Expansion of (1 + x)™ when nis Positive Integer

Since the index n of (1 + x)" is a positive integer; so by using the binomial theorem we have,

= () et 5 () ariet s (Jarie s (v

I n! n! n!

n.
= 0l (n —0)! —a—F-(1)(1) +=5— N(n=1 (Dx +m(l)x + -- +|_0|xn

n(n-—1)! n(n-1)(n-2)! n!
D T T 2 -2)! "2+'"++Ex

= —'(1) -
n!

A+x)"=1+nx+ n(nz|1) x4 x"

The series on the right is terminating and has (n + 1) number of terms.

7.3.2 Expansion of (1 + x)" when n is not Positive integers or Fractional Number

When n is not positive or fractional number then expansion of (1 + x)™ is non-terminating. i.e.;

=D, - Dm-2) 4

A+x)"=1+nx T 3
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"The above series will be convergentif x| < 1Tor -1 <x <1,
Convergent means series has a finite sum otherwise serics will be divergent. We will focus only
those expansions of (1 4 x)™ which are convergent.
. nn-1 nn-1)(n-2, . , ) v
The series 1 + nx + —-(-—) 24 (—Mx" + +++ is known as binomial series. The general

term of the binomial serics is given by :
nn—-1)(n- 2) (n—-r+1)

r

Trs =

l‘ _

Expand the followings upto four terms and also find the values of x for which the series is

convergent.
-1 :
(i). (1—\/1?)—3 - (ii). (3 +§) “ (iii). G_%)z
(V). 3= . = wi)
“J3t; ] Vi-x

2. Approximate the value upto four places of decimal. ,
o
(i).465 (ii). E (i) (103):  (iv) (95)
‘ 1
3. Find the term involving x'* in the product of (1 + x?)(2 + v3x?) 2

4. If x is so small that its square and higher powers may be neglected then prove that:

=5
L VZERa-x)' V2 19 (143x) w8 1/ o5
(l) 3+x = -;(1 - Ex) (") (4+x) /1 - 8 (3 ZI
oz (14x) "
. (iii) Vox+(145x) L
2+x 24
5. If x is so small that its cubc and higher powers may be neglected then show that:
3,_ 2)3 3x2 4+x)-24(1-2%)"5
i (14x) 72— (14x?) - _3x (ii) (4+x)~%+(1-2x) ~ 3 + X+ 1251

Vi-x 8 (1+2x)? 2

2
6. If x is so large that e) and higher powers may be neglected then shoe that:

Jx2+25—Jx2+9z§

2
7. Find the term involving x™ while snmphfymgl—x;3

8. Idcntlfy as binomial series and find the sum of the following:

i) 1->+4 (;)2 -8, (;)3 +

4 4.7
.. - +
(i) 1 21 15! 3L 15! e
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: V o
/[
24, 34% a4’
(iit) 1—?4-?— ?J—+
: 3 3 3°
O T TR T ANE TR A
. 3 3 3
9. () Ify= Py + ol = e + ---, then show that 8y% + 16y — 19 = 0.
- 2 1 13 1.3.5 '
£ 222 120 e s 2 _ 2y — 2%
(11) lfy s - % T + 2eo T then show that y* — 2y — 2 = 0.
10. (i) If x i ly equal how that 2X=0%" {1
. (1) If x 1s very nearly equal to 1 then show that Dt 12
+2 1/3
(1) If p and q are approximately equal; then prove that ﬁ ~ (3) X

2.01)'1/3.

Hence approximate the value of (—2—

Applications of Binomial Theorem

The binomial theorem has a wide range of applications in Mathematics, like finding the remainder,
finding the digits of a number, etc. The most common binomial thcorem applications are as
follows:

Finding the Last or Unit Place digit of an exponential number

Consider the table given below in which numbers are written in first column while their
exponents are written in the first row and 1t 1s showing only the unit place digits.

Powers — )

Neiabers | 1121314 (5[6|7(81]9
0 0/0[0j0]0O]|]0O0f[O]O0O]O
1 Ly jpryrprjprpnfl
2 2 (4|86 2 (48|62
3 31917 (1[3]9]7]11]3
4 4 16| 4]6]4[6|4|6]|4
b 5/5[5[5[5]|5]5 15715
6 6 |6 |6|6[6]6[6]|6]6
7 709131171913 (117
8 84216842638
9 91119 [1{9]l1]19]1]9

From the table, the unit place digits for 2 are as 2! = 2,22 = 4,23 = 8,2* = 16 and 25 = 32.
Since the unit digit is same as that of the number 2 therefore the cyclicity of 2 is 5 — 1 =4. In the
same manner we can find the cyclicity of other numbers. The cyclicity of 3, 7 and 8 is also 4. For
1, 5 and 6 the unit digit remains the same for all the exponents and for 4 the unit place digit is
either 4 or 6 whereas for 9 it is 9 or | only. Hence, we can say that if the exponent is of the form
4n, 4n +1,4n+2 or 4n+3 then we can easily find the value of the unit place digits of all the
numbers.
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Example: Find the unit digitof: (i) 17293 (i) 29%° (i) 36*"7

Solution:

(l) 17203

Now 203 can be written as:

203=4x50+3

Since, the remainder is 3 so, 7° = 343

Hence the unit place digit of 17293 js 3,

(ii) 29%

As in case of 9 from the table we can see that there are only two values i.c.; 9 and 1.

So, write 26 as 4 x 6 + 2. Hence remainder is 2 that is 9% = 81. Unit place digit of 9%¢ is 1.
(iii) 3637

As the unit place digit is 6 which always remains 6 at unit place, so 36°°7 has 6 at unit place.

Finding Remainder Using Binomial Theorem

Example: Find the remainder when 7193 is divided by 25.

Solution:
7193 7(49)°!  7(50 = 1)*!
25 25 25

7(25k —1) 175k —25 + 25 — 7)
25 B 25

25(7k —1) +18
29

& The remainder = 18

k

Al
15

403
Example: If the fractional part of the number 21—5 is —, then find k .

Solution:
2403 23 (24)100
1 &S5
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\ Lo - & aseom

8
+1D)=8)\+ -2

3
15
~ 8\ is an integer, fractional part = 18—5

So, k=8
Example Find the unit digitof (i) 172°% (i) 2926  (iii) 3637

Finding Digits of a Number

Example: Find the last two digits of the number (13)'°.

Solution:

(13)1%=(169)° = (176 -1)°

=5Co (170)°— 3Ci (170)* + 5C2 (170)* — 5C3 (170)*+ °C4 (170) — °Cs

=5Co(170)° — °C1 (170)* + °C2 (170)* — °C3 (170)2+ >C4(170) — 1
& multiple of 100 + 5(170) — 1 = 100k + 849

= The last two digits are 49.

Relation between Two Numbers

Example: Which one is greater 99°° + 100%° or 101597

_Solution:
101%° can be written as:

101%°= (100 + 1) = 100+ 50 . 100+ 25 . 49 . 100% + ...

99%% can be written as:

= 9950= (100 — 1) = 100%— 50 . 100 + 25 . 49 . 1008 — ...
-Now, 10150— 99% = 2[50 . 100% + 25(49) (16) 100¥"+ ...]
=100+ 50,49 . 16. 100+ ... >100°
2 101%9-99%5 1%

= 101%%> 100% + 9950



. Divisibility Test

Example: Show that 11°+ 9' s divisible by 10.

Solution:
1P+9" = (10+ 1y’ + (10 -

=["Cox 10°+°C, x 108+ . +°Ca] +['Cox 10" = 1'C x 10" +... + 'Cn]

=N 10+ °C N 108+ . +°Csx 10+ 1+ 10" =10y x 1094 ...+ 1Clox 10 -1

=100°Cax 108+ °Cy x 107+ ...+ °Cy+ "'Cox 10"°=1Cy x 107+ .. + 'Cio]

= 10K, which is divisible by 10.

lr

[ B

n 2

® N o

11.
12.

13.

m"

Find the unit place digits in 273%%, 10833, 54203 and 50343,
Find the remainder when:

a.  9°%isdivided by 31. b. 8% is divided by 48.
If fractional part of number 3;12 is 3—kl- then find the value of k.

Find the last one or two digits of the number where applicable.

a. 15 b. 37" c. 29

Which of the following is a larger number?

a. 98 +100°0r 102 b. 47% + 50% or 53

Show that 12" + 8" is divisible by 10.

Show that 22% + [8% is divisible by 20.

Use binomial theorem to find the remainder when 53 is divided by 13.

What is the remainder when 171717 is divided by 9.

Using Binomial Theorem, indicate which number is larger (1.1)'° or 1000.

Show that 9"*! — 8n — 9 is divisible by 64, whenever n is a positive integer.

If a and b are distinct integers, prove that a — b is a factor of @" - b", whenever n is a
positive integer.

Show that 6"*® — 8n — 6 is divisible by 6.



£l

https://fbisesolvedpastpapers.com

I have Learnt

Describing a mathematical argument and identifying the base case, induction of
hypothesis and a precise conclusion.

Applying the principle of mathematical induction to prove statements, identitics,
divisibility of numbers and summation formulae.

Evaluating and ]ll\(llylnb conclusions, communicating a position clcarly in an appropriate

"~ mathematical form in daily life.

Stating and applying the Binomial Theorem to expand expressions of the form (a + b)"
where n is a positive integer.

Describing Binomial Theorem as expansion of binomial powers restricted to the set of
natural numbers.

Calculating binomial coefficients using Pascal’s umn&,lc

Expanding the binomial theorems, and using appropriate techniques to simplify the
expression.

Finding an approximate value using binomial theorem.

Using binomial theorem to find the remainder wlu,n a number to some large exponent is
divided by a number,

Using binomial theorem to find the last digit of anumber, testing the dlvmblllty by a
number and compare two large numbers.

Applying concepts of Mathematical induction and binomial theorem to real world
problems such as (puzzles, domino effects, Pascal's triangle, Economic forecasting,
Rankings, Variable subletting).

o PV, " LS I EEE—
PP Tl By T N : R~ - =
“ Review Exercise ] ol i
/ X iy D . — - — s s m

Select the correct option:

(1) Mathematical induction is used to check a proposition for all n where n is a/an:
(a) real number (b) rational number  (c) integer (d) positive integer

(i) A mathematical statement which is true for all positive integers is also true for all:
(a) negative integers  (b) positive numbers (c) whole numbers  (d) none

(iii)  Ifnis even positive integer then the middle term in the expansion of (a + b)™ is:

(a) (g)mtcnn (b) (%)thterm (c)( )thtcrm (d) (§+ 1)thterm

(iv)  Inthe expansion of (a + b)?° a term is at the 11" position. Its position from the

end is:

(a) 9" (b) 10 (c) 11 (d) 12
(v) The coefficient of the 3™ last term in the expansion of (1 + x)3°0 is:

(a) 277 (b) 44850 (¢) 303 (d) 4305600

(vi) (101) - (121) +- (141) + -+ (i(l)) is equal to

(a) 21 (b) 212 (c) 21° (d) 211 —
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(vii)  If the third term in the expansion of (1 + x)? is — %xz then the value of p is:

(@) 2 ® 1/, (©) 4 d)3
(viii) The cocfficient of x™ in the expansion of (1 + x + x? 4 ---)™" where n is a even
number:
- (@ 1 (b) -1 (c)n d-n+1
(ix)  The greatest coefficient in the expansion of (1 + x)? is:
@2° ®) () ©() @2z
(x)  Binomial series (2 + 3x)~/2 is valid when:
@) lxl <1 (b) Ix] < 1 ©ll<2  @lxl<3
Using principle of mathematical induction prove that for all positive integersn:
i § 1 1 _ n(n+3)
m+m++m+n(n+ Nn+2) 4n+1Dn+2)

The ratio of coefficients of three consccutive terms in the binomial expansion of (1 + x)™
is 2 : 15 : 70. Find the average of the three coefficients. '

12
Show that the expansion of ( x? + & does not contain any term involvin 1.

If a and B are nearly equal then show that

3p )'1/3 __a_ atf
sa—2p “ a+28 ' 3B

If 22C, is the largest coefficient in the expansion of (1 + x)?? then find C,..
Use binomial theorem to prove that 6™ — 5™ leaves a remainder 1, when divided by 5.
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FUNDAMENTALS OF
TRIGONOMETRY

=== ||
'. After studying this unit, students will be .lblc to:

7

, «+ Use distance formula to establish fundamental law of trigonometry: L

° cos(a — ) = cosa cos [ +sin asin /3, and deduce that }
o cos(a + f) = cosacos fF —sin o sin f3, '
° sin( @ + /) = sin @cos f + cosasin f3, k

tan ¢ & (an f
° tan(ex + f7) = P : {

| Ftan ¢ tan S8 !

¢+ Define allied angles and use fundamental law and its deductions to derive i
trigonometric ratios of allied angles.

Express asin @ +bcos@ in the form rsin( @ + ¢) whm. a=rcosgand b=rsing.

)
) '0

*
0.0

Derive double angle, half angle and triple angle identities from fundamental law and its :
deductions. .
Express the product (of sines and cosines) as sums or differences (of sines and cosines).

Express the sums or differences (of sines and cosines) as products (of sines and cosines).

*
°

)
0.0

Trigonometry has'a wide range of applications in the
sciences, such as, in the measurecment of distances
between celestial bodies or in satellite navigation
systems.

The solar system has fascinated human beings
gverywhere since the start of civilization. We use

trigonometry to find heights of high buildings, trees
and mountains etc. and distance of the shore from a
point in the sea. Astronomers use trigonometry to
calculate how far stars and planets are from Earth.
Even though, we know the distances between planets
and stars.




https://fbisesolvedpastpapers.com

g.1 Distance Formula
The formula tor te distanee between two points whose
cooniinates are (v, V) and (v an) s P . "

Alvien) By, )

Jd = AR - \"(‘\“ ) 0y =0 )
This iy called the distance formula
For example, i AS, ) and BEL 2) are two points in the plane then distance between A and 13 is:
AB = \.‘(.\‘, x40y =) J& a2y

VRY ) - VN units

8.2 Fundamental Law of Trigonometry .

<as law s stated ase '
cos(@ = ) = cosacos /1 smoasin g where a > /1

Proof:

Constder a unit cirele with centre at O as shown i the figure below, OC and OD are terminal sides

of angles @ and f respectively i standard position where ¢ > /4,

The coordinates of points D and C are respectively (cosa, sina) and (cos /4, sin ff).

Measure of . COD is @ . Anangle . AOB equal to measure of ZCOD = « — /1 is constructed

in standard position in the same unit eirele,

D(cosa, sina) Ceoszi, singi)

Bleosta— ), sin(a— )|

-

O, 0) A1) .\'~u.r2s'

A

As ZCOD=ZAOB =a - /3, therefore
CD = AB

J(cosa —cos ) +(sin @ - sin A) = J[cos(a — ) - If +[sin( @ - p)-OF
Taking square on both sides, we have:

(cosa —cos ) + (sin & = sin S) = [cos(ar = )~ 1] +[sin( @ - B) - OF

=> cos” & +cos” [~ 2cosacos #+sin’ a +sin’ - 2sin asin B

=cos’ (@~ ) +1-2cos(a — 1) +sin’ (a - f3)
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= cos’ @ +sin’ a +cos’ f+sin’ f—2cosacos B —2sin asin

=cos’(a—f)+smn’*(a—-f)+1-2cos(a— ) ......

(Rearranging)

=1+1-2cosacos B -2sinasin f=1+1-2cos(a~pf).....(as cos’@+sn’f=1)

= =2cosacos f—2sm asn f =-2cos(a — )
After simplification, we get
cos(a—f)=cosacosf+snasmf ............ (1)

This law is known as fundamental law of trigonometry.

Does the identity (1) make it possible to find
cos(90° —60°) = ? Let us check.

c0s(90° —60°) = cos 90° cos 60° + sin 90° sin 60°
c0s30°=0x0.5+1x0.866

0.866 =0.866 which is true.
" Now replacing B by — fin the above law, we get:

cos(a + f3) = cosa cos(—f3) + sin asin( —f3)

cos(a+ f)=cosacosf—snasm f......... ... (2)

Kéy Facts
| Trigonometric identities

are used in simplifying
complicated problems

| in various fields such as

calculus, physical and
social sciences.

-

Before proving the other identities, we deduce some important results from the fundamental law.

(i)  Letting o =0in the fundamental law, we get:
cos(0— f) =cosOcos f+sin Osin 3
= cos(—f) =1xcos f+0xsm

cos(—f) =cos

(i)  Substituting o = % in the fundamental law, we have:

T T LT
cos| —— 3 |=cos—cos f+sn —sh
[2 ﬂ) 2 p 2 F

:>cos(%—ﬂ)=0xcosﬁ+lxsinﬂ

M Checek Point

1. Are the equations
sina = cos(90° — ) and
cosa =sin(90° —a) true for all
real numbers or only for values
of @ in the interval ’
0<a<90°?

2. Amna said that, without finding
the values on a calculator, she
knows that sin100° = cos(—10°).
Do you agree with her? Explain
why or why not.

(iii) Now substituting f = —% in the fundamental law, we have:

cos(a -—(-%)) > cosacos(— —725) +sin & sin (— %)

:cos(a+§)=cosax0+sin ax(-1)

/4 !
COS(E-F a) =—Smao
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(iv) Replacing S with §+ a. the wdentity \.\\*g - ﬁ) =sm f gives:

X (x (=
cos(— —(- +aD = m(—-&-a]
2 \2 2

:cos(—a)=sh(§+a)

-

N E]
sn(:ﬂz):cosa

(v)  Replacing @ with —+ @, the identity () gives:

& X . . (=& W
cos :+a+/3 =cos| - +a \‘\\\‘b—.\‘l‘lL:+u sm P

X 4 . - [ X )

4 cos(; +(a+ ﬁ)) = cm(: - a)g\\%p — s L; +u)sn s
sm(@+ f)=smacosf+oosasm f . (3
Now replacing by - £ in identity (3), we get:

s @ + (=£)) = sin @ cos(— ) + cos@ sy ~ )

sin( @ — B) =si @cos f ~cosasin S e e (D
Chock Poiat
Example: Prove that: Prove that:
ana +tn o 1) sm(—@) = - sma
an(a + f) = 2nabin g WF SERSEpE S
I-tanatn 8 ' () an(-a) = -~ tana
. sinf@ + 8) G l:\}\ﬁ
Solution: tm(a+/3‘)=—'-‘——i () tange - £ = L+ ung an B
cos(a + f) rana an

sin @ cos f +cosasm S
cos@cos f —sm asn f
Dividing numerator and denonunator by cosa cos f, we pet:

s @ cos f +cosasn f sin @ cos § L Sosa sm g
cosacos ff _cosacos i cosacos
cos@cos i —smasn f cosaeos 1 smasm g
cosacos f cosaeos cosaeos g
E‘ll‘l_(l + sm ﬂ_ Ney Fach
_cosa@ cosf  wn@+tanf The wentines of tangent ratio
- - smaxsnf | -mnatn g are true for all values of @ and &
cosa xcos fi for which coser = Oand cos & = 0,
tan @ + tan 4 and for which (@ + £) or tan(e - )
by <y e are defined. K

~
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8.3 Trigonometric Ratios of Allied Angles
The angles connected with basic angles of measure @ by a right angle or its multiple, are
called allied angles.

3
If @is a basic angle, then angles of measure % t0,rt+ 8,—2£ +0,27 £ 0 etc. are called

allied angles.
The following trigonometric ratios can be derived easily with the help of fundamental
theorem of trigonometry and its deductions.

I @)=+smn @
sh(£—0)=c030 sin(£+9)=cose & Al
2 2
’ +0)=-cosf
cos(%—0)=sin 6 cos(%+0)=-sin [ cos( )
: tan(7t0) =
tan(£—9)=cot9 tan(%ﬂ?):—cote BERG) =ggtnle
sin(i;—r-i9)=—cosa cos(%ié’):isina (3;10) Fcotd
sin( 27 £ @) =+sin 8 cos(2r £ @) =cosd tan(27r @) ==xtand
ey Facts ‘
(1) A trigonometric ratio changes to its co-ratio when allied angle contains f
an odd multiple of right angle. For example sine ratio changes to !
cosine ratio and vice versa.
(1) A trigonometric ratio does not change when allied angle contains an
|

even multiple of right angle.

(iii)  The sign of ratio will change according the position of terminal arm of
angle in the quadrant.

(iv)  The above results are also valid for the reciprocals of ratios of sine, cosine |
and tangent. ‘!

Example:  Use (60° —45°) = 15° to find the exact value of:
(i) cos15° (ii) sin15°  (iii) tan15°
Solution: Letting o =60°and S =45, we have:
(i) cos(a—f)=cosacosf+smasn f
cos15° = cos(60° —45°) = cos 60° cos45° + sin 60° sin 45°
cos15° =0.5x0.707 + 0.866x0.707

cos15° =0.3535+0.6123=0.966
(if) sin(a — ) =sin acos f—cosasin S
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sin 15 =sin( 60" —45°) =sin 60° cos45° - cos60° sin 45°
sin 15° =0.866x0.707 -0.5x0.707
sin 15° =0.6123-0.3535=0.259

sin 15°  0.259

(iii) tanl$° = = =(0.268
cosl5®  0.966

: . ) :
Fxample: Given that 4 and B are second-quadrant angles. If sin 4= £ and sin B = % , find

cos(A + B). In which quadrant does the terminal arm of angle (4 + B) lie?

Solution: We use the identity cos® @ =1-sin’ @ to find cos Aand cos B.

cos’ A=1-sin’ A
cos’A:l-(l) LI
5 25 25

24 .
cosA= —-—5— (Terminal arm of angle is in QIL.)

Similarly, cos® B=1-sin’ B ’ , Check Poue
) 1Y | 8 Find the exact value
cos’B=1-|-| =1--=2
9 9 of tan y, when
! oy 1
COSB=—§ (Terminal arm of angle is in QII.) * tan(y—45 )=§-
Now cos(A + B) = cos Acos B —sin Asin B
cos(A+B) = ——@ X —ﬁ - l)x(l)
5 3 5) \3
cos(A+B)=__'192__]_=&
15 15 15

As the value of (4 + B) is positive, therefore terminal arm of angle lies in fourth quadrant.
Fxample: If @, B,y are interior angles of a triangle, then prove that:

cot Bcoty +cotacoty +cotacot f=1 I Cheek Point

Solution: Giventhat a+ f+y =180° Find the exact value of

a+pB=180"-y (i) cos105° (ii) cos (%—%)
cot(a + ) =cot(180° — )
1 1 _ o
ot ) an180°7) tan(@ + ) = tan(180° - »)
=M=—my = tana+tanf=-tany(l-tanatan f)

| -tana tan 3
=tanq+tan f=-tany+tanqtanfany = tana+tanf+tany = tanatan ftan y
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Dividing both sides by tanatan Stany.
tan @ . tan S N tan y _tanatan ftany
tangtan ftany tanatanfStany tanegtanftany tanatan ftany

cot Scot y +cotacoty +cotacot f=1

8.4 Expressing asin@ + bcos& in the torm rsin(@+@)

Let P(a, b) be a point in the coordinate plane and
let @ be the angle that OP makes with x-axis as shown in

the figure. f
If we let a =rcos¢ and b =rsing, then e
asin@ + bcosf =rcos@sin@ + rsingd cos & P(a, b)

=r(cos@sind +singcos )

=rsin(8 + ¢) . ,
Where 7 =+va” +b” and ¢ = tan"(é).

a
o r

For more illustration, let us solve following example. 0 a \'-asz.
Example:

Express 12sin@ + 5cos @ in the form of r sin(8 + ¢).
Solution: If we compare 12sin @ + 5cos @ with rcos@sin@ + rsin ¢ cos @, then:

a=12=rcos¢ and b=5=rsing
So, r=va’ +b* =J(12F +(5) =169 =13

. 12 . 12 . 12 5
Now 12sin@ + 5cosé = 13 Exsm 0+Bxcos0 =13| sin 0><B+cos0x—

13
= r(sin @xcosg+cos@xsi @)= rsin 6+¢)
b

Where » =13 and ¢ = tan"(—) = tan"(i)_
a 12

I Check Point

"J Express cos@ + sin@ in the form of rsin(@ + ¢).




https://fbisesolvedpastpapers.com

1. Find the values of cos(a + f). sin( @ £ f) and tan(@ + 8) for each given pair of ang)

() @ = 180°% p“'(\0° (i) @ =60°, B =9 i) @ =130°, §=30°
er BT N ol ox . 9% , 3z
(iv) a=x, fi= 3 v a= 3.,3_; (i) a_-‘_ﬂ_.z

2. a. Find the exact value of ¢os13° by using cos (43° = 30°).
b. Use the value of cos13° found in 8 10 find cos163° by using cos (180% = 13%),
¢. Use the value of ¢os13° found in a to find cos343° by using cos (300% = 13%),
d. Use cos .4 = sin (90° = 4) to find the exact value of sin735° and then find tan 753,
3. a. Find the exact value of cos120° by using cos(180° =00 and cas(90° = 307),
b. Find the exact value of sinl120%and then tanl 20",
¢. Find the exact value of ¢os73° by using cos(120° = 43°9),
d. Use the value of cos75° found in ¢ 1o find cos105° by using cos( 1807 = 739,
¢. Use the value of cos73° found in ¢ to.find cos285° by using cas(300° = 73%),
f. Find the exact value of sin 13°.
4. Rewrite as a single expression.

(i)  cos6dcosIF-smn ofsm 3 ). cos70cas 20+ sin 70sin 20
i cin € )cos[ ¢ O () e e ] R b s
(iii) sin| — [cos Py +cos(: sng (V) sin 138 cosde® —oos138" sin 46°
- / _‘

iz 2=

tan 75° —an 45" ‘ -+

(") |+ ml] 7*\\ l‘ll‘.‘i\\ (\'l) = 4_ ;—

S I-tan _-tan =~

3 3

. 4 5 i
5. For sma = re tan f = - — With terminal side of in QIL. find cos(@ + BHandoosa — 5.

- .
6. For cosa = T with terminal side of in QIl and cot 8 :IT‘) with terminal side of tn QUL
find: (i) sm(a-p) (i) cos(a-p) (i) rn@-0)

a2

. . . - 4 -
7. Given @ and fare acute angles with sina = T and tan f=— find:
& Al

(i) sm(a+ /) (i) cosla+ f) (i) nn(@+ )
3 ; 2 ;
8. If sma = g.whcrc O<ax % and cos f = :—;‘\\'hcn‘ TS B< 2z find:

‘as

-~

(i) cse(a+p) (i) see(a+p) (ili) oot (a+m
find:

o | tws

. —_— |
9, Given a and /are obtuse angles with sm @ = ? and cos =~

(i) sn(at/p) (ii) cos(atp) (iii) nn(atp)



10. Verify:.

) sin(% -a)=cosa (i) cos(r-a)=-cosx

(iii) cos (a + = ) J_ (cosa —sin@) (iv) sin (,B + %)= i5—(cosﬂ +sin )

n]_tany—1 o~ tan(y+ﬂ) l+tany _cosy+siny

(v) tan|y—-—|=
) (7 4 ) tany+1 4 ) l-tany " cosy—siny

(vii) cos(x+ y)+cos(x—y)=2cosxcosy (viii) sin(x+ y)—sin(x—y)=2cosxsmy
11. Show that:

0 sin(180° + A)cos(270° + 1) 1 i) sin(90° + @) —cos(360° —a )+ cosa _
sin(180° —1)cos(270° — 1) sin(180° — @) +sin(270° —a )+ cos(90° + &)
sin(a + )

(iii) tana+tanf =
cosa cosf3

(iv) sin(a +fB)sin(a — ) =cos? g —cos?a =sina —sin? B

tan (x+y) tan’ x—tan’ y vi cos(@+f) 1-tanatang

cot(x—y) - 1-tan® xtan’ y cos(@—pf) l+tanatanf
. cota cotf +1 cos4d sin4d .
vii) cot(a—f )= i + =sin 50
v (2=5) cot S — cota . cscd  sech -

12. If a+ B+ y =180°, prove that:

(i) tana+tanf+tany =tanatan Stany (i) cot%+cot-§—+cot§=cot%cot—g-cotg

(iii) tang-tangﬂangtangmngtan ~+1=0

13. Express the following in the form of r sin(@ + ¢@).
(i) 12sin6- SCose (ii) 3sin@+ 4cosd (iii) sin@— cos@ ,
14. A telephone pole is braced by two wires that are both fastened to the ground at a point 3m

from the base of the pole. The shorter wire is fastened to the pole 3m above the ground

and the longer wire 7m above the ground.
a. What is the measure, in degrees, of the angle that the shorter wire makes with the ground?
b. Let @be the measure of the angle that the longer wire makes with the ground. Find sin&

and cos 6.
c. Find the cosine of the angle between the wires where they meet at the ground.

d. Find, to the nearest degree, the measure of the angle between the wires.



8.5 Double, Half and Triple Angle Identities

(i) Double Angle Identities
The double-angle identities for sine, cosine, 20d tangent canbe demed by pummg @ = &

in the following identities.

sn(a+f)=snacosf+cosasn f ... (1)

cos(a + f)=cosacosf-snasn f ....(2)
tana@ +tan f

I ma+ﬂ)=m ................ (3)

Putting # = @ in identity (1), we get: |
sm( @ +@)=Sn @cos@ +Cosasn @
sin( 2a)=2sn A \'/
=2smacosa .........(A) Justify your zmswer.
Now putting £ =& in identity (2), we gat: L <
cos(a +a@)=cosacosa—sn @sna
cos(2a)=cos’a-smn a .....(B)
Using relation cos” @ +sin* & =1, the identity (B) becomes:

cos(2a)=2cos’ a-1 .....(C)

Checll. Paa

Doss cos 29 =sin 90" —-&)T

cos(2a)=1-2sn’a ....(D).
Relations (C) and (D) also imply:

+ 2
cos’a=#f— = coscz=i\‘l cgs..a ....... (E)

_ —c0s?
sin2a=l—cﬂ = sma=1* i=ciseg (F)
2 2
Dividing identity (F) by (E), we have:

mn?a="0N ) (G)
1+cos2a

Again putting f = @ in identity (3), we get:
lana +lana i Chock Point

tan(a +a)=
I-tana tana 573 Use the double angle formula w
2tana \j/ find the exact value of sin120°.
tax(2a) = m ...... (H) |

(ii) Half Angle Identities

' g . I
Substituting @ = 5 in above identitics, we get the following relations.



(iii)
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From identity (A), we get:
. O, . (8 [ PR ([ [4
Sm(zxg)—%m(z)ws(z) = Sm(e)—ZSm(z)cos(z) ........ ()

Similarly, identities (B) to (D) imply:

—cos{ 2 )-sin?( 2 ) =2c0s?( 2 )-1=1-2s:n?[ &
cos(f) =cos (2) sin (2) 2¢0s (2) 1=1-2sin (2) ........ )

And from identity (H):

tan(2x—) =
2 l—tanz(g)

From identities (E) and (F), we have:

7] 1+cos@

— =% ]— ....... L
cos(zj 2 (L)
. (6 l1—-cos@

— =) ........
sm(z) 2 (M)

Now dividing identity (M) by (L), we have:

[ 1—cos@
tan| — =ﬂ:‘/ .......
(2) 1+cos@ LN,

These identities are useful in simplifying complex trigonometric expressions.

Triple Angle Identities

sin 3¢, cos3a and tan3a etc. are called triple angle identities. Let’s prove these
identities.
(a) sin(3a)=si( 2a+a) =sin (2a)cos & +cos(2a)sin &

= (2sin acos a)cosc;+ (1-2sin*@)sin  ....by(A) and (D).

=2sin acos’ a +sin @ —2sin’ @

=2sina(l-sin’@)+sna-2sin*a ... (v sin’a+cos’a=1)

=2sin @ —2sin’ @ +sin & —2sin”’ &

sin(3a) = 3sin@—4sin’a



https://fbisesolvedpastpapers.com
B/

(b) cos(3ax) = cos2a +a) = cos(2(z)cosa ~$in (2a)sin a
=(2cos’ a—1)cosa —(2sin acosa)sin @ ....by(A) and (C).
=2cos’ @ —cosa - 2sin’ acosa
=2cos’ a—cosa —2(1-cos’ a)cosa ... (. sin’a+cos’a=1)
=2cos’ @ —cosa —2cosa +2¢os’ a
cos(3a)=4cos’ a-3cosa

(c) tan(3a)=tan( 2t + )

2tana
tan(2a) + tan |—tan? o
= = et 2':3‘1 .... by(H)
I-an(a)na | ( 2una )ma
|-tan“
2tana +tana(l-tan’ @)
"~ l-tan’g B 2tana +tana —tan’ &
" l-wn’a-2an‘a 1-3tan’ &
|—tan’ &
3tana —tan’ @
)= 1-3tan’ @

Example: Given sn @ = %, find the values of sin 2@, cos 26 and tan2 6.

Solution: First we find the value of cos@.

cos’@=1-sin*@ =>cos’0=l—('§) _l16
5 25
cosé’:3
5
Now (1) sin 28 =2sin Ocosl I Check Point
. 3 4 24 Find sm| — | when
5,
(i) cos20=1-2xsin’@ cosB=—§whcrc£<0<rz‘.
2 l 5 2 -
cosZO:‘l—Zx(g) =1_E=l
5 25 25



https://fbisesolvedpastpapers.com

i\

sin 260 2425 24

(iii) tan26= 7
cos20 AS 7

Example: Use the half-angle identities to find exact values for:  (a) si 15° (b) tanl5®

; | . [30° 1-c0s30° \/1'—0.866
Solution: 15° = - _
SRALAD (a) sm sm[ 5 ) J— > ;
e 13 =+0.067 =0.259
(b tanls" = tanf 30| - 1cos30® _ [1-0366
2 sin 30° 0.5

=QE£ =0.268
0.5

Example: For cosa =";—57 and @ in QIII, find values of sin (%) and cos (%)

Solution: When ﬂ<a<3—then£ £<3—” Thus, sin a)>0 and cos(£)<0.
2 2 4 2 2

Example: Express 4sin* x in terms of an expression containing only cosines to the power 1.

1—cos2x o
2

Solution: 4sin* Jc=4(sin2 x)Z =4(

— 2 )
_ 4[1 20032x4+cos (2x))=1_20082x+1+cos4x

_ 2-4cos2x+1+cos4x 3—4cos2x+cosdx
2 2

; Check Point
Example: Find the exact value of sin 22.5° xc0s22.5°. Verify

Solution: As sin(2a)=2sn acosa \'J (sin @ —cos@)’ =1-sin 26
sin( 2ax) I
2

. smacosa =
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Substituting the value of angle, we get:

sin 22.5° xc0s22.5° = L EE),

_sin(2x22.5°) sin 45°
2

=0.345

0
Example: Prove that:  tan (E) = i(

1-cos@
sin @
Solution: We know that:

tam(g)zi_\/l—cose =i\/(1-0050xl-c0s0)

2 I1+cos@ | (1+cos@)1-cosh)

___i\/(l—cose)z =i\/(l—cosc9)2 s 1-cos@
1-cos’ @ sn’é sin 6
sin fcos _
0.5cos26

Example: Prove that:

tan2 @

sm @cosf  2xsm Gcosl
0.5c0s280 2x0.5cos26
_sin 26

Solution: LHS =

=tan 26 =R.H.S

cos26

Exercise 8.2 Tensl 7 Ao s AN, SRR D b

1. Suppose P (=3, 4) lies on the terminal side of & when @ is plotted in standard position.
Find cos26 and smn 26 and determine the quadrant in which the terminal side of the angle
20 lies when it is plotted in standard position.

2. If sma =y and « lies in QII. Find expressions for sin 2, cos2a and tan2 & in terms of y.

3. Use a half angle formula to find the exact value of cos15°.

.0
4. Find (a) sin 28 (b) cos28 (c) tan28 (d) SmE (e) cos% M tang when:
. 3 4 " 12 RV 4
(i) coso9=3- where 0<0<? (i1) tan0=? where 7<6< -~
(iii) sm 0=-2—75 where 37”<9<27r (iv) secO=+5 where 37”<0<27r

(v) cscd=4 where %<0<7z (vi) cot0=-% where =<@<x
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5. Find exact valuci‘s for sin 6, cos@and tan & using the information given.
(1) sn280= 35’ 20 in QII (i) cos20= —%, 20 in QIII

(iii) sh20=—%,29ianII (iv) cos29=%, 20in QIV

6. Use a double-angle identity to find exact values for the following expressions.

(i) sin15°cosl5® (i) cos’15°—sin?15°  (iii) 1—2sm2(%)

2 tan|
12
(iv) 2cos’ 12 -1 () ——*=
1 - tan> 5)
12
7. Rewrite in terms of an expression containing only cosines to the power 1.
(i) sin’acos’a (ii) sin‘acos’a (iii) sih®acos’a
8. Verify the following identities. '
1 1

i sin @+ cos@)’ =1+sin 26 i tan 2x = =
® ( ) (i) * l-tanx I+tanx
6 sm@ tan @ + cotx
tan — = 1 2 =
(iii) 2 =1+ c0s0 (iv) csc2a =
(v)  8sin*@=3+cos48—4cos20 (vi) sin46=4smn Ocos’ @—4sin’ Hcosb
(vii) sin 26 =2cot&sin’8H (viii) cos’2x+4sin’xcos*x=1
(ix) cos40=8cos'O—-8cos?@+1 . (x)  sec2x=——nX , SOX
COsX+sinx COSX—sin X
(xi) cos’x—sin*x=cos2x (xii) tan-éi+cot§ =2csc B
: ' . . cos3x—sin3x _2+sin2x
(xiii) csc2a—cot2a =tan (xiv) - =
cOosx—sin x 2
& Sll.'l 3a _cosda _ ’ (xvi) 1-cos’ 8 o 2 B
sha  cosa 2—- 2cos,6 2
.
sin @ 6 L Tt
(xvii) l e tan 3 (xviii) —— =cosx
+cos L+ tan® 5

(xix) sn.1 2a _cos 2a — (xx) 2sin
sma cosa -
1 1

i 2cosysec2y= -
o) yseesy= oosy siny Cosy+sin y

. 1 1
(xxii) 2sin ysec2y = —_— -
cosy—smy cosy+sny

=+cosf=1

o
o ‘
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‘8.6 Sum, Difference and Product of Sines and Cosines
'8.6.1 Expressing the Product of Sines and Cosines as Sums or Differences

We have proved the following identities:
sin(a + ) =sn acos f+cosasmn S
sn(a — ) =sn acos f—cosasn f
cos(a+ ) =cosacos f—sn asin S

cos(a— ) =cosacos f+sm asin 3

1)
)
()
(4)

Addition of identities (1) and (2), and (3) and (4) gives:

sin( @ + B)+ sin( @ — f)=2sm e cos [

cos(a+ )+ cos(a— f)=2cosacos
Subtracting (2) from (1), we get:

s & + B)— s @ — f)=2cosasn
Now, subtracting (4) from (3), we get:

cos(a + ff)—cos(a— f)=-2sn asn
Identities (5) to (8) can be re-written as:

. 2sin acos f=si( a+ )+ sn(a— L) '

" 2cosasin B=sin( -+ fB)—sin(a—B)

2cosacos f=cos(a +f)+cos(a-f) |
‘—2sm asin S =cos(a+f)—cos(a—- f) ‘

©)
(6)

(7)
(8)

The identities (A) to (D) are known as product to sum formulae.
Example: Express the product 2cos668sin 3¢ as a sum or difference of sine and cosine.

Solution: Using the identity (B), we can write:

Check Point

2cos6@sin 36 = sin (66 +36) —sin (66 —36) |
=sm(96) —sm (36)

Simplify sin 40° cos20° +cos40° sin 20°

after converting into sum or difference l

LR

Pyt

Example:

Express sin 60° cos30° as a sum
or difference of sine and cosine
and simplify.

of sine and cosine.

Solution: sin 40° c0s20°+ cos40° sin 20° = %(2 sin 40° c0s 20° ) + %(2cos40° sin 20°)

=%{sin (40° +20°)+ sin (40° - 20° )}+—;-{sin (40° +20°)-sin (40° —20°)}

=~ in 60° +5in 20°}+ fin 60°-sin 20°}=%{9in 60° +sin 20° +sin 60° —sin 20°
V3

2

]

=~ {2sin 60°}
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8.6.2 Expressing the Sums or Differences of Sines and Cosines as Product

' + -qg 2

Substituting values of @ and finto identities (5) 10 (8 ) of section we get

sin p+shq=25’n(P;q)oos(p;q) sin p—sing=2c0s (”j")@(’;"
- \

-

¥ 4

2 A M =

, _ I 4
oosp+oosq=2cos(p—;q)oos(£—q) cos p—c0sg =—2sm p;q QT"p,qJ

Above identities are known as sum to product formulae.

Example: Express cos45°- cos13” as product.

b

45°-15°

. b =0 -0 - -45\.\-:153 - ‘,
Solution: cos45°— cosl3” =—anL 5 is.nl
2. 4)/J\ 2
=-2sm 30°sm 13°
Sm x-+sm v x=v ’ )
Example: Show that ——————— =tan—— - - Chieck Puim
cosx—=sm y 2 l Provide two different methods of
. X+¥y_ _x—¥% EBA calculzung c0s195° cosl05”, cae
: : 2sm —=—cos— V A veeac
Soluti S X +sm v 2 2 £/4 of which uses the product o sem.
olution: — = : . S
cosx+siny .,  X*¥ __X—¥ Which method s easier?
< 2C08——0S——— .
2 2
x=+v
=tan——
5

Example: Show that: cOs 6 + cos Sa + cos 3a + cos 2a = 4ocosl 4 Joos(] Sa keos05a)
Solution: cos6a +cosSa +cos3a +cos2a = (cosba +cos 2a )+ (cosSa = cos3a)
6a +2a -2a Sa+3a  Sa-3a

=2cos cos =2cos oos
2 2 2 2D

-—

=2cos4acos2a + 2cosdacosa = 2cosdafcos2a +cosa)
Yy 4 Yoy
=2cos4a x2cos -a:a cos ..aj 2 = 4cos(4a Jeos(l 3a Joos{0.3a)
. 0 _: 3N ° > l Jg l -
Example: Show that: sin70°sin30°cos20 cos10° =zcosl()" fﬁ-—gsm-ﬂf

Solution: sin70°sin30° cos20 cos10’
=%(sin70°cos20“ cosl0®) ... (sinBO‘ = —]
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=

) % (28in70"c0s20")cos10°
- .}[sin(m" +20%) +sin(70° - 20°)Jcos 10°
‘ \ o ' i\ \] l i H 0
- 1[sm't)( + 8in30" Jcos 10 =4~[I+sm$( Jeos10°

1 . .
= —cosl0" + lsmS()“cm;I()" - lcosl()“ +lx 2sin50°cos10°
4 4 4 8

| 1

Z cos10 + \[\m(ﬁ()“ +10%) +sin(50° -10%)]

1

= —=cosl0" + I[sth +5in40°] = lmle“ g £+sin40"
4 8 4 8l 2

= l cosl0® + ﬁ + l sind()
+ 16 8
. Exercise 8.3
1. Use the product-to-sum formula to change the following to sum or difference.
(1) 4sin16xcoslOx (i)~ 10coslOycos6y  (iii) 2cos5¢sin 3x
(Iv)  6cosSxsinl0x (v)  sin(—u)sin Su (vi) —2sin(-100°)sin(—20°)
(vil)  c0s23°sin17° (vii)) 2c0s56°sin48"  (ix) 2sin75°sin15°
L u+V  u-v . 2u+2v ., 2u-2v
(x) 4sin > cos 2 (xi) 2cos 5 sin 5
2. Rewrite the sum or difference as a product of two functions.
(1) sm70°+smn30° (i)  sin76° —sin14° (iii) cos58° +cosl2°
(iv) cos—— p 4 cos p2 g (v)  sin(~10%)+ sin(-20°)
3. Prove the following identities.
0 cos@+f) I-tanatanf (if) 6cos8usin2u _=3sinl0u -
cos(@—-f) l+tanatanpf sin(-6u) sin6u

(iii)  4cosdv sin3v = 2(sin7v-sin v) (iv) sin360+sin@ =4cos’8 sinf
(v)  cos3x+cosx = 2cosa{cos2x) (vi) 2tanycos3y = secy(sindy -sin2y)

sin 6/ +sin 4/ .... cot30+cotd
=tan5/ cot vill) — ———— = 20
sin 6/ —-sin4/ anpcolf (viti) cot30 -cotd ~cos20cotd

(vii)
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6x +cos8x -

(ix) C(_)S - c'os =cotxcos7xsec5x (x) SO c,054a =tana

sin 6x —sin 4x sin 2¢ + sin 4a
(xi) 2cos2ucosu +sin2usinu = 2cos’u (xii) 2sin2ysin3y=cosy—cosSy

+ .

(xiii) e R cot2xcot8x

cos6x—cosl0x
Prove that.

(i) co0s80°cos60° cos40° cos20° =% (ij)  sin70°sin50°sin30°sin10° =%
i) s sin 2 sin el
979 9 9 16

I have Learnt

Using distance formula to establish fundamental law of trigonometry:
o cos(@—f)=cosacosf +smasinf, and deduce that .

o cos(@+f)=cosacosff—sinasnf o sin(a*pf)=snacosftcosasnp,

t -
o tanfatf)=—ReEtS
lFtana tan g4
Defining allied angles and using fundamental law and its deductions to derive
trigonometric ratios of allied angles.
Expressing asin@ + bcos6 in the form #smn(8 + @) where a =rcosg and b=rsing.
Deriving double angle, half angle and triple angle identities from fundamental law and its

deductions. : A
Expressing the product (of sines and cosines) as sums or differences (of sines and cosines).

Expressing the sums or differences (of sines and cosines) as products (of sines and cosines).

- S T
1. Select the correct option in the following.
(i) sin(45°-30°)=...
V6-+2 J6+42 V642 V3-42
() ——— b) ——— (©) (d)
4 4 2 2
. T
tan| —+— [=...

(i1) (6 + 0 )

J3-1 J3+1 3+l 3 +1
__ b C d
@ 55 ©®5F5 9 5o 9 THEG
(iii) sin22.5° c0s22.5° +¢€0s22.5°sin22.5° =...

-1 1 1 -1
ad — e d —
P V3 ®) V3 © 7 @ J2
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(iv) cos(r—0)=...

(@) scco (b) tcose (¢) cose? (h conf?

(V) lm\(%+())=....

(@) cot (b) —coe (©) tan¢) («h) S une

(vi) 2smacosa =...

(@ sin(7r-2a) (b) sin(z+2) (¢)  sin(-2a) («h sin 2(r -~ )
sin 2a cosa

(vii) — ——=..
COS @ —cosasimn’ @

(a) csca (b) -seca (¢) tanlda () tan 2er
. 3
(viii) If sing =5 then cos2f =...
- 7 ] 7
() — (b) 3 (c) Y () 25
(ix) cos*3x—sin’3x=...
(a) sin6x (b) cosbx (¢) ~$in O () COs0OY
(x) (sin.\'—cos.\')2 =...
(a) 1+sin2x (b) 1-cos2x (c) | —sin2x (d) 1+ cossin2x
(xi) cos (60“ -30° );t
(@) cos30° (b) sec 30° () \/l———s—inj.;(i‘-’ (d) cos 60" —cos 30"
if) 128X
sin x

(a) tan(%) (b) col(%) (¢) —lun(—'é) (d) - col(-’é)

: ; 3 4 5 . . .
2. Given that sind = s sin¢g = — where 0 is obtuse and ¢ is acute. Find the values of:

(i) sin(@-¢) (ii) tan(¢ - ¢) (iii) tan(0 +¢)
3. Express the following as single trigonometric ratios.
l

w ¥4 " . 1
(i) —=(sing +cos (i) —=sin 75° + —=cos75°
75 ¢ +cosf) 72 73
4.  Find the values of:
. l+tan]5°
(1)

m (i1) c0s70° cos20° —sin 70° sin 20°



10.

Show that: (i)
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Find the values of tan@ when tan(9—45°)= %
. . 2—tané
(i) If sin(a +0)=2cos(a—0) prove that tana = ——.
1-2tané
(i) If sin(a —8)=coga +8) prove that tana =1.
in> .. in 108 — si
4sin- 6@ cos@ — tan20tané - (ii) Sl‘n ) s.m4¢9
cos36 + cos@ sin 46 +sin 26

(iii) If sin(e —@)=cos(a +@) prove that tana =1.

Prove that: (i) \/

(i1)

cos(90° + x)sec(—x)tan(180° —x) ;
sec(360° — x)sin(180° + x)cot(90° — x)

2

cos’(7 - .1')c0{§7£ + x)

tanz( M ]sin (7 +x)sin(27 - x)

=COsx

( 1 -tan®xcos(-x)cos(360° - x )) tan45°

Simpli
implify \gsin90°—sin(180°+.\‘)}{sin90°—cos(90“—x)}

= cos78secl

Prove that: (i) sin(16x) =16 sin(x) cos(x) cos(2x) cos(4x) cos(&r)

(i1)

(ii

i)

I+cos28 _ 2cosf
sin26 —cos@ 2sinf -1
cos30—cos®  2tan’®  —2tan’

cos30+cosd tan‘0-1  sec’0—2tan’0
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! A Ferris wheel is 60 ft. in LU T ey

After studying this unit, students will be able to:

Find the domain and range of the tigonametne functions,

Discuss even and odd functions, and the peniadicity of tngonametric tanctions,

Find the maximum and minimum value of a given function of the type:

a + bsind,

a + bcosS,

a + bsin (8 +d).

a + bcos(cd+d),

The reciprocal of above, where @, b, cand d are real numbers.

Graph and analyze the tngonometnic functions sing, cosing, and tangent to solve problems.

Explain the properties of graphs of sin8, cost and tant.

Apply the concepts of trigonometric functions, identities, graphs, periodicity, even, odd

functions, and extreme values to real-world problems such as (distance, elevation, and

direction of tall structures, navigation and mapping, lengths of irvegular shapes, graphs to

visualize and predict patterns in data, frequency and peniodic length of Fernis wheel, forces

on a see-saw or lever, the ideal angle for solar panel placement)

diameter. It makes one ... _
revolution every 100 seconds. _':QQ._..a

Yasir climbup 6 feetof stairsto =%+~~~ T
get on the wheel at its lowest e

point. Model the height of a :
rider as a sinusoidal function ... < W B e
and graph 1 revolution. G \}#!n, Pt ¥on

Y
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—

A
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R) 28 0 78 100
e TYMIE (1 S00MMN)

— — e - - — e ———— —— -

e s




https://fbisesolvedpastpapers.com

-y E -_— u -y

—— ! et
r.—-— - - - ~ ——
a0 Donmenm amd! Range of Trignnomuetric Functions
The domain of a function f{x) is the set of all possible values of ‘x’ such that function f{(x) is
defined. The range of a function f{x) is the set of all possible values the function f(x) can take,
when *x’ is any number from the domain of the function.
y-axis =
Let ‘0’ be any real number. Construct the angle A
whose measure is 8 radian, with vertex at the origin P(x,y)
of a rectangular coordinate system. Let the initial r
line of the angle ‘@° be along x-axis. Let P (x, y) be 0 y
- . . )
7 point on the terminal side OA of th le. ;
any po side of the angle o X m "
LetOP =1 N
Then from r.a.t OMP: | * [a b]is called closed i
) _ . N interval of numbers froma |
Q) Sin == O to b and |
g A [a, bJ=a<x<bh. !
Forany '§° -r<y<r + (a b) is open interval !
B (a,b)=a<x<b. 1
-1<Sinf<1 , 4

Domain of Sin 8 =R or (—, ) and range of Sin 8 =[—1, 1]
(i) Again, from r.a.t OMP:
Cos 6 =§
For any "6’ ain T3
-1<3<1
r
—1<Cosf <1
Domain of Cos 8 =R or (—, o) and range of Cos 6 =[—1,1]

(iii) Since Tan @ is defined for any real number ‘6" which is not an odd multiple of %
For any such value of ‘@', the ratio % can be any real number.
Domain of Tan 8 =R — {(2n +1)§,ne2}
Range of Tan 8 =R
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(iv) Cot @ is defined for any real number ‘@’ which is not an even multiple of g
For any such value of ‘@', the ratio § can be any real number.

Domain of Cot 6 =R — {nm, n € Z}
Range of Cot 6 =R

(v)  Sec 6 is defined for any real number ‘6° which is not an odd multiple of 12‘.

For any such value of ‘8°, we have:

1
4
2

21=>|£|21 => |Sech| =1

Domain of Sec 8 =R — {(2n +1)-’25, neZzj
Range of Sec 6 =R — (-1,1)
(vi)  Cosec @ is defined for any real nuntber ‘6° which is not an even multiple of g

For any such value of ‘6°, we have:

—1<2<1 e P st

1

Y
,

>1 = |£|21 = |CosecO]| =1

Domain of Cosec 8§ =R — {nm,n e Z}
Range of Cosec 8 =R — (—=1,1)
The maximum (i.e., greatest) value of Sin 8 and Cos 6 is 1 and minimum (i.€., least) value is —1.
(i) |Sin@| <1;ie,—-1<Sinf<1;ie,Sin%0 <1.

(i) |CosB] <1;ie,—-1<Cos@ <1;i.e., Cos?8 <1.

JdIRNT2

Tan 6 and Cot @ can take any real number value.

) . vl 11
RCIHIAINh-141

Sec 8 and Cosec 6 cannot take value in the interval (-1, 1).
|Sec 8| = 1,i.e.,Sec?8 > 1

|Cosec 8] = 1,i.e.,Cosec?8 > 1
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Fxample:

Find domain and range of the following:

(i) y=4Sin3x

_ 1
(i) y= 1+2Sin6

solution: (1)

(i) y=

(iv) y=

We are given

y=4Sin3x......... (1)

Since (i) is defined for all real values of ‘x’. Then, domain of y = Dy= (—0, @) or R.

Similarly, to find the range of (i). Let,

=

Form (1)

As, range of Sine functionis —1 < Sin 6 < 1.

So,

and

Form (ii)

(ii)

Since (i) is defined for all real values of ‘x’ except

3x=20
y:4SlnB .........

-1<Sinf <1
—4<4Sinf <4
—4<4Sin3x <4

—4 <y <4, thus

Range of y = Ry=[—4, 4].

We are given

---------

1

2Cosx -1

1

2-Sin3x

{x:xeRandx#:(zmt+§)Ax¢(2nn+5?"),neZ}.

L ve e SR L A G ————.
Trig. Functions 1 Domain Range

y = Sin x R = (-, ) -1<y<l

y = Cos x R = (—o0, ) -1<y<l

y=Tanx |{X:X€Randx# (2n+ 1)%, n an integer} R = (-, )

y =Cotx |{x:xeRandx# nm, nan integer} R = (—0, )

b/ .

y=Secx |{x:xeRandx#(2n+1)7,naninteger} |1<yandy<-I
y = Cosec x |{X:XxeRand x# nm, nan integer} 1<yandy< —I
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Therefore, domain of y=Dy=R —={x:x ¢ R and x + (2n1r + -'35) Ax # (2nm + 5?") ,neZ}.
Now, we find the range of (i), since, range of cosine function is [-1, 1].
We have -1<Cosx<1

—2<2Cosx <2

-2=1<2Cosx-1<2-1

—-3<2Cosx—1<1

We get 15 TCosx —1 < :31-
From (ii) Isys _Tl
y< —Tl and1 <y
Thus, Range of y = Ry= (—o0, —-;] U [1, +c0)
(ii1) We are given
y = . (iii)

Since (i) is defined for all real values of ‘x’ except

{x:xeRandx # (2mt+7?")Ax#: (2n1r+1—21),neZ}
Therefore, domain ofy=Dy=R —{x:x e Rand x # (2mr+7?")/\x 3 (2nn+uT") ,neZ}.

Now, we find the range of (i), since, range of sine function is [-1, 1].
Similarly, —1<Sinx<1

—2<2Sinx<?2
—2+1<2Sinx+1<2+1
—-1<2Sinx+1<3

1 1
We get < -
g 37 2S8inx+1" 1
1
From (ii1) 3 Sys-l1
1
3 <yandy < -1
Therefore,

Range of y = Ry= (=00, -=1] U [;1, +00)
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(iv) We are given :
y= S oStrax Sttt (iv)
To find the domain of (i), we can see that 2 — Sin3x should not be equal to “07, i.e.,
2—-Sin3x#0
Sin3x # 2

Which is understood because —1 < Sin 3x < 1, so (i) is defined for all real values of ‘x’.
Domain of y = Dy= (—o0, o) or R.

Hence,
Now, we find the range of (i), since, range of sine function is [-1, 1].
We have —-1<Sin3x<1
—(-1) =2 -Sin3x > -1
1>-Sin3x>-1
24122-Sin3x>22-1
322-Sin3x>1
From (iv) 1 < —1— <1
37 2-Sin3x ~
Therefore, Range of y =Ry= [;1, 1]
92 Perrodicity of Tregonometrie- Hanorions,

We often encounter periodic phenomenon in the nature, technology, and human society. Recall
the 24-hour day-night cycle, or tidal cycles caused by the moon revolving around the earth.

A periodic function is a function whose value repeats after a specific time interval. A periodic
function is represented as :

fx +p) = f(x)
Where “P” is the period of the function. For example, Sine wave, triangular wave, square wave,
and saw tooth wave are periodic in nature.

Sine wave Square wave

Rectangular wave Saw tooth wave

All trigonometric functions repeat itself at regular intervals, or periods. The values of trigonometric
functions for ‘@’ and ‘2nm + 6°, where 6 € R and n € Z, are same. This periodic behavior of

trigonometric functions is called periodicity.

’ f(X) > Periodic < P> 0 s f(P+x)=f(.t)
|/ “p > Period of the function
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g.3.1  Periodivity of Nine Fanetion
Suppose “P” is the period of Sine function, then:

Sin (0@ +p) =sinf......... (1) whereGeR. Key Facts

. _ . Period of a trigonometric
Now putting § = 0, we have: 5'.3.']! function is the s%nal]est +ve
Sin(0+p) =sin0 i «Q\;lji integer which when added to
. the original circular measure
=  Sinp=0 - of the angle, gives the same

= p=Sin"1(0) =0, + m,+ 2w, +3m,.. | valueofthe function.

O A— : : J
Case 1 Putp=min (i) ,Sin (8 + m) = sin 6, which is not true.

+ Sin(mr +6) = —-Siné
~ m is not the period of Sin 6.
Put p =2m in (i)
Sin (@ + 2n) = Sind........... (11)
From (ii) L.H.S=Sin (2w + 0) = Sin (4 g 4+ 6)=Sin6 =R.H.S

Since terminal side of angle is in first quadrant, and ‘27’ is the smallest +ve real number

for which: Sin (6 + 2m) = Sin 6. - < Key Facts
- 21 is the period of Sin 6. Wy Cosine is the periodic |
>3 function and its period is |
BN
ST, o, em |
Y.2.2 PeiHolieity of TAangeit ahvion cos (0 + 2m) =cos 0
- .

Suppose “p” is the period of Tangent function, then:
tan (6 +p) = tanf......... (1) where 8 € R.
Now putting § = 0 in (i), we have:
tan(0 +p) = tan0
=> tanp =0

= p =tan~*(0) =0, =, 2m, 37, ...
Putp=min (i)
Tan (6 +m) =Tané......... (ii)
From (ii): LH.S =Tan (m +6) = Tan (2 ~+6)= Tan® =R.H.S
Since terminal side of an angle is in third quadrant, and ‘r’ is the least +ve real number

for which:
Tan (0 + m) = Tan@
+. m is the period of Tan 6.
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— Kew Facts

E.§¢Eﬂ Cotangent is the periodic function and
its period is .

I cot (0 +m)=cotl

If *“P” is the period of a periodic function f(x), then — is also a periodic function and

1
J(x)
will have the same period “P” as f(x).

Thus, y = cosecO is a periodic function and its period is 2 because sinf =

cosecd’

Similarly, y= scc@ is a periodic function and its period is 2w because cos =

sec@’
If“P"is the pcriod of the periodic function f(x), then f(ax + b), a > 0 is also a periodic function

with a pcrlod

lal’

Trigonometric Functions | Period | Trigonometric Function Period
f(x) =sinx 2m Jix)=sinax or f(x)=Sin (ax + b) -Iza—ni
. ) 2
f(x) =cos x 2n Jx) =casax or f(x) =cas (ax + b) Tal
= =
f(x) = tan x T J(x)=tanax or f(x) =tan(ax + b) Tal
T
f(x) =cotx T f(x) =cotax or f(x)=cot(ax+ b) m
o, 2m
f(x) = cecx 2w | f=seeax or f(x)=sec(ax+b) | i
, 2m
f(x) = cosec x 2m | fix) =cosecax or f(x) =cosec (ax + b) Tl
Example:
Find the periods of:
()  f(x) = sin3x (i)  fGx) =cosZ (i) f()=tanZ

Solution:

(i) We know that period of sine function is 2, i. e., period of sin x = 2w
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. A\l N 2" "
Period of sin(ax + b) = al where a = 3
(

Wuy Hacls

‘ | | ) an
= Period of sin 3x = an e Periodicity of con"(x) = —~aly
o 3 |y | .
A A | Porlodicity of Cos x in' |
" . . . s 4 b (011" IW OVED
(1)  We know that period of cos x = 2 2 ( ) ,
) P ! i Y "y o
. . 2n e Poriodicity of cos"(x)
Period of cos (ax + b) ==, wherca = = ) E
lal § Perlodicity of cos x ,
PAY 5 | N i'ni ;
= Period of cos = = —r 2m.> = 5m, | 2m (if*n"is odd) ’_
5 - Similarly, for Sine function, T
| |
Hence, 57 is period of cos =, e Periodicity of tan"(x) ‘
0

Perlodicity of tan x ;

Check: Sinee *Smis period of cos 7. (no matter ‘n’ is even or odd), |

"-COS(Z—:-{-SH)“tcosé(x+2n) | . A -

—

: CEan : .2
This clearly shows that *5m” is period of cos ==
]

(1)  We know that the pcriml of Tangent is 1, i.c., Period of tan x 1.

Period of tan (ax + b) = — , where a = ;’
. . 5x n 7 VAL
=5 Periodoftan —=¢=m.-= —
7 - 5 5
7
7 . . 5 Sx
Hence, s period of tan -

Note: If “p” is the period of the periodic function f(x) thena f(x) + b, a > 0, is also a periodic
function with a period of “p”,

Trigonometric Functions Period | Trigonometric Function Period W
f(x) =asinx+b 2m f(x) =acosecx+b 21
f(x)=acosx+b 2n f(x)=asecx+b-w_ 2
f(x)=atanx+b 4 f(x)=acotx+b n

: . |2
Ioxample:  Find the period of f(x) = cot 3x + sin -f
Solution:

Period of f(x) = cot 3x Pcnod of f (x) = sin » l
Since, period of cotx = Since, period of sin x = 2
Period of cot (ax + b) = 1 where a =3 Period of sin (ax + b) = —" where a = §
Thus, the period 9“01 3x = g Thus, the period ofsm —-= -,— =3
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Hence, Peri LEMof mand In an
eriod of f(x) = = — = 37T
f( ) H.C.Fof 3and 1 1

Hence, 37 is a period of cot 3x + sin sz

Exvample: Find the period of f(x) = 7 sin (3x + 5).

Solution: f(x) = 7sin(3x +5)
Since, period of sin x = 2m
Period of sin (ax + b) = Tz(—ﬁ where a =3
Thus, the period of 7 sin 3x + 5) = ZT"
2.5 Wi sadl Pivdmoos Wialees of Tripmenomaatrie Bumotioms
(1) a+bsiné (i) a+bcosb
(i)  a+bsin (cO + d) (iv) a+bcos (cl +d)

The reciprocal of the above where a, b, ¢ and d are real numbers.
(i) a—+ bsin @
Maximum value (M) = a +|b| (1)

=a +|b| = whensinf =1
or a + b sin @ is maximum when b sin 6 is maximum and it is maximum when sin 6 is maximum.

As sin 8 is maximum when sin 8 = 1.

Minimum value (m) = a +|b| (—1)

=a —|b| = whensin0 = -1
or a + b sin @ is minimum when b Sin 6 is minimum and it is minimum when sin 6 is minimum.
We know that sin € is minimum when sin 6 = —1.
(i) a+bcosb

Maximum value (M) = a +|b| (1)

=a+|b| = whencos 8 =1
ora+ b cos 8 is maximum when b cos € is maximum and it is maximum when cos 6 is maximum.
As cos 6 is maximum when cos 6 = 1.

Minimum value (m) = a +|b| (—1)

=a—|b| = whencos 6 = -1
or a + b cos @ is minimum when b cos 8 is minimum and it is minimum when cos 8 is minimum.
As cos 6 is minimum when Cos 6 = —1.
(iii) a+ bsin(cO +d)

Maximum value (M) =a +|b| (1)

=a +|b| = whensin (c0 +d) =1
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ora + b sin (¢0 + d) is maximum when b Sin (¢@ 4 ) is maximum and it is maximum when

sin (c0 + d) is maximum, As sin (¢6 4 d) is maximum when sin (¢¢ -+ d) = 1,
Minimum value (m) = a <+|b| (= 1)
u‘—-lhl = when sin (¢0 4 d) = —1
ora + bsin (¢8 + d) is minimum when b sin (¢@ <+ d) is minimum and itis minimam when
sin (@ + d) is minimum. As Sin (¢ + d) is minimum when sin (¢€ + d) .
(iv)  a+Dbcos (¢ +d)
Maximum value (M)« 4|b] (1)

a +|b| = when Cos (¢0 + d) = 1

ora + b cos (¢ + d) is maximum when b cos (¢@ + d) is maximum and it is maximum when

Cos (¢0 + d)is maximum. As cos (¢@ + d) is maximum when cos (¢0 + d) = 1.
Minimum value (m) = a +|b| (—1)

<a —|b| = when cos (¢0 + d) = —1
ora + cos (¢ + d) is minimum when b cos (¢0 + d) is minimum and it is minimum when

cos (c6 + d) is minimum. As cos (¢80 + d) is minimum when cos (¢0 +d) = —1.
Example: Find the maximum and minimum values of'y 3 4 4 sin 0.

Solution: y=3+4sinf....... (1)
Since, y=a+bSinf.......... (11)

Comparing coeflicients of (i) and (ii):
a=3 and b+=4

Maximum value (M) Minimum value (m)
a+|b|=3+4=7 a—=|bl=3—-4- -1
M =7 me=-—|
I.xample: Find the maximum and minimum values of y -: - 5Cos 0.
Solution: y —% -58Sin@.......... (1)
Since, y=a+bCosé.......... (11)
Comparing coefficients of (i) and (ii):
a =% and b=-5
Maximum value (M) Minimum value (m)
1 1
a+|b| =3 +|-5| a—=|bl=2—]-5|
=0 5w 18 e e Er AT
=37 5 3 3T
1 -
i m- =t
Example: Find the maximum and minimum values of the following trigonometric functions.
(i) y=1+2sin0@ (ii)y=3+2cos (30 —2) (iii) y = :

143 8(n (20 -15)



\
A
Y

Nolwtloni () y =L duin 0000
yea b ban (i)
Compit ingg coefticients of (1) and (1);

i | h=2

Minxchmm vilue (M)
a bl =1 2=

M=}

y =32 Con (30

Ninve,

i

(1)
Sinee,
Comparing coelficients of (1) and (i)
amd bh=2
Muximum value (M)
ab| =325
M5

cl"_‘

(1) : L sn (20 "'j

Then the corresponding reciprocal function of (1) 14

Yol 38 (20 ~15)....,

Sinee, voalbSmet b+ d) ... ..
Comparing coellicients of (i) and (iii):
a landb 3
Muximum value (M)
adlbl =143 4
M~4>0
Now for maximum value of (i)
Let
wadod

.
M= =
4

Note: IfM > 0 and m > 0, then

Mom — and
m

&) i)

y=a - hCow (el 4 d) ..., (i)
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Minimum value (m)
U=|p|=1=2=~1

m = - |

Minimum value (m)
a—=|p|=3-2=1

Minimum value (m)
a—|bl=1=3==2
-2<0

Now for minimum value of (i)

m

Let
y o 2
ms —=—
m -2
1
m= —
-2
m= -,
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N4 Gueaphsool Trigonometricfiunglions

All the trigonometric functions are periodic functions. We can draw their graphs on the intervals
of lengths equal to their periods. Because, when the graph of a periodic function of period ‘p’ is
drawn in a given interval, then it is sufficient to draw its graph only in that interval. Further, it can
easily be drawn completely by repeating it over the intervals of lengths ‘p’

Procedure for Skevdhing CGraphso USineamdGesine functions
To graph y = a sin bx or y = a cos bx, with b > 0, follow these steps.

Step 1: Find the period 271:. Initially, start from “0” on the x-axis, and lay off a distance of ZTN.

Step 2: Divide the given interval into four equal parts:
a. Find the midpoint of the given interval by adding the end-points of each interval and
dividing the sum by 2.
b. Find the quarter points (the midpoints of the two intervals obtained in part (a)).
¢. Continue in the same way until the required number of equal parts are obtained.

Step 3: Evaluate the function for each of the five/nine/thirteen x-values resulting from step 2.
The resulting points will be maximum points, minimum points, and x-intercepts.

Step 4: Plot the points obtained in step 3 and join them with a sinusoidal curve having amplitude
|al.

Step 5: Draw the graph over additional periods if required.

Angles in Degrees and Radians

21 S5 7 4 3 S5u 11w
- — T ki = e — | — 2T
3 6 6 3 2 3 6

0° | 30° |°60° [ 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360° |

0

E
wil A
NI

Graph of y =sin x
We know that sin x is a periodic function of period 27.

Step 1:For this function b = 1, so the period is 2.
The function will be graphed over the interval [0, 2 ].

Step 2: Divides the interval [0, 27 | in twelve equal parts to obtain the x-values:
T m mw2m S5m 7m 4w 3m Sm 11w

05523 5T o3 203 6
Step 3: For this, we first construct the table determined by the x-values in Step 2.
x 0 E E E Z_Tt 5_7[ T 7_7T ﬂ .?E 315 _]'E 21
6 3 |2 3 6 6 3 2 3 6
Sinx | 0 [05]|08 |1 |08 |05| 0 |—-05|-086|—-1|—08|—-05| 0

Step 4: Plot the points (0,0), (,0.5), (5.0.86), (5. 1), (¥, 086), (=, 05 ).

(m,0),(%.-05), (¥.-086).(F.-1).(5.-086), (X, -05), (2m,0).
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Step 5:Join them with a sinusoidal curve having amplitude 1,
A Yy-uxis

“dR1y
Characteristics

Domain (-00,00) =R
Range [~1.1]

Pernod 2
Amplitude = ]

Nature = odd function

The graph in the interval [0, 27 ] is called a cycle. Since tl;c period of the Sine function is 27,
So, the sine graph can be extended on both side of x-axis through every interval of 2m.
Graph of y = cos x P

We know that cos x is a periodic function of period 27.

Step 1: For this function b = 1, so the period is 2. The function will be graphed over the

interval [0, 27 .

Step 2: Divides the interval [0, 27 in twelve cqual parts to obtain the x-valucs:
m m W 2w Sm 7n 4m 3n S5Sm 11w

0,5 53 25 o M7 3 g ' 2l
Step 3: For this, we first construct the table determined by the x-values in Step 2.
THYII:HiZn:Sn——ﬂ D 4 T 3m D sm 1m
x o] = &I A P Sl A
6 3 12| 3 6 ‘ 6 l 3 L 2 | 3 | 6
Cosx [ 1 [086] 05| 0 [-05]-086 -1__[ ~0. xsl -osi 0 o.'s_; o.sa‘ [

2

(m,-1),(%,-086).(%.-05).(%, 0), (*%,05), (=, 086).(21:.1).

Step 4: Plot the points (0,0). (£,0.66). (5,05),(5.0). (% - 0.5).(*,-0.86 ).
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Step 5:  Join them with a sinusoidal curve having amplitude 1.
A y-axis

v y-axis

Step 6: Extend the graph by repeating the cycle, from 0 to -27.

Ay-axis

The graph in the interval [0, 27 ] is called a cycle. Since the period of the Cosine function s 2=
So, the Cosine graph can be extended on both side of x-axis through every interval of 2

Graphofy= fanx
We know that ran x is a periodic function of period 7.

Step 1: For this function b = 1. so the period is 7. The function will be graphed over the interval
[0,7].

Step 2: Divides the interval [0, 7 ] in twelve equal parts (From 0 to £7) to obtain the x-valees

0,43, 3,7,

63" "2

Initially, we draw the graph of tangent function from 0 to +m.

2 Sa
+=,+= 4w
3 6

Step 3: For this, we first construct the table determined by the x-values in Step 2.

St| 2m| m R 5 IEBERE 3%
- —— T T - i : = | sy - D = S— ¢
* 1™ %) 3| 2| 3! 6| | 6|3 ]|2] 6

73‘30;—1.73 058 O

1

Tanx | 0 | 058|173 | - | -1.73| =058 0 io.ss

5
(-%.-058) (0,0), (%,058), (3.1.73). (.).(F.- 1.73), (Z. - 038). (=. 0).

Join these points by a free hand curve to obtain the graph of tan x.

Step 4: Plot the points (-, 0), (— 5?", 0,58) , (—2?", 1_73) (— B —oo) (—5 -1.73 )
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p— e
P ———— e b - } - - C—— = —
§ — - - . L— e S ——

Step 5:Since tangent is a periodic function of period 7. So we shall first draw the graph in the
interval [-=m, T ]. A A y-axis A

b ~= = — >
x-axis -7 0 % caxis
6 6
y-axis
v

In the similar way, we can draw the graphs for the interval from —2m to 2.

A 4 A

) ; L
| L :A 1 A:. : ! JI- } l } 1 i 1 1 [
<« T T 1 T T ;r b4 : ! V" '" Y T v g

T A _}?_" k7 ? 0 2 B R ES T x-axis

x‘axis ! , : : : :

' ' : ! ': E

: : E i : :

: : ] : ll :

: : : ; ! :

: : : ' ' *

M y y-axis
Characteristics - .
Domain -~ {x:xeRandx =z (2n+ 1);, n an integer}
Range = (-00,00) =R
Period /4
Amplitude = nil
Nature odd function

The graph in the interval [0, 7 ] is called a cycle. Sinée the period of the Tangent function is m.
So, the Tangent graph can be extended on both side of x-axis through every interval of 7.
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Graphol'y 3 sin 2x

We Know tial sy isa |)criudiu function of period 27,

Step 1: For this function b = 2, so the period of y = 3 Sin 2x is 32- = g, The function will be
vraphed over the interval [0, 7 ]

Step 2: Divades the interval [0, o | i caght equal parts to obtain the x-values:
6’3’3’2 3" 4" 6"
Step 3: For this, we first construct the table dctmnnu.d by the x- valucs in Step 2.

onn n o 2n 3m S5n

O O O . - L B
o6 j & | 3 1 2 |3 | & | 6 |
: , ! n 7T 2 4 3n S5n
-\ |0 = - —_— T J— —_ 2
e s .2 .3 .3 2 3 |
S22y b0 \/E | }/? ’ 0 . _E -1 _E 0
22 W = {5 R E—
L_“".--- [ 0 | 261 | 3 2.6 0 '-261| -3 |-261

Step 4: Plot the points (0,0). ( 261 ). (‘3) (’-zw ) (50)(J -2. 6-1) (3, -3).
(2, -2.61). (0.
loin them with a sinusoidal curve kaving amplitude 3.

Step 5: Lxtend the graph by repeating the eycele, from 0 to 7.

A y-axis y=3
« %
< T + + — T t é O { t t
X<axis 2 £ L

14 6 4 3
-2 4

DI /N = 1 R,

¥ Y-uxis

i the soomlar way, s eai draw the graphs for the interval from =2m (0 2m.

Characteristics

Domain = (-o0,00) =R
Range r [-3,3]
Period n

Amplitude 3

Natur,: = Odd funCli()ll
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Key Facts Key Facts

rFor y = a Sin by, we know that —1 < Sinbx <1

Forv  wCosby wehnow that=1< Coshx 21

and —a<aSinbx <a. Also. Sinx is a

and —ad = aCos DY = ao i
periodic function of period 2r. Therefore, periodic function of period 2. Therefore, Cos bx
. . ST . . 2n .
Stn bxisperiodic functionof period <. Hence, is periodic function of period =, Hence. a Cos b is
. < e . . c g 2T { 1 ik

a Sin bx is periodic function of period pp— { periodic function of period 2. -
;1"::‘:&(:-';' 'l | o |
:~,( ,11‘, 2
ety

Graph of y = 3 cos 2x

We know that Cos x is a periodic function of period 2.

Step 1: For this function » = 2. so the period of 'y = 3 Cos 2v isz—;- = 7. The function wili be
graphed over the interval [0, .

Step 2: Divides the interval [0, @ | in eight equal paits 1o obtain the x-values.

6°4"3"2" 3" 4" o’
Step 3: For this, we first construct the table determined by the x-values in Step 2.

| . 0 m | m | m | m 2  3m - 57w )

| I 4 132 3 6 |

r _-’r T " 2m N f—“.— T “4_)7 . ‘ 3T - -“‘- 5”-__.— 9 i

| 2.\' 0 by -— AR ' n — - — 27T

’ 3 . 2 - 3 2 3

i RS -1 ' i |

+ Cos 2x I - 0 —= -1 | = 0 | s r
cos 2 | 2 |z z | i

TICosay | 3 | 185 T 0 | <is 23 =1 |3

Bl B :

Step 4: Plot the points (0,3). (%, 15). (5.0), (5.-15). (%, -3)(£.-15).
(,0).(3.15). (.3
Join them with a simusoidal curve having amphods

Step 5: The graph can be extended by repeating the cycle. ¢

Characteristics

Domain = (-c0,00) = R i -.

s AN O
Period = > . 3 o

]

T o S )
Amplitude 3 : 1[ /

Nature even function s i’ \' p
e v o Bne SRS ceesemewe= »



» LS " -
Y o \ .

https://fbisesolvedpastpapers.com

ad L e s A . e

In the similar way, we can draw the graphs for the interval from —2m to 2m.
Graph of y = cosec x
We know that Cosecant function is a reciprocal of the sine function which is a periodic function
of period 2. Therefore, Cosecant is also a periodic function of period 2.
Step 1 For this function b = 1, so the period is 2. The function will be graphed over the
interval [0, 27 ].

Step Z: Divides the interval [0, 27 ] in twelve equal parts (from 0 to £) to obtain the x-values:

m m 14 2n

0’ i—" i_’._{._'i_,.:t_si’ i”
6 3 2 3 6

Initially, we draw the graph of Cosecant function from 0 to +m.
Step 3:For this, we first construct the table determined by the x-values in Step 2.

= S 27 _z _E _E 0 E n n 271 S
X 6 3 2 3 6 6 | 3|23 |6 | n
Cosecx | —o| -2 | —115|-1]-115]| =2 e | 2 15| 1 [115]| 2 | o

Step 4: Plot the points ‘
(om0, (~2£,-2). (- 2.115),(-5). (-3 -115), (- -2). 0.0
(%.2),(2.115),(5.1), (5215 ), (3.2 ), and (m,0).

Join these points by a free hand curve to obtain the graph of Cosec x.

A A Yy-axis

rreccsccccccnec ="

f-==escssscnsssssac-u=- LT LT 1~
'
1
)
'
< : N
i +
Zaxi -7 -3 2 N - -7
X-axis : 5 32 356
1
rc=mccccccnnnncnasana [rmmmemegg ===

et
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Step 5: Extend the graph by repeating the cycle.
In the similar way, we can draw the graphs for the interval from —2m to 27.

A o
$ ; 4 | y-axis o -
: ' : i
' g ' !
' ) ' '
' ' N ]
] ' 1 1
' . ' !
] ' N ]
] ' ' '
' ' ' '
' ' ' '
' H ' '
' ! ' '
[ ! 1 '
' 1 1 '
' B ' [
' : ' [
' ! ' ]
: : ' '
' . : :
: : : -
' ] ' 3 y = 1
< i SLSEELELE - LT dremeeee >
| ! 1 ' '
' 1 1 ]
1 : ] '
' ' ‘ :
[ ' ' ]
' ' [l '
G—————+—+— 4; +——t—+— S —t— ? ——————+—+>
2k -lUm-5m 37 -4nm -7 -t -5M 271 - -nm -7m n om m o 2m Sn Ir 4m 3m 5= ln i
, S s . R Sl t Sl Y E STy R xaxis
X-ax1s ' ! b :
: : ' '
' ' , :
S L EROEEEEEEEEEEEE - N : Aeemeee- >
' - 1
' ' 1 1
! : : d =l
' ' ' '
' ' ' !
1 : ' :
' ]
' : -+ [ :
: : 2 ’ :
’ : i :
]
: 5 : 5
: ' [ 1
' ' | L
: ' ' '
' ' ' :
. i ' '
' 1 1 1
i ) ' , " ' '
v v y ylaxis v v

The graph in the interval [0,2m | is called a cycle. Since the period of the cosecant function is
2. So, the cosecant graph can be extended on both side of x-axis through every interval of 2m.

Characteristics
‘ 4 ™ |
Domain = {x : xeR and x # nm, n an integer;

= (-co,—1]U[l,00) or|y|=1]

Range =

Period = 21
Amplitude : nil

Nature - odd function

Graph of y = secx
We know that Secant function is a reciprocal of the Cosine function which is a periodic function
of period 2m. Therefore, Secant is also a periodic function of period 2.

Step 1: For this function b = 1, So the period is 2m. The function will be graphed over the
interval [0, 27 ].
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Step 2: Divides the interval [0, 27 | in twelve equal parts (From 0 to ) to obtain the x-values:
045 3 45 45 42 gy

Initially, we draw the graph of Cosecant function from 0 to £m.

Step 3: For this, we first construct the table determined by the x-values in Step 2.

S5t

6

2

3

—=|=z|==0

— =

n| m| n
2| 3] 6

Secx

Lo §

-1.15

-2

w | 2 [LIS|[ 1|

=

wi =

o

"
2

2n S5

3 O

Step 4: Plot the points (=m, =1), (—:—:'- - 1.15) ' (-—'ST" -2) ) (-,E,oo) : (-1:-

. (£ 115) (£.2). (2.). (. -2) (2 -1

Join these points by a free hand curve to obtain the praph ol see .

).(rr.--l).

- - e —

2 [ =115

y-axis

V-iaxis

A A

; : 1 A A

1 . . L

' ' . .

' ] . ]

' " " .

' " " .

. L . .

' ' " '

' ' g '

' ' " '

' . ' '

' ' [ "

' . Al .

' ' ' '

0 . " '

. Al . .

' " " '

' ' " ' .

' . ' [

' ‘ : - ve=1I

' . " 0

' ' " 0
L R T T, !. ........ : ’Z Y :. ----------------------------------- »

' ' ' “

' [ . '

' ' . '

' ' . ]

' ' ' ]

' ' ' '
i 1 . i A 1 N i L e — c— Fa— I\ ) | ) I ) J )
- T T T T T T T T T (T T T 1 1 T 1 1 T 1 A

(> ' ' i ' .
DI m Sm 2nowomon oo dn Snoan v=AaNIN
-4 N ' — — — — - — — — . o N
fg Mo 3 0 S B

' ' '

' ' ' '

' ' ' .
Y ity .. e e e s camae J " " sceyccccccannsssnrat et Re e e s AR EmRREaAn. ... >

' ' _I ' '

' ' ' '

' ' " ' ’ -

' ' " ' _\ N l

' ' Al '

' ' A .

' ' ' '

' ' '

: ' -+ D ' \

' ' b ' '

' ' ' '

' ' ' '

i [ 1 1

] ' ' '

' ' ' '

' ] ' '

' ] ' '

' ' ' '

' [ ‘' '

' N ' '

' 1 ' '

' ' ' '

[ ' ¢ '

1 1 ' '

' [ ' '

' ' ' '

v v v v v
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Step 52 The graph can be extended by repeating the cycle.

In the similar way, we can draw the graphs for the interval from =27 to 2.

V-iNis
A

>
>

R LT TETETETEEEE S

R e E TP =

L e R
I cccndensnssssnsssens s

A - - - ---

L
“+—t—— t +—t——+— +—t ()C t —t——+—+ 1>
2 UUn Sn n 4n Jm om  &n JOn [ S n o4 :  dn Snoon n Am lm Sn o > o H
’ e tp de o dp Znov S b ok ofop Of Lfefly o Jrodxde 5P IR veaxis
\'=aXxis ( ! r -
. ' 1
' ’ ' '
1 ' 1 '
N 1 ' '
D S qesecctang y RERPRIPRNSIIEE TR, /. A b P e »
v o -
-
el

O
P e A i S Sy,

D R e
P

¥ viaxis
The graph in the interval [0, 27 | is called a cycle. Since the period of the cosecant function is

2m. So. the cosecant graph can be extended on both side of x-axis through every interval of 2.

Characteristics
Domain - {x:xeRandx=z 7 +nm, naninteger}
Range = (—00,=11U[l,00) or|y|=1
Period = 27t
Amplitude = Nil
Nature = even function
Graph of y = Cot x

We know that Cot x is & periodic function of period .
Step I: For this functicn » = 1, so the period is . The function will be graphed over the interval

[0,m].

N e /BT
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Step 2: Divides the interval [0, x ] in twelve equal parts (from 0 to ) to obtain the x-values:

= n g 2w Sw
0+ %5. 5. 5 £ 4n
Step 3: For this, we first construct the table determined by the x-values in Step 2.
s i Snl 2n| m| @ | n m|m || 2n Sm
"? 3| 2| 3 ! 6 6 3|2 3 6 |n
| |

| ‘ |

cotx |~ | 173 | 0.58 | —w —O.SBi -1.73 1.73 | 0.58] o | —=0.58 | —1.73 | o
I

Step 4: Plot the points
(-m,0), (—5?“ 058),(-=Z,173),(-3,058), (-2.-173).(-%, ~0.58) (0,0),

(2,058), (2,173), (Z.). (.- 1.73). (£, - 058), (= 0).

Join these points by a free hand curve to obtain the graph of Cot x.
y-axis

A A

y-axis

Step 5: Since cotangent is a periodic function of period 7. So we shall first draw the graph in the
interval [—m, 7 ]. In the similar way, we can draw the graphs for thz interval from —21 to

2m.
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y-axis

-

L T
o e I e i e 2 e B S 5 e A

B e T T s g U U

1 1
L] Ll
I\ r Im 4w ‘om :
z 3 : X-ax1s
’ : 1 ]
X-axi1s ! b 3 A
1 )
1 '
1 1
' ]
1 1
1 1
1 )
[ 1
1 1
] ]
' 1
] ]
[ ]
1 ]
] L}
' 1
1 1
1 1
1 )
] 1
1 )
1 ]
] ]
] L)
1 ]
1 1
1 1
' 1
] )
' , '
. . 1
\4 v ylaxis \4 \ 4

The graph in the interval [0,7 ] is called a cycle. Since the period of the cotangent function is 7.

So, the cotangent graph can be extended on both side of x-axis through every interval of .

Characteristics

Domain - {x:xeRand x # nm, n an integer}
‘Range ‘ = (-00,00)=R '
Period = T

Amplitude = nill

Nature = odd function
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9% Even and Odd Trigonometric Functions

All functions, including trigonometric functions, can be categorized as cven. odd or ncither.
e A function is odd if and only if f(—x) = —/(x) and is symmetric (by rcflection) with

respect to the ongin.
e A function is even if and only if f(—x) = f(x) and is symmetric (by 180° rotation) with

respect to the y-axis.
I Key Facts

~w* The graph of Sine function is symmetric about the origin thercfore, it is an odd
function.

2
! e The graph of Cosine function is symmetric with respect to y-axis therelore it is an
l even function.

Example:
Check whether the following function is odd or cven?
Soluuon: f(x) =x3.Sinx.......... (1)
Replace ‘x’ by *—x’
f(=x) = (=x)3.Sin (—x)
= —(x)*. (=Sin(x))
= x3.Sinx = f(x)
As f(=x) = f(x)

So (i) is an even function.

Example:

Check whether the following function is odd or even?

- . 1 T .
(i) y=3Sinx +4Cosx (i) y= x-fg::x
Solution:

(i) y=3Sinx +4Cosx

Replace ‘x’ by ‘—x’
f(=x) = 3Sin(—x) + 4 Cos (—x)
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= —=3S8inx +4Cosx
= —(3Sinx + 4 Cos x)
As.  f(=x) # f(x) or  f(=x)#—f(x)

So. f(x) is neither even nor odd function.

.. T
(i) P
Key Facts
Replace “x’ by *—x°
e Ty - ¢ Sin (—x) = =Sinx
_ an (-x
f=0) = (=x) =Sin (-x) E Cos (—x) s Cos x
= —fanx O | Tan(=x) | = —Tan x
-x+ Sinx
_ _Tanx O Cot (—x) = —Cot x
o E Sec (—x) = Sec x
As, f(=x)=f(X)
. o O |Coscc(—=x) | = —Cosec x
So, f(x) is an cven function.

9.6 Application

Example:

A Ferris wheel has a diameter of 30 m with a center 17 m above the ground. It makes one
complete revolution every 60 seconds.

(1) Graph one complete period of the graph that models the height in relation to time.
Assume a rider starts at the lowest point.

(2) Find the equation ot the graph using the cosine function.

(3) What is the height of the rider at 45 seconds?

(4) At what time or times, the rider is at a height of 15 m?

Solution:

(M

—> Height in Meters

—>

0 15 30 45 60
———Time t (in seconds)
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(2) Sinee
yumACos(Bx=D)+C
h(t) = ACos (Bx) + € (i)
Where,
Al = 15 = A = <15 and 2* is the period,
2
o0 = {? e i?f\ and ¢ =17

Putting values in the above equation (i)

m =i Qr . ]_[ n

h(t) = —15Cos (:m () + 12
’ <1t ne ."_l. Y
= = 15Cos (:m) 17

This s the equation which will give us the height of the rider at any time *°t",
(3 Since
n(t) = ACos (Bx) + €
h(45) = =15Cos (%) + 17
d

= —15Cos () + 17

= 17 meters

+H
h(t) = —15Cos (& t) + 17
15 = =15Cos (2 t) +17
—2 = —15Cos (% t)
cos (53) =
== Cos™M
t=21(1.437)
Here,

8, = 1.437, and 6= 2 —310.43 = 4.846
t,= ; (1.437), and t,= % (4-846)

= 13.7 seconds
= 46.3 seconds
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Find the maximum and minimum values of the following trigonometric functions.

(i) y=2-2Cos6 (ii) y=§—§sme
(iii) y=% —2Sin (30 —7) (iv) y=7 + >Cos (26 —1)
Find the maximum and minimum values of the following reciprocal trigonometric
functions.
i .3 " 1
W) Y=iEsme (ii) y=%_55059
_ 1 . _ 1
(ii1) y 2 - 45in(26-5) v) y=53 2 sin (56-7)

Find domain and range of the following:

(i) y=7Cos4x (i) vy =.Cos§

(iii) y = Sin =" (iv) y =7 Cot Zx

(v) y=4Tannx (vi) y=Cosec 4x

Check whether the following functions are odd or even?

(i) y=Sinx +x.Cosx (ii) y =x3 Sinx.Cos x
__ x% Tanx . T B
(111) Y= (iv) y=x".lu.o.u08"x

Sin%x . __ Tanx-Sinx

V) y= x+Tanx () y= Sin3x

(vii) y = x+‘;caj;x (viii) y = x>.Sinx.—Cot x
Draw the graph of each of the following functions:

(i) y=2Sinx " (i) y=2Cos3x

(i) y = 2Tan2x (iv) y= c0s§

(v) y=2Sin3x (vij y=3Cosx

(vii) y = Cos*x (viil) y = Sin?x

(ix) y=Tan’x (x) y=Sin3

Find the periods of the following:

() Y=6Sec(2x—3) (i) ¥ = Cos (5x + 4) (ili) ¥ = Cotdx + smEZf



7.
8.
9.

10.
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(iv) ¥y =7 Sin (3x + 3) (v) ¥y =5Sin(2x + 3) (vi) Y=2Tan 3x + 7% 0s x

Draw the graphs of y = Sin x and y = Sin 2x in [0, 2m] on the same scale.

Draw the graphs of'y = Cos x and y = Cos 2x in [0. 27| on the same scalc.

Solve graphically:
(1) Sinx=Cosx (i) Cosx=x
(i) Sinx=x (iv) Tanx = x

Alternating current cyclically reverses direction. The maximum voltage is about 180 volts
when the standard frequency is 56 Hz (56 cycles per second). The voltage can be
modcled by

V(t) =aSin(k(t—d))+c
Determine cach of the following:

Period of 56 Hz AC,

The value of k,

The amplitude of the voltage function,

Model the voltage with an appropriate transformed Sine function.

o op

I have Learnt

Finding the domain and range of the trigonometric functions

Discussing cven, and odd functions and the periodicity of trigonometric functions
Finding the maximum and minimum value of a given function of the type:

. a + bsin®,

. a + bcos,

. a + bsin (c6 + d),

. a + bcos (c8 + d),

. The reciprocal ol above, where a, b, ¢, and d arc rcal numbers.
Graphing and analyzing the trigonometric functions sine, cosine, and tangent to solve
problems.
Lxplaining the properties of graphs of sin8, cos6 and tané.
Applying the concepts of trigonometric functions,identitics, graphs, periodicity, even,
odd functions, and extreme valuesto real-world problems such as (distance, clevation,
and direction of tall structures, navigation and mapping, lengths of irrcgular shapes,
graphs to visualize and predict patierns in data, frequency and periodic length of Ferris
wheel, forces on a see-saw or lever, the ideal angle for solar panel placement)
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Mark the correct option in each of the following:

—

l.

il

iv.

vi.

Vii.

viil.

If cos 0 = —? and the terminal arm of angle is in III quadrant. Then sin @ =......

1

a.3 b.—% c.V3

The exact value of the trigonometric function tan (—15m) =.......

a.0 b. -1 c. 1

2

¢~ 7

d. Undefined

If 2sin 6 + -;-C osec 6 and @ = 45°, then the value of the given trigonometric identity is:

c. &
V2

1 .
a. E b.

W -

vz
Y

If sin (270° + 6) = x and the terminal side of an angle *6" is in [V quadrant,

thenx =....

a.cos @ b. —cos @ c.sin@

sin a+sin 2a

The trigonometric identity =.....
1 +cos a +cos 2a

a.sina b. cos a c.tana

Express 2 sin 3x sin 7x as a sum or difference:

a.cos 4x —cos 10x  b.cos 10x —cos 4x  c. cos 4x + cos 10x
Express sin 5x + sin 7x as a product:

a.2 sin 6x cos x b. 2 sin x cos 6x c. 2 cos 7x sin 5x

The value of tanx. tan (g - x) : tan(g + x) is:

d.—sin@

d. cota

d. cos 10x + cos 4x

d. 2 cos 5x sin 7x

a.2 cot 3x b. cot 3x c.3tan 3x d. tan 3x
Iftan A = ; and tan B= %, Then cos 24 is equal to:
a.sin B b. sin 4B c.sin 3B d. cos 2B
Whether the function f (x) = =~
a. even b. odd c. neither even nor odd  d. both even and odd
The period of cas E is:
a. lom L ‘, c.2m dd4m

s
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xii. The trigonometric function y = cosec x mectatx =, . ... .

a. 30° b. 60° c. 90° d. 120°
xiii. 2cos 5x.sin3x =...... |

a.sin8x—sin2x b.sin8x+sin2x  c.cos 8x + cos 2x d. sin 4x — sin x
xiv. The trigonometric functions which are even and having period = 2 are:

a.sinx &cos x b. sec x & cos x c. sin x & cosec x d. tan x & cot x
xv. If*f*is a periodic function and its period is 7, then () could be equal to:

a.2cos x b. 2 cos 3x c.3 cos 2x d. cos 4x

xvi. If function f(x) = sin8x is a periodic function and its period equals:

a.m ‘ b. % c.2m d. g
_ If the range of the function f(6) = a sin(26) + b, where a > 0, is [3, 5],
i then 3a + 2b=...
a. 11 b. 14 c.9 d.5

xviii. The minimum value of the trigonometric function f(8) = 17 sin(49) is:
a. 4 b. —4 c. —17 d. 17

xix. If the given figure represent the curve y = 3 sin x, then |a| + |b] =......

y-axis (%' a)

(3" b)

a.l b.2 <3 d.6
xx. The maximum value of 7 cos x + 24 sin x is:
a.25 b. 25 c.7 d.24
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2. Ifcos 6 — sin@ = V2 sin 8, then show that cos 6 + sinf = V2 cos 6.

3. Verify the following Trigonometric identities:

tan x — cot x
—_—

(a) = sec?x — cosec®x
sin x.cos x

sectx — tan*x

(b) ==——- = sec’x — tan’x
sec2x + tan?x

sint sintcost __ 2
O o~ Troesr = Cosec t(1 + cos”)

4. Prove that:

. tan(a+p)-tanp
(l) 1+tan (a+ B). tan B =tana

(i) 1+ sin26 —cos 26 _ tan 6 .
1 1+ 5sin26 + cos 20

5. Ifcosa + cosf + cosy.= 0, then prové that:

cosa. cosf.cosy = % (cos 3a + cos 38 + cosy).

6. Prove that:

cos 7a —cos 8a _ sin 7a —sin 8a
1+2 cos 5a 1+2sinSa

=cos 2a — cos 3a

7. A Ferris wheel is 40 meters in diameter and boarded from a platform that is 4 meter
above the ground. The six o’clock position on the Ferris wheel is level with the loading
platform. The wheel completes 1 full revolution in 16 minutes. The function h (t) gives
a person’s height in meters above the ground t minutes after the wheel begins to turn.

a. Find the period, amplitude and vertical shift of h (t).
b. Find a formula for the height function h (t).
c. How high off the ground is a person after 5 minutes?
8. The ‘h’ (in meters) above the ground of a rider on a Ferris wheel, ‘t’ (in seconds) after
the rider begins is given: :
h(t) = 10 sin (3(t — 30)) + 12
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Determine each of the following:

~a. The maximum and minimum heights of the rider above the ground.
b. The height of the rider above the ground 30 seconds after start.
c. The time required for the Ferris Wheel to complete one complete revolution.

9.  The top of the flagpole sways back and forth in high winds. The top sways 8cm to the
right (+ 8 cm) and 8 cm to the left (— 8 cm) of its resting position. It moves back and
forth 260 every minute. The pole was momentarily at its rest position at t = 0, before it
started moving to the right.

Find:
a. the equation of the sinusoidal function that describes the distance the top of the

pole is from resting position in terras of time elapsed.
b. the domain and range correspond to the situation described.

10. Find the domain, range, and period of the following trigonometric functions:

(i) 7sin Ex (ii) 2sin 33‘- (iii) % cosec x

" . 1 . 2x N S5 4-_x
(iv) S5sin3x v) ~sin & (vi) 3 cos <
(vii) 3 sin rx ' (viii) 7 sin 5x (ix) % sec %x
x) % cot %"x (xi) 9cos (3x — 2)  (xii) 8 —cos 4x

(i) 7+ 5sin (2x —2)  (xiv)6+4cos @x+3) (V) TR _;,.,,
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Unit 1: Complex Numbers

| Exercise 1.1

1. I—=i  i.-1 i iv.2i v.-1
2. i.5+6i . 2 —2i iii. 8 + 01 iv, 0 + 10i yi. 12 —i
.7 9., '
V117. '1—09+El A2001 E_El .
3. ig—gi L abry iii. —1 iv.0 v.5+i
4 ix=-2y=2 ii.x=4/3;y=5/3 iix=15/4;y=5/4iv.x=7y=1
5. 4—-i
. 3 . i e 1 . =7 5i
6. i.4+3i ii. —3i+8 . 2 ——= v. = =3
7. i.v265 ii. 3 iii. 15 iv. [T v. 11
Exercise 1.2
_ 16 _ o353
4.12,| = 75 6. A==
8.i.4x2+4y2—4y—15=0 ii.x—y=0 iii.25x2+9y%2 =225 iv.y =8
v.x=-9 vi-3<y<2 '
¢ 1 b, .. 5 . 18, .. 19 13, . 17 36,
9.1.5—21 '"'E"'El . = — =l 1V.E+Et
L R0 i —1—i -
V- T Tes1 16§1l Vi

Exercise 1.3
i (z—13i)(z + 13i) ii. 2(z — 3i)(z + 3i) iii. 3(z — 11i)(z + 11i)

iv. 2~ 20z +2i) v. 22 +3)z— VB +V5) vi. (z - 1)z~ 2)(z +3)
vii. 2+ 3)(z+4)(z-5) viii. (z —2)(z+5) (z + %) ix.(z-8)(z+1)

—
.

x. (z+1)(4z-11) e
2. i.{3+V7} i {-5+v29} . {%«m} iv. {—Si;[ﬁ}
3. i.z={;+§i;w=l—:+%i ii.z=:;ﬁ—':—9iiw=%+%i
4 mz=%—%; "_1—?"::';!‘ iv.z=:—:+%. _g_:_g

Exercise 1.4
. T, . T .. 11w . . 11w S_n..s_n
1. 1.4(cos;+lsm;) . 2~/§(cos-6—+tsm—g-) iii. 2\/§(cos + +isin 4)

, st .
iv. V2 (cos—" + isin EE)
12 12

2. i u'._—l—ﬁi
4 2
3 i1 i, 28 2By i, -2 iv. —2v3+ 20 v.V3+i

vi. 2+ %i vii. 6.43 + 7.66i viii, =1+ ix.—2+2V3i x. =7 =7i



vedpastpapers.com

0.

9,

10,

“» &2 w N -

A 10 =100 xik 20 )il 140 xiv =T xv. VT 4 VB wvi 31 i 24 22
Loxdy=1 dix? 4y =4 ii~V3s 2 sV iv.0sv3(5ET)s1
v.r’+y -1 vi. V3(x* = y* 4+ 1) = 2xy =0

m(1+l) i, ;o—o(w\m) i, ;o—o(\/_+l)

11 i, =200 B i, 24 iv.~2v3+2( v.Y3+1
Vi.gg b gl Vil 6.43 4 7.661 viill. =141 ix.=2+2V3i x. -7 —7i

Xi 10 =100 xit. 20 xiii 141 xiv.~7xv.VZ 4+ VL xvi. 30 xvii 24+ 220
x4y =1 dix? 4y =4 ii—V3s2=<V3 v, osfc ‘*12)51
vx’+y =1 vi.V3(x* —=y* 4+ 1) - 2xy =0

i 500(1 +0 i (14 V31) i, ,oo(«f"+i)

0=tan"(—%) [ i|.;;tan (—1—57) -
LEQL4D) i =53 (77 4+ 380)

REVIEW EXERCISE

i c il. b mi.a iv.d vb vid viiec viiid ixb xb

10 ii.vVZ i V221 iv. &R - 13

34 34
i, 30 = 60(x + 60) ii. 4(x — V101)(x + V10i)
zZ=x
-14 64
114071 8. 2
4
Exercise 2.1
i.2x3 ii. 3x2 iii. 3x1 iv. 1x4 v. 1xl1 vi. 2x2
i. rectangular i, Square iii. column iv. square V.ToOW Vvi. square
Exercise 2.2
[ 2 7/2l 1/2 1 ..o (1 1/2) . [-1/3 -4/3
. [5/2 ] - [2 ] V'l1/3 -2/3
. 0o -1/3 -2/3 0o -1/2 -1 2/3 1/2 2/5
i| 1 2/3  1/3 i. [3/4 0 -5/4] iii.[Z/S 1/3 2/7]
8/3 5/3 2 4/3 5/6 0 2/7 1/4 2/9

iv. [5/3 2 13/5
5/2 13/5 3

~5 0 =9
c-[o i
4 -4 1

1 5/3 5/2;
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& i.A=[5 _71/12/2 et b ii. /%] where x € R

iv.z=4,t =0, x2+y2—20v.a —10;[3:9 vi. —4,3

-3/5 2/5 2/5
5. X~ [2/5 -3/5 2/5]
2/5 2/5 -=3/5
-1 _[1/3 1/9 1 3 -1 1 0 1
0. =9; = 1= = =
v a=Np-1AT =(00 g 13X [ o 317=lo=s A
Exercise 2.3
. .15 il ili.— 6 iv. 16 + 8i
2. 1.—=17 .27 i 1-16i iv.-23 -1
3. singular ii. Non-singular iii. Non-singular iv. singular
. .. . 7 i
4. 1.16/23 i.—4 1.-1+51 v. T |
I g2 s [P 3 zezi 24
3 3 3 9 9 5 5 11 11 22
Y =) PP e s R ¢ ...g-_1_1—1+ztiv01_—11_+£
L 9 9 3 L 3 9 9 1. 5 5 ) 2 4
5 -1 1 1 4+ -17 0 | -2 -1+l S5+
9 9 3 3 9 9 5 5 11 22 44
1 11
3 2 6
0. 0 1 0
-1 1
5 0 5
Exercise 2.4
11.2. xii. 1/8
Exercise 2.5
1 3
1 3 5 1 1 =3 0 1 =2 3
Loifo 1 32 ii. [o i.|g 1 8 iv.lp 1 2
9 . 9
001 0 0 0 1 0 0 1

OO0 R ORNIR
O N
]

0
. 1 1/3 2/3 .
V'[O 1 4/5 vn.‘[g

213 .2 i3 iv.2

gy =8 = 1—2 0 2 10—66
3.%[-4 -1 -1 ii.z[19 -15 -16[iii 5|3 -9 6
2 1 1 -6 6 6 2 -4 6
Exercise 2.6
7 P
X3 %3 X371 .
], i [sz] i, [=2, [2763] iv. does not exist.
3
X3 5
-10
. =7 Fx3 17X3
2. I.A-H, %xz ni1=2; -x3 or,l—-7 5x3
X3

3 ..
LG T I No solution iii. 5,0, -3 iv.=7;-7;5
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. 13 26 62 o 30 2 o4 1 4 38__5_1__2
Ty im0 MgnenE Vit RiTE
g o4 ; e 6. 7.2
s 1 3,1,?; " il. ;;;;;? 11, :oluu;)an not;;osmblc as A is singular A Sl T,
1 .82 9 11 .7, 2329 A
0, rCATLET Rt I, 2fim=seg o= V. 2;8: 5
-3/62 9/62  5/62 '
y [13/31 -8/31 —1/31‘1; 1;1
19/62 5/62 -—11/62
8, 4 = 14, no solution; A # 14 unique solution
REVIEW EXERCISE
I, i.b  ii.d iii.d iv.b v.c vi.b vii.d vii.c ix.c x.d
2, —11,-3,10; 87
12, 1/3; no solution
| g oot Unit 3: Vectors ;g T
Exercise 3.1
1. i.=7{-5] i.—220—16f iii. =71+ 28] iv. -32—5i—1—3j v.—18{ + 155/
List+l) ii. @ = —5i+8; # = 71— 11j iii. 81— — &
3 i 1 4 1. 3 « e )= 4 T I
dim= 4/35 5.1, 53“5] ':6572 1. 1.;1 = %-Zw/ﬁ ii. |d| = |b|; d# b
R . ; f 24 g, ..
er] =k il -t =] Eok 9.i.c0+ck ii. =1 — 12f + 5k
'leD(—Z l) ii. x= 6andy—3'
Exercise 3.2
I, .15 .90 iii.—16iv. 147 v. 4 )
" - -1 . _ -1( 57 ' —1( -30
2, 1.8 =cos (zJ_) ii. @ = cos (m) 11’ 6 = cos (JT_m)
iv.8 = cos™1 (=2 = cas-! (B2
iv. 8 = cos™ (@) v. 8 = cos (m)
3. i.180° —cos™ (%) ii. 90°
4 iA=2
4 o2 21
5, il.cosa = F,cosﬁ ‘/_,cosy--F ii. =i 7
6. l.iﬁziﬁjiﬁﬁ
7. i.—452
8, F=10+2j+k
14. 350/V11joules 15, 48 units 16.50v3
B : Exercise 3.3
1. i.(4,- 15’_7)"'(18’_3,-13) iii. (4,—6, 2)
2. i.(—18,-8,3) ii. (3,15, 6)
3 V78 i 3vV62
- eV  Vooves
. 7 40 185 50
4, 1. (—fT'l == Ji%33' 71593 33) ii. Pam““vl—H—)‘—Ek perpendlcular—t+— -2

16ViE ii. 6
4
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10. i.3V59 ii.‘—-fi:cos“ %);cos‘l (%);cos‘1 %.3-)
11. V75 14.i.VI81 i 11V6 15.i.4i—-2j -3k i

-31 1 -13

12 '12° 8

16. 111+ j — 5k 17. —15i + 20j; 21i — 28] — 19k; 6 — 8] — 19k

Exercise 3.4

I i-141i.-20
2 i2 i-8 -
3. iA=-1/2
4 LAa=2 6. i. zero ii.68 7.i.27/6 i. 3

REVIEW EXERCISE
id ic b ivvb wv.c wvid viib vii.b ix.¢c x.a
.23 1.-320
vz 4. V19 5. -11/2
8. Ground speed = 235.492 km/h true coursex 64.872°
9. Speed = 237.816 km/h direction = 107.980°

\_u !J_--

. i & ~ Unit4: Sequencesand Series

Exercise 4.1

I. a;=4.a;=7.a3=10.a, =13,a,; =31, a,5 = 46
2. a1=2,a2=5,a3=8,a4=11,010=29,a15=44
\ 1 2 3 4 10 15
. a1=;.az=§.a3=;.a4=§.alo=ﬁ,a15=g
4. a = 2,02 = S, az = 10. a. = 17. Q0 = 101. a5 = 226
5. a; = —1. a, = 0, ax = 3. a, = 8. Q0 = 80,(115 =95
— o — 3 — i = 1_5. a — ﬁ. a — &
6. a;= ’az_s’f:*_s’f*—u' :0—101’ 1i_uz
1
7. a;=1,8=-303730= —5a10= — 5 U5 = o
8. a; = 1,a2 = 4, az = 9, a, = 16. Q10 = 100, ;5 = 225
9. a; = —4, a, = 5, a3 = —6. a, = 74 Q9 = 13, a5 = —-18
10. a; = _'2, a; = —6, as = 4. a, = —'7, Q19 = _25, Q5 = 40 :
1l. ag=29 12 o NNF6 13. a; =225, 14. a;; =-235
15. ay, = 528,528, 16. @y = % 17 agm=1 18. ag, =67
19. ag=2n-1 20. @, =3" 2l ap=V2n 22 g, =11n+0.1
Exercise 4.2
l' ma1=47a2=71a3=10,a4=13 (ii)a1=7’a2=12,a3=17,a4=22
(iii) a; = 16,a, = 14,03 = 12, a, =-10 (iv)a; =38,a, =34,a; =30,a, =26
(v)al =%'a2=1’a3 =§’a4 =g (Vi)al =%’a2 = 1)0'3 =%9a4='2'
2. (i) The next three terms of the sequence are 17, 21, 25
(ii) The next three terms of the sequence are' 20, 23, 26
(Iii)'l‘hcnenthrectcrmsofthcsequenceare%.Zl,ZS
(iv) The next three terms of the sequence are 6.6, 10.6, 14.6. 3.a,, =057
3. a1=19,a2=?23,a3=14,a4=2—: 5. a,=8,a;=5,a;3=2,a,=-1
6. = . = 8. = 205 =
Qg7 347 7 Qyo 70 Qsg 2 9. d e

10. @ = 240 feet 1. S50 =Rs 40000 12 ag=7
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A )

1212 @S () VS W44 1b=30 15 x=-9y=24
16 4, =9,4; =13 17, Ay =-3,4; =-8,A, = ~13

Exercise 4.3
I S =116 28, = 10100 3.8, = 10500 +.8, = 375 5.5, = 240, 0.=210 7.5, = 240
8§, =2550 9.5, =2500 10.5, = 34036 11.5,, =—140 12.5, = 1155 13.162
u."?‘ 15.5, = 1060 16.5, =387 17.5, =816 18.5, =162 11.5, = =220
ey =70;=190a;=31 2ja=1,a,=5,a,=9 2 =6, a, =36,a, =66
23950 2445 2512,280,000 20.38,750

Exercise 4.4

1. The soaquence is not geometne
2. The sogquence is not geometrie . The sequence is not geometrie
4 The soquence is not geometric 5 Q =3,a; = -6,ay3 = 12, a, = -24
o al=27.a:=-é.as=‘—l,.a‘=—& 4y =12,a3 =6,a3 =3,a, = -:2'-
N Q.‘=l?°.as=%o 9 (Q=S4,(35=162 10. 04':%5.05:"-:-5
11 a.‘=-'7.ﬂs=9 12 (l*=1,ﬂs=3 I.‘a‘=2.(15-—4
AN oay =100 13 ag =32 0. ay = 56 I ag=3
N ag=-1 19 ag =g 0.6,12,24 2124 22.4,2,1,3
23 10,20,40 240 14,28,56 .‘5.%.3.6. 12,24,48 ?h.z—;;ﬂ 27.155797
RN (L URK) 9. 127 W8l
Excrcise 4.5
1.126, 2.9315 3113,28,000 1 947.11 v 114681 0 732
" 10,656 ~ 165, 2 300 10 L4 12051 R}
Lt S vl S bt g :
H@g 1 GED G VT M 15,70 1o, 800
Exercise 4.6
1 L __‘. A _.L 4 -—l— 5\ 1 §) 3
E Y =73 T sn-1 34-7n B
y i gL ol & NS 8 858
14 a0 M T3 30w

Exercise 4.7
114 2.096 3.63 4457 5 183 0.-52432 7.41, 8.5 0. Tk 10.25.,3%
11X gy (m1)R 2% l:.}::';lk(:ﬂ) 14.2n+ 1 lS.'-‘:(Zn2 +9n+7) Ib.§(2n2+7n+3)

l'-5(6n’+3n—1) S.n(n+1) .nd :n.ﬂ(3n+1) 1.4 (2n2 +3n - 5)

n(n +2)(* 0 430 =-1) 23.2%n = 1) + 1 24 T2 Iny Ry leayel

()'-l)‘
--'0— - L 26. I-myp 1-n ) _ 2x+1 .1_0_0
( n+ 7" -1) 0.2 (=3n-3)-2""+ 14 7.4 2, 28 oy Fh—as == 30, =

Excrcise 4.8
Lni+n+l, L -n‘—-n-H .30 - 6n+ 4, 4 lm‘—%rﬁ-l 5.§n‘—§n+3
a2 £ _._1-. L n-2 n+1 1 _n+2
u.:n 3 um s‘" 9. Do yourself 10. revery “'2(n+z)' 12.3, I.\.“mw).
14.Doyourself 15 T
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\‘ &‘ ] E. l_ cj i
Exercise 4.9
1. 780ft 2. 1065, no because the auditorium has only 1065 seats 3. 491,70044
4. ax =524288 5. a¢=0.3280r32.8% 0O 30361.4082 7. 964615
8. 32000 9. r =—;— 10. Rs. 1420418.205 11 . Rs. 100625
12 . Rs. 726000 13. Rs. 31000 14. Rs.356015.99

Miscellaneous Exercise
1.(a (i)c ()b (iv)a (v)c (vi)d (vii)b(viii)a (ix)b (x)a (xi)c (xii)b (xiii)a
(xiv)c (xv)b (xvi)b (xvii)d 2.3,5,7,9 3.0,1,2,3 4.4,10, 14,
5.~ [10"1 —9n —10] 6.4,6,9 7. 6,18,54,162 8.n=—1 9. —— 10. Do yoursclf
1 n(n+1)2 12 —(n*+11n?)

fd Unit 5: Polynomials

Exercise Sl
I. (1) 5 (i) 35 3.No 4.y+1 5 -12 6. m=6 7. Onlylisazero of P(x)
8. 2,—3,‘?1 9. (x-4)(2+3x-2)+3  10. P +10x+24 .

Exercise 52
L+ D0=3)p+2) 2.G-Dr+D2x=1) 3. x=2)x+3)2x+3) 4 (x-3)BxF+4x+12)
5.t-1)(E+2t+5) 6. Other two factors are (x —6) and (2x + 1) 7. (2x-1D(x-5)(x-2)
8. (2x + 1)(22 +x + 36) ,

Exercise 83
1. 5cmby 12cm by 2cm 2. 650 3. 6 units by 8 units by 3 units 4. 9 units by 11 units by 25 units
5. Length of one side of square ABFG is x+4 . Area= (x+4)”. The length of rectangle ACED = 3x+7.
6. y+l,a-2

REVIEW EXERCISE

L@ @ @) (@ (i) (b) (v) (a) v b () (@ (i) (b) (vii) (c)
2. 162 +4y+4 3. 257+ 10p+4 4 Yes 5. 5¢ —13 2% -34x+24
6. 48 7. x+4 8 y+5

E::_M -7 Unit6: Permutation, & Combination 4 ST R
Lxercise 6.1

I. 1. 3628800 1i. 7920 iii. 11/63 iv.n-1 v. 7/90

2. 1141100 i 9valxle il &Yy @

‘ SR ' (n-2)! " n(n-4)(n—-4)!

5. 1.6 i6 7031 8 i3 iv.10 v.6 viI2l vl 1l vii.2  ix.4
Exercise 6.2 A

2.17 i.13 .5 iv.8 v.19 vi.6 vii.9 viii.8 ix.10

313 i.5 .2 iv.8 v.2 vi.3 vii. 41

4. 60 5.60480 6.1296 7.18 8. 2880 9. 1260 10. 720; 120

1. 45360 12.36 13, 42 14. 210 15. 2520 ~16. 360

17.72 15,48 19. 30,240 20. 86400 22. HOELRA 22. MULTAN

Exercise 6.3
2113 ii.22 .51 iv.6 wv.11 vi.5  3.i3 ii.3 i3 iv.5
4, g. 9:3 ii. 62; 27 iii. 10; 5 iv. 14; 4
5.1.4368 ii. 3003 6.55 7.i.120 ii. 186 iii. 186 8. i.45 ii. 120
9.°%C—n 10. 14400 1.7 12. 300500200 13. 63 14. 6272
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REVIEW EXERCISE
I. i.b il. ¢ 1. a v. a v.d vi. ¢ vii. b vii.d  ix.c X.C
2‘. 24 3. 100 4,600 5. 360 6. 32,659,200
. o e Unit 7: Mathematical Indncﬂon and Blnomhl Theomn -~ v

N Exercise 7.2
10.— 5940 11.14 13.12,2 19. 21 times 20. 56 times

Exercise 7.3
Gt e 2 n
y T(n +7n+8)x

Exercise 7.4
1. 1,8,4,7 2.a.5 b.2 31
4. a.5,25 b. 3,33 c. 1,01 88 9.8

REVIEW EXERCISE

I. i.d i.c ii.d iv.d v.b vic vii.b wii.a ix.b x.b.
3.232 6.78

~ Unit 8; Fundamentals of Trigonometry- &

, EXERCISES.I
1. (i) cos(180°+ 60°) =— cos 60° cos(180° - 60°) = — cos 60°, sin(180° + 60°) = — sin 60°,

sin(180° - 60°) = sin 60°, tan(180° + 60°) = tan 60°, tan(180° — 60°) = — tan 60°
(i) cos(90° + 60°) = — sin 60°, cos(90° — 60°) = sin 60°, sin(90° + 60°) = cos 60°,
sin(90° - 60°) = cos 60°, tan(90° + 60°) = — cot 60°, tan(90° — 60°) = cot 60°

) cos(Zn + E) = cos(%), cos(Zn - %) = cos(%), sin(21r + %) = s'm(%),
sm(21r - E) =- sm( ) tan(21t + ) = tan( ) lan(21t = %) = tan(%)

2. (a) cos 150 =M 3 (b) cos l65°=—1'/¥ - (c) cos34S°=bF : (d) sin75°= hﬁ' 2

22 22 22
3. (@) cos120°=-> (b) sin 120°=—£,tan120°=—s/§ () cos 75° = ‘Q‘.‘
0 _ ‘ls 0 J-
(d) COSIOS —‘T (e) cOS 285 ZJ_I (t) sln 150 fﬁl

4.() cos98 (i) cosS6 (i) sin: (V) sin92° (V) @n30° (vi) tan2r
5. cos(a +B) =22, cos(a—ﬁ)=:—§

6. (i) sin(a— p)—;g (i) cos(a - B) =2 (m) tan(e - ﬁ)-’£

465
7. (i) sin(a +B) = a—s- (i) cos(a +pB)=—-— (m) tan(a + ) =-=
8. (i) cscla+pB)=2 (i) sec(@+p)==  (iii) cot(a +p) -8

9. ) sin(a+p)=—5r5sin@—-B) =g (i) cos(a+p)=—ck, cos(@— )=
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(iii) tan(a + B) =7, tan(a — B) = ;

N

13. (i) 12sin 6 —5cos 8 =rsin(8 + ¢) where r=13 and ¢ = tan™ (——
(ii) 3sin 6 +4 cos 6 =rsin(6 +¢) where r=5 and ¢ = tan”(2)  (iii) Do yourself.

14. @ a=45  (b) sinf@ = —’ﬁ cos 8 = % (c) 09285  (d) 22°

EXERCISE 82
1. cosza-—zls, sin20 = —2% Il quadrant
25
2. sin2a=-2y\/1—y2 cos2a=1-2y, tan2a——2)1'“z;§ 3. cosl5°= ’1+_c<;ss_o 0.966
4. (i) sin26 > > ©0s 26 = ~c - tan 26 7 SIS = 75, COSO= =, tan o= -
i) si = .. 220 =19 =120 . 6_.2 L o_2
(1) sin26 o5 > C0s 260 169,tan20 115 SN =0 008, 75, tang i
iii) si = 230 =327 =336 R L A |
(111) sin 28 a2 > C0s 260 ,tan 26 527> SN = 55> €OS 3 s\/i’tanz_7
: i = & e —_% gpl- [ o_ [Y5+1 6_ [¥5-1
(1v) sin 26 5,cos20— 5,tan20— 3> Sins Vs 2 COS5 = 2 tanE— N
: - _ -6 V21 ] V2 +1 6 Ji—1
/ S 20——1, 2 = = d, == - -_—
(v) sin cos 26 = 0, tan 26 = undefine sin - vz ° COS3 7 0 tans A
I __V3 _1 N _V2+yv3 6_V2-v3 6_ [2+3
(vi) sin26 2,cos2t9—;,tan26 , sin > 7 CosS= T, PRt vy
: 1 =3 =1 s " 1 =§ —_i = 3
5.(i) sin@ S+ Cos 6 s,tane— (1) sin@ 5,cosB— s,tane-——4
T _8 =15 _8 N . - —alZ __7
(iii) sin @ ;2 cos @ 17,tanG - (iv) sin@ 13\/_,cose— 13\,.2.,tzm£)— -
1 L. V3 o g 1 . V3 1
6. (1) " (1) T (1) B (1v) ry (v) NG
7. (1) # (11) —[1—cosZa— cos4a + cos2a cos4a] (iii) ;8[3 4 cos4a + cos8a]
EXERCISE 83

I. (i) 2[sin26x+sin6x] (ii) S[cos 16y+cos4y] (iii) sin8¢t—sin2¢
(iv) 3[sin 15x +sin 5x] (v) %[cos 6u—cos4u] (vi) cos 120° - cos 80°
(vii) %[sin 40° —sin 6°] (viii) sin IO4°—sin 8° (ix) cos 60°— cos 90°
(x) 2[sinu + sin V] (xi) sin2u —sin 2y |

2 () 2sin50°cos20° (i) 2cos45°sin31°  (jif) —2 sin 35° sin 23°

(iv) 2cos§cos% (v) =2sin15°cos 5°
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REVIEW EXERCISE

a i) b (iii)) ¢ (iv) d v) b
c (viii) d (ix)' b x) ¢ (xi) d
=) -3 i) —=
- (1) sin{B +45°) or cos(B-45°) (ii) cos45° or sin135°
4. (i) tan 60° = 1.732 (ii) cos90°=0 5. tan 6 =3 9.
' Unit 9: Trigonometric Functions

il

iii.

1v.

1D

il.

iil.

.

)
.
.

ii.

1il.

iv.

Vi.

4. 1.

V.

Maximum value (M)
Maximum value (M)
Maximum value (M)

Maximum value (M)

Maximum value (M)
Maximum value (M)
Maximum value (M)

Maximum value (M)

nRFuZalw »

SN Gle e —

Domain =Dy =] —00,00 [=R;

Domain=Dy =] -00,00 [=R;

Domain =Dy =] —00,00 [ =R;

Domain=Dy=] -00,00 [=R;

Domain=Dy=] -00,00 [=R;

Domain = Dy =] -00,00

odd il. even

even vi. even

1il.

vil.

[=R;

even

odd

(vi) a

(xii) a

1

Minimum value (m)
Minimum value (m)
Minimum value (m)

Minimum value (m)

Minimum value (m)
Minimum value (m)
Minimum value (m)

Minimum value (m)

Range=Ry =[-7,7]
Range=Ry =[-1, 1]
Range=Ry =[-1, 1]
Range=Ry =0
Range=Ry =0
Range=Ry =[-6, 6]

iv. even

viil. odd

SuZwol 9= wBujoal— o
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R

' A y-axis ' Characteristics
& i , y=2 )
T ¥ I I S, o » Domain = (-00,00)=R
Range = [-2,2]
Period = 2m
Amplitude = 2
Nature = odd function
‘x-axis QO nom IE 2l_n i
6 3 2 3 6
=2
.* ........ e T T T I
v Y-axis
ii. A y-axis
Characteristics
Domain = (-00,00)=R
Range = [2,2] -
Period = ZF
Amplitude = 2
Nature =  even function
111.
A > 4 A A
P oo Characteristics
: E 3 Domain = 7%<x<%—+1—t2—n-
. . . : VE_A,: Range = ] -00,00 [
‘axi 5m -2n Jomogm T x-axis i = Tt
X-axis n _;r_ 5’2? 573 2 Perloq D)
: : : : Amplitude = nil
: ] Nature = odd function
I D
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Characteristics

Domain = (-00,00)=R

Range = [-1,1]

Period = 41

Amplitude = 1

Nature = even function

Y y-axis
V.
A y-axis
y=2 Characteristics

Domain = (-00,00)=R

Range = [-2,2]

Period = 23_7:

Amplitude = 2

Nature = odd function

Vi.

Characteristics
Domain = (-00,00)=R
Range = [-3,3]
Period = 2
Amplitude = 3
Nature = even function
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Characteristics
Domain = (—00,00)=R
Range = [-1,1]
Period = 4T
Amplitude = 1
Nature = even function
i ii. 2?" iii. 47 iv. ZTK v. T vi. 27
A y-axis
2
y=Sinx
/>y=Sin2x
1
= eEn TeE e e e R e = e SR W N U Y.=..1-.>
, N IEEIE N PN Y S
X-axis ool I T W N YN N RS S x-axis
= | WAV 3\ PolNwe L= S
AREWH IR § 3
o NS O SCEEETEEEEEES P
y=-—1
x-axis
v Y-axis
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A Yol

AN

/.-) y = Thn

, =i b >
NCUX N " erTAL:
0O
yuxin
¥
.
o ench eyele is - second
b. k20,160
¢, 180
d. V(1) = 180 Sin 20, 160t
TSR NG, KT e S
i, b i, a i, ¢ iv. a V. ¢
vi, 4 vil, a viii, d ix. b X, ¢
X1, 4 Xil, ¢ Xiii, @ Xiv. b XV, ¢
xvi. b Xvii. a xviil, ¢ xix. d XX, a

7 a. Period - % : Amplitude = =20 ; Vertical shift = 24

b, h(t) = -20C08(%‘)+ 24
c.  The height is 32 m after Sminutes.



7z

Q.

10.

a. Maximum height = 22 m, Minimum height = 2 m.

b. The height is 12 m after 30 seconds.

c. One complete revolution takes place in 120 seconds.
a.y = 10 Sin 1440 ¢, y = 10 Sin 1440 (t — i)"

b. Domain = {t /t = 0,t € R}, Range = {y/ —10 <y <10,y € R}

il.
iil.

iv.

Vi.
Vil.
viil.

1X.

XI.
xii.
xiil.
X1iv.

XV.

Domain

Domain

Domain

Domain

Domain
Domain

Domain
Domain
Domain
Domain
Domain
Domain
Domain
Domain

Domain

Domain

=]-o00,00[=R
=]-00,00[=R
=]-,0[=R
=]-00,00 [=R
=]-,0 =R
=]-,0[=R
=]-00,00 [=R
=]-o00,00 [=R
=]-o00,00 [=R
=]-00,0[=R
=]-00,0[=R
=]-00,00[=R

=]-o00 oo [=R

*

=]-00,00 =R

=[2nn,%+ 2nn |

Range
Range =] — 00,00
Range =[— 2, 2]
Range =] — 00,00 [
Range =[-5, 5]

Range = - , L ]

V)
W 9

Range = [-5-5 ]

'

Range = 0
Range = [~ 7,7]
Range =] — 0o, 00|
Range =] — 00 oo [
Range = [~ 9, 9]
Range = [7,9]
Range = (2, 12]
Range = (2, 10]
Range=( ¥>

N | —
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=

Period
Non periodic
() mw

Non periodic

2m

w
N W

‘-
(89 ] =]

Non periodic

2n
5
Non periodic

Non periodic

2
3 A '-|=I

=
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Adjoint of a matrix: A matrix of order 2, obtained by interchanging diagonal elements and changing
the signs of non-diagonal clements.

Algebraic expression: A statement in which variables or constants or both are connected by

arithmetic operations (i.c. +, —, x, +).

Allied angles: The angles connected with basic angles of measure & by a right angle or its multiple, are
called allicd angles.

Arithmetic mean: A number M is said to be arithmetic mean between two numbers @ and b if a, M, b are
in A.P.

Arithmetic sequence: An arithmetic sequence is a sequence in which each term, after the first, is found
by adding a constant.

Arithmetic series: The sum of the terms of an arithmetic sequence is called an arithmetic series.
Arithmetico—geometrico sequence: This scquence is the result of term-by-term multiplication of a
geometric progression with the corresponding terms of arithmetic progression.

Column: The vertical arrangement of objects.

Column matrix: A matrix having only one column.

Combination: If in the arrangements of objects their order is not important then this arrangement of
objects is called combination.

Complex number: The number of the form a + ib, where a and b are real number and i = \/——l .
Complex polynomial: If z is a complex variable, then the expression ag + a4z + ayz2 + -+ + a,z" is
called complex polynomial of degree n if @,, # 0 and n is a non-negative integer.

Conformable for matrix addition: Matrices of same order so that they may be added.

Conformable for matrix multiplication: If number of columns of first matrix is equal to the
number of rows of second matrix so that they may be multiplied in that order.

Conformable for matrix subtraction: Matrices of same order, so that they may be subtracted.
Conjugate: Two complex numbers differing only in the sign of their imaginary parts.

-Constant polynomial: A polynomial having degree zero is called a constant polynomial.
Consistency criteria: A system of homogeneous linear equations is consistent if Rank A = Rank Ap.
Consistent system: A system of equations is consistent if it has at least one solution.

Cross product of vectors: The product of vectors resulting in a vector quantity.

Cubic polynomial: A polynomial having degree three is called a cubic

Deductive reasoning: Deductive reasoning is a logical approach where someone moves from general
ideas to specific conclusions.

Determinant of a matrix: A number obtained by subtracting the product of non-diagonal elements
from the product of diagonal elements, in a square matrix of order two.

Diagonal: A line joining any two vertices of a polygon that are not joined by any of its edges;
elements running from the upper left coer to the lower right corner of a square matrix.

Diagonal matrix: A matrix in which all the non-diagonal elements are zero but at least one

clement of the diagonal is non-zero.

Direction angles: The angles that a non-zero vector 7 makes with the coordinate axes in the positive
direction are known as direction angles of 7.

Direction cosines: Coines of direction angles are called direction cosines.
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Domain of trigonometric functions: The domain of a function f(x) is the set of all possible values of

v’ such that function f(x) is defined.

Dot product of vectors: The product of vectors resulting in a scalar quantity.

Equal vectors: Two vectors d and barc cqual if both have the same magnitude and direction.

Equality of complex numbers: Two complex numbers are said to be equal if both have the same real
and imaginary parts.

Equality of matrices: Two matrices arc equal if both have the same order and the siame corresponding
clements.

Even function: A function is even if and only if f(-x) = f(x).

Factor theorem: A polynomial p(x) has a factor x — ¢, if and only if p(c) = 0.

Factorial: Factorial of an integer n is denoted by n! =1x2 x3...(n — 1)n.

Fundamental law of trigonometry: This law is stated as: cos(a — ) = cosa co:s B + sinasin
Geometric mean: If a, G, b is in a gecometric scquence, then G is called the geometricc mean of a and b.
Geometric sequence: A geometric sequence is one in which each term after the first is found by
multiplying the previous term by a constant called the common ratio.

Geometric series: The sum of the terms of a geometric sequence is called a geometriic series.

Graphic solution: Mecthod of solving two simultancous equations by plotting the griiph of each
equation.

Harmonic mean: A number / is said to be the harmonic mean between two numbers a and b if a, H, b
are in H.P.

Harmonic sequence: A sequence is called a harmonic sequence if the reciprocals «of its terms are in an
arithmetic sequence.

Imaginary part: The coefficient i in any complex number.

Inconsistent system: A system of equations that has no solution is called inconsiste:nt.

Inductive reasoning: It is a method of reasoning in which general principle is derived from
observations.

Inequality: The relation between two comparable quantities, which are not equal.

Irrational expression: An algebraic expression that is not rational is called an irrattional expression.
Linear polynomial: A polynomial having degree one is called a linear polynomial.

Lower triangular matrix: A square matrix in which all the elements lie above the main diagonal are
zZero.

Matrix: A rectangular arrangement of numbers enclosed within square brackets.

Modulus of a complex number: It is the distance of a complex number from its origin.

Negative of a vector: A vector having the same magnitude but the opposite direction is called the negative
of the given vector.

Non-singular matrix: A matrix with non-zero determinant.

Null matrix: A matrix with all entries to be zero.

Odd function: A function is odd if and only if f(—x) = —f(x).

Order of a matrix: If a matrix has m number of rows and n number of columns then the order of the
matrix is m-by- n

Ordered pair: A pair set in which x is designated the first element and y the second, denoted by (x, y).
Parallel vectors; Two non-zero vectors d and b are said to be parallel if @ = Ab.

Periodic function: A periodic function is a function where values repeat after a specific time interval.
Periodicity: The periodic behavior of trigonometric functions is called periodicity.
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Permutation: The arangement of numbers or things in a definite order is called permutation.
Polynomial: Algebraic expressions consisting of one or more terms in which exponents of the variables
ivolved are whole numbers,

Position vector: The vector used to specify the position of a point P with respect to the origin O is called
the position vecetor ot P,

Quadratic polynomial: A polynomial having degree two is called a quadratic polynomial.

Range of trigonom etric functions: The range of a function f{x) is the set of all possible values of the
function fix) can tak e, when “x* is any number from the domain of the function.

Rational expression: An algebraic expression of the form P(x)/Q(x), where P(x) and Q(x) are polynomials
and Q(v) = 0.

Rectangular matrix: A matrix having an unequal number of rows and columns.

Remainder theoremn: If a polynomial p(x) is divided by x — ¢, then the remainder is p(c).

Row: Horizontal arrangement of elements.

Row matrix: A matrnx having only one row of elements.

Rule of product: If ¢vent A can happen in m ways and event B can happen in n ways then pair

(A, B) can happen in m X n or mn ways.

Sequence: A sequence is an arrangement of objects or numbers in a particular order followed by some
rule.

Scalar matrix: A dia gonal matrix with equal diagonal elements.

Scalar quantity: A p.hysical quantity that can be completely specified by its magnitude only.
Simultancous equations: Sct of equations satistied by the same solution.

Singular matrix: A matrix with zero determinant. '

Skew symmetric mat rix: A matrix whose transpose is not equal to the matrix itself.

Solution of equations : The solution of an equation is the process of finding the values of the unknown
involved in the equation.

Square matrix: A mairix having an equal number of rows and columns.

Symmetric matrix: A matrix whose transpose is equal to the matrix itself.

Terminating decimal fraction: A decimal fraction whose decimal part is finite.

Transpose of a matrix: A matnx obtained by interchanging rows and columns of a given

matrix.

Triangular matrix: A square matrix that is either upper triangular or lower triangular is called a triangular
matrix.

Triangular numbers: /\ triangular number counts objects arranged in an equilateral triangle.

Unit matrix: A diagon:il matrix having all diagonal elements equal to one.

Unit vector: A vector that has magnitude 1 is called a unit vector.

Upper triangular matirix: A square matrix in which all the elements lying below the main diagonal are
zero.

Vector quantity: A physical quantity that is completely specified by its magnitude and direction.

Zero matrix: A matrix having all elements equal to zero.

Zeros of a polynomial: A value of the variable for which the value of the polynomial is zero.

Zero polynomial: A polynomial having 0" as the only term.

Zero vector: A vector in which the initial and terminal points coincide.
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SYMBOLS AND ABBREVIATIONS USED IN MATH

is cqual to

is not equal to

is member of

is not member of

empty set

union of scts

interscction of scts

if and only if

line Segment AB

measurcment of side AB

;;%lﬂ)camm““

measurement of angle A

is congruent to

is perpendicular to

triangle

implics that

[

and

or

is less than

is greater than

is less than or equal to.

is greater than or equal to

at the rate of

percent

Pie

CTRIRPIVIAIVIMC 12 UD (ST

ratio

proportion

therefore, hence

because, since

that 1s

approximately equal to

square root / radical

for example

such that

corresponding to

is parallel to

U I T I I A R O O R R R R 2 R N A A A 2 N N R I 3 B O R R N R R A R

! factorial
‘P, permutation
"4 combination
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gomp:?x nul:bcrs ! 06 Arithmetic sequence 125
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Modulus of complex number 09 Arithmetic series 129
Complex equations 17 Geometric sequence 132
Complex polynomials 19 Geometric mean : 133
Complex quadratic equation 20 Geometric series 136
Polar coordinate system 21 Harmonic sequence 140
Polar form of complex number 21 Harmonic mean 141
Application of complex number 28 Miscellanies series 143
Introduction of matrices 33 Arithmetico geometric series 147
Types of matrices 33 Remainder theorem 164
Algebra of matrices 37 Factor theorem 166
Determinants 45 Factorial notation 173
Multiplicative inverse of matrix 48 Permutations _ 176
Properties of determinants 52 Combinations 181
Row and column operations 61 Mathematical induction 187
Rank of matrix 63 Binomial theorem 193
System of linear equations 65 Binomial series 199
Augmented matrix 69 Fundamental law of trigonometry 208
Application of matrices 75 Trigonometric ratios of allied angles 211
Introduction of vectors ) Double and half angle identities 216
Addition of vectors 83 Triple angle identities 217
Subtraction of vectors 82 Sum and difference formulae _ 222
Application of vectors in geometry 84 Product formulae 223
Algebra of vectors in space 86 Domain of trigonometric functions 229
Dot product of vectors 93 Range of trigonometric functions 229
Direction angles and cosines 96 Periodicity of trigonometric functions 233
Work done 102 Maximum and minimum values 237
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Scalar triple product 112 Even and odd trigonometric functions 252
Introduction of sequence 122 Applications of trigonometric functions 253
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