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Preface

This Model Textbook for Mathematics grade 9 has been developed by NBF according to the
National Curriculum of Pakistan 2022-2023. The aim of this textbook is to enhance learning
abilities through inculcation of logical thinking in learners, and to develop higher order
thinking processes by systematically building upon the foundation of learning from the
previous grades. A key emphasis of the present textbook is on creating real life Iinkages of
the concepts and methods introduced. This approach was devised with the intent of enabling
students to solve daily life problems as they go up the learning curve and for them to fully
grasp the conceptual basis that will be built upon in subsequent grades.

After amalgamation of the efforts of experts and experienced authors, this book was
reviewed and finalized after extensive reviews by professional educationists. Efforts were
made to make the contents student friendly and to develop the concepts in interesting ways.

The National Book Foundation 1s always striving for improvement i the quality of its
books. The present book features an improved design, better illustration and interesting
activities relating to real life to make it attractive for young learners. However, there is
always room for improvement and the suggestions and feedback of students, teachers and
the community are most welcome for further enriching the subsequent editions of this book.

May Allah guide and help us (Ameen).

Dr. Raja Mazhar Hameed
Managing Director
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REAL NUMBERS

In this unit the students will be able to:

¢ Recall the history of numbers.

+ Recall the set of real numbers as a union of sets of rational and irrational
numbers.

» Depict real numbers on the number line.

Demonstrate a number with terminating and non-terminating recurring decimals

on the number line.

Give decimal representation of rational and frrational numbers.

Know the properties of real numbers.

Explain the concept of radicals and radicands.

Diferentiate between radical form and exponential form of an expression.
Transform an expression given in radical form to an exponential form and vice
VErsa.

Recall base, exponent and value.

» Apply the laws of exponents to simplify expressions with real exponents.

A number is an abstract idea used in counting
and measuring. A symbol which represents a
number is called a numeral, but in common
usage the word number is used for both the idea
and the symbol. In addition to their use in
counting and measuring, numerals are often
used for labels (telephone numbers), for
ordering (serial numbers), and for codes (ISBN,
i.e. Intemational Standard Book Number). In
mathematics, the definition of number has been
extended over the years to include such numbers
as zero, negative numbers, rational numbers,
irrational numbers, real numbers and complex
numbers.
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1.1 History of Real Numbers
Can you imagine a world without numbers?
In our daily conversations, our domestic activities and at our jobs, we cannot spend a single day
without using numbers. Our lives will be quite strange without involvement of numbers. In this
way one can imagine about the life of a person in the era when numbers were not discovered.
There is an interesting story regarding how humans started using numbers for the first time. The
story is about a shepherd boy who used pebbles to count his goats /sheep he sent for grazing each
day to avoid missing any. The number discovered in that way were simply the counting numbers
which are now called Natural numbers. People usually used their fingers or sticks to count
objects and were symbolized by tally marks. They counted objects by carving tally marks into
cave walls, bones, woods or stones about 30000 BC. In fact, the earliest numerals recorded so far
were simple marks for small numbers and special symbol for 10. These symbols appeared in
early Egyptians inscriptions around 3500 BC to 3000 BC.

Sumerians Contribution to Numeral System

Some historians believe that Sumerians were first to use symbols for ... bl
numerals on a leg bone of a baboon
Around 5000 BC. Sumerian was a Great civilization settled at the dating prior to 30000 BC.
Fertile Crescent area near present Iraq. They had a great contribution to The bone has 29 clear
the development of number system and basic Mathematics as they are nggjzr?dﬁos‘ﬁu%was
considered to be very advanced in many fields at that era. e.g. P

e They were first to construct buildings.

e They initiated modern agriculture, so they were keen about fundamental calculations.

e They depended on rise and fall of sun to estimate time, which showed that they were

keen observers of angles and geometry.
e They used cuneiforms on clay tablets.

Babylonians Contribution to Numeral System

Babylonians system of numerals based on Earlier Sumerian numeral system basically, as they
were descendants of Sumerian. They relied upon a series of cuneiform marks to represent digits.
This was a sexagesimal system of numbers (system with base 60). This concept is still in use
today as in division of time we use 60 minutes, 60 seconds etc.

Although they carried complicated algebraic calculations and knew about the concept of
nothingness but they didn’t symbolize it ever rather they used a space between digits to represent
zero. It made their numbers and calculations quite ambiguous. Around Babylon, clay was
abundant so they made a lot of use of clay tablets impression with cuneiforms. The cuneiforms
and numerals occur together in some documents from about 3000 BC. They seem to have some
convention regarding the use. Cuneiform was always used for wages due while wages paid were
written in curvilinear.

Greek Contribution to Numeral System

The early Greeks, like their predecessors Egyptians and Babylonians, also repeated units to 9 and
probably had “ — ™ symbols for ten and “ O ” for 100.The Greek system of abbreviation in
numbers called Attick numerals is present in the record of 5 century BC but probably was used
much earlier. Like Babylonians and Romans, the ancient Greeks knew about nothingness but did
not symbolize the concept.

Unit-01 Real Numbers Q National Book Foundation
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Researchers had discovered that many other civilizations developed positional notation of

numbers independently including the Ancient Chinese and Aztecs.
Romans Contribution to Numeral System

Romans used tally marks on tally sticks or tally bones. Like early humans they also used V to
represent five and X for ten. Ancient Romans incorporated these symbols into their seven
symbol system. The Roman empire was very vast and this system of numerals was used thus
widely throughout Europe from early 2000 years ago to late middle ages. Like the Babylonians,
the Ancient Roman Numeral system lacked to symbolize nothingness. This system was

maintained for nearly 2000 years in commerce and scientific literature.

i 1 10 100 1000 10,000 100,000 1,000,000

1INt &2 r+ O~ Xk
Egyptian hieroglyphic numerals, 3300 B.C.

ii. 1 10 &0 600 0
Yy < V V=

Babylonian cuneiform numerals, 2000 B.C.

iii. 1 5 10 50 100 500 1000
| T A B ™ X
Early Greek numerals, 5 B.C.

iv. 1 5 10 50 160 500 1000

'V X L C D M

Roman numerals, 100 A.D.

V. 1 5 6 10 .'Z.O
® mm A — Gy
Mayan numerals, 300 A.D.
vi.

g1.23% 4 587 8 58
Hindu-Arabic digits, present day

Unit-01 Real Numbers 9
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Discovery of Zero (the sooper Hero)
Historians believed that Mayans living in central America used the idea of zero in their calendar
system but they were isolated from other world so it couldnot caoe in outer world. Some
historians give the crown of symbolizing nothingness to the Indian mathematician and
astronomer Brahmagupta in 628 AD. It is also narrated that a great Muslim Mathematician Abu
Muhammad Musa al Khwarizmi, who was also an astronomer and a geographer, contributed
much to our modern understanding of maths. He described a number system based on 10
numerals from zero to nine in 7% century in his book ‘The use of the Hindu Numerals’( <&
iglolae Wi atnd ) | He called this new digit as ‘Sifr’. This useful system was soon adopted by
Arabs.
Zero in the Europe
Fibonacci, the son of an Italian merchant discovered that Arab traders were using accounting
system based on 0-9 numerals. He quickly understood its importance and improved book
keeping and accounting in Europe. In 1202, he published a book describing this number system.
He elaborated in the book about practical application i.e. how to convert one currency into other,
calculation of profit and losses and other important business nceds. In Italy ‘Sift’ became
‘zefero’ which later became zero.
Discovery of zero brought a new set of numbers called set of whole numbers and it reduced the
hurdles in calculation and understanding numbers.

Negative Numbers

The Chinese Mathematician Diophantus was most probably the first who used negative numbers
around 200 BC in his work. He represented the amount of debt or loss. Then in 7% century the
Indian Brahmagupta wrote rules for adding, subtracting, multiplying and dividing negative
numbers. The discovery of negative numbers gave existence to the set of Integers.

Rational Numbers

Pythagoras the Greek mathematician used fractions for the first time in mathematics around
500BC, which was infact the discovery of rational numbers. The word rational came from ratio.
Irrational Numbers

Soon after the discovery of rational numbers by Pythagoras, one of his early follower, Hippasus
of Metapontum was working to find the hypotenuse of a right isosceles triangle with 2 equal
sides of length 1 unit. He came with a strange answer (V2) and concluded that the answer is not
reasonable number because it cannot be written in a/b form. He called such numbers as irrational
(meaning stupid, nonsense or not reasonable). It is narrated that Hippasus was drowned in the sea
for his new concept of numbers as it was against their self made religion.

Real numbers

The set of real numbers was thus completed with the discovery of rational and irrational
numbers. We know today that the set of reals contain both and there is no such real number
which is neither rational nor irrational.

1.2 Introduction to Real Numbers 4
Earlier mathematicians particularly Richard Dedekind have precisely defined the concept of real
numbers which include both rational numbers such as % and irrational numbers such asv2 .

The real numbers are used to solve real life problems such as finding velocity, speed or distance,
the profit or loss of a business, the difference in stock market etc.

Unit-01 Real Numbers Q National Book Foundation
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Q 7 P
Set of Set of

Rational Trrational Set of rational numbers (Q) and set of irrational
Numbers Numbers numbers (@) are disjoint i.e., Q NQ =¢. But
R=Qu Q’ R=QU @, then Q and Q' are called exhaustive sets.
Qng = ¢
‘ Real Numbers ( R) ‘
._ l _
! : ) I "4 )
‘ Rational Ngmbe;?s’ (Q) ‘ Irrational Numbers ( Q)
5,0,7. 11> ﬁetc. V11,23, Tete.
I
. I _ 1
| Integers (Z) ‘ Non-integer Rational Numbers |
1 13
‘ 3, L0100, . ‘ %% 5 e
I
I l
Negative Integers \ Whole Numbers (W)
23, 12, 3P| 0,1,2,3,...
! —
| I
‘ Zero(0) ‘ Naturall Iju;nbers (N)

1.2.1 Number Line
We use a number line to visualize real numbers and their relation to
each other. To construct a number line, we choose a point

corresponding to the number ‘0°. Points at equally spaced intervals '
Number line is also

are then associated with the integers. The positive integers are to the :

; i T called a real line
right of ‘0’ and negative integers are to the left of 0. All other real because we express
numbers are associated with a point which is called the coordinate real numbers on it.

of that point. The point associated with zero is called the origin.

Usually few integers are shown on a number line to indicate the unit length of the line, that is,
the distance between any two consecutive integers.

Unit-01 Real Numbers National Book Foundation




A number line is shown in figure below.

- | ———-

Negative numbers 0 Positive numbers 5
B ] 1 ) 1 1 1 1

r 1T T 1T 1 I ||
6 54 321 0 12‘1’! 4 5 6 7 8

(Unit length)

1.3 Properties of Real Numbers

The basic properties of real numbers are w.r.t addition and multiplication. In this section, some
of the properties of these operations are reviewed. The following results are true for any real

https://fbisesolvedpastpapers.com

numbers a, b and c.
Name of the With respect to Examples
property + X + X
Closure at+bekR a+bekRk 6+4=10€R 6x4 =24eR
F— e —— T
e - z o 4+{6+8) = (416)18|4x(6%8) = (4x6)*8
Associative |a+H(b+c) = (atb)tc| a«(bec) = (asb) «c =1 _192
Identity at0=a=0Ha | aedl=lea=a 6+0:g+6 6x1:éx6
eHg)=—a+a | @oL=Lea=1 [14H-14)=-14+14] 145 1 = 114
Inverse a 4a =0 14 14
=0 a#z0 =1

i. 0 is the additive identity and 1 is the multiplicative identity of real numbers.
ii. —ais the additive inverse of g and % {a # 0) is the multiplicative inverse of a.
1.3.1 Distributive Property of Multiplication over Addition

The distributive property involves both operations i.e., addition and multiplication.
Distributive property says, for all real numbers a, b, and c:

a(b+c)=ab+ac Thinking Corner

Example 1: If a=5, b= 6 and ¢ = 9, then verify that +«Which number has the additive
’ _ ’ inverse the number itselfl
a(+c)=ab+ac. +Do all real numbers have their
g _ _ _ multiplicative inverses.
Solution: a+c)=56+9)=5015=75 +Which number has no multiplicative
ab + tc = 5(6) + 5(9) e 30 + 45 = 75 mverses.
Thus:
a(b+c)=ab+ac

Unit-01 Real Numbers p National Book Foundation
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Example 2: Use the distributive property to simplify

32[1+1
8 4

Solution: 32 1+l =32 x—+32 x—
& 4 8 4

)

1

=4+8=12
1.3.1 Properties of Equality and Inequality of Real Numbers

Equality and Inequality Symbols
There are three symbols which can be used to show the possible relations between any two real
numbers ‘a’ and ‘b’. These are <, = and >, where =’ is equality symbol and ‘< and >’ are

inequality symbols.

1

Distributive property of multiplication
over subtraction,
a (b— ¢} = ab — ac also holds.

a(b+c)=ab+ac

Following table shows the use of these symbols.

The symbol < is used for *“is less
than” and > is used for “is greater

Read Write

a is less than b a<b
aisequal to b a=b
a is greater than & a>b

than”. These were infroduced by
Thomas & Harriot around 1630.

If a and b are real numbers, then only one of the following statement is true
(iii) a >b

This property is known as Trichotomy Property.

@) a<b (i) a=b

A mathematical statement with the equality sign is called an ‘equality’. A mathematical
statement in which we do not use the symbol of equality but other symbols like ‘<’ or ¢
>’or both, is called an ‘inequality’.

Properties of Equality of Real Numbers

The following properties are true for any real numbers a, b and c.

Name of property General statement

Reflexive a=a
Symmetric Ifa=bthenb=a
Transitive Ifa=band b=cthena=c
Additive Ifa=bthena+c=b+c

Unit-01 Real Numbers
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Multiplicative

If a = b then ac = bc or ca=ch, where ¢ # 0

Cancellation w.r.t. addition

Ifa+ec=b+cthen a=%

Cancellation
w.r.t. multiplication

Ifac=bcthena=j
Ifca=cbthena==4) wherec=0

Properties of Inequality of Real Numbers
The following properties are true for any real numbers a, 5 and c.

Name of property General statement Examples:
Tsichiokiy Eithera > b If 2 <3, then
ora=bora<b 223and2#3
fa<bandb<cthena<c |If3<S5and5<7,then3 <7
Transitive Ifa>bandb>ctheng>¢c |If-2>-S5and-5>-7,
then—2 >—7
Additive Ifa<b,thenatc<b+c If3<5,then3+10<5+10
Ifa>b,theng+c>b+c If — 5 > -8, then
—5+2>-8+2
(a) Forc<Qanda, b €R, (a) For—4 <0,
(i) If a > b then ac < bc (i) If3 > 2, then
3(4)<2(—4)
Ei i -12<-8
Multipliostive | iy r6awd; thernd®be | ()63 5, then
3(-4) > 5(-4)
-12>-20
(b)Forc>0anda, b €R, (b) For3>0
(i) If a > b, then ac > bc (i) If5> 2, then 5(3) > 2(3)
15>6
Multiplicative (ii) If ¢ < b, then ac < bc (ii) If 2 < 3, then 2(5) < 3(5)
10<15
1.1 1.1
(iii) If @ < b, then —>— (iii) If2 < 3, then —>—
a b 2 3
Cancellationw.rt |Ifga+c<b+ctheng<b If2+3<5+3then2<5
addition Ifa+e>b+cthena>b If4+3>2+3thend4>2
Cancellation wrt |Ifac<bcandc>0 If2x3<4x3then2<4
multiplication thena<b
ifac<bcandc<0 If-3x2>-3x4then2<4
thena>b
ifac>bcandc>0
thena>b
ifac>bcandc<0
thena<b

Unit-01 Real Numbers p
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o The inequality sign remains unchanged if a positive number is multiplied to both the sides of an
inequality.
» The inequalities are reversed if a negative number is multiplied to both the sides of an inequality.

Example 3: Show the following numbets on a number line.

7 1
@4 Oy ©-; @2 @
Solution: ——r——e+5 8D & L
6 5 4 -3 -2 -1 0 1 2 3 4 5 6 7T 8
(a) The number 4 is four units to the right of 0, therefore, A is representing 4 on number line.

(b) % = (.875 is between 0 and 1, which is a terminating decimal. Point B in the figure is

representing % on the number line.

) - % =_0.333... or —0.3is between 0 and -1, which is a recurring decimal. Point C in

the figure is representing —% on the number line.

(d)  Since ¥2 =1.414213 ..., is between 1 and 2. Point D in the figure is the location of v/ .
(e) Since -7 =-3.14159... is between —3 and —4. Point E in the figure is the location of —#.

1.3.2 Representation of Real Numbers on Number Line

The representation of real numbers on a number line is called graphing the real numbers or
graph of the real numbers.

Example 4: Represent the following sets of real numbers on a number line.
(a) x<2 (b) -6<x<4
) =x>-4 d -2=<x<1

Solution: Try to imagine the
(a) The inequality x < 2 specifies all real numbers less than or equal to 2. numbers less than or

; ; ; equal to 2 and relate
This set is represented on a real number line as follows. B o st

— . X < 2 : > at most which ever
3 2 -1 0 1 2 3 suitable in this case.
A filled circle indicate that 2 is included in the set. \ /

Unit-01 Real Numbers Q National Book Foundation
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(b) The inequality — 6 <x <4 specifies all real numbers between — 6 and 4, as shown

on the number line.
—H<x<d4

‘ICI Il | I — | I 1 lo.
76 -5 -4 3-2-10 1 2 3 4

‘We use hollow cirele to indicate that both —6 and 4 are not included in the set.

(c) x > — 4 specifies all real numbers greater than —4.

' C 1 1 1 1 1 1 1 1 : : ;
x>—-4

4 3 -2-1 01 2 3 4 35 6

We use hollow dot to indicate that — 4 is not included in the set.
(d)—2<x<1 isthe set of all real numbers between —2 and 1 including —2 but excluding 1.
2< x<1
S e ———————
-4 3 -2-1 01 2 3 4 5

1.  Represent each number on the number line.

o 2 @ 5 i) 45 ) -8
" 1 N | 7
) 8 o) 43 vi) 3 (vidl) -~
2.  Identify the property that justifies.
@) Ix(y=2)=y-2 G) (02)5=1
(i) @+2D+y=y+x+2) (iv) -—-(@by+(@b)=0
V) x+3)-1=x+(5-1) (vi) 32-y)=-6+3y
3.  Represent the following on a number line.
G x<0 i) B<x<3 (iii) x>-8
ivy x>0 W) x<-3 (vi) —4<x<4
4. Identify the properties of equality and inequality of real numbers that justifies the
statement.
i) 9x=9x (i) Ix+2=y andy=2x-3,thenx+2=2x-3

(i) f2x+3=y,theny=2x+3 (iv) If3<4,then-3>-4

(v) H2y+2w=pandp=>50,then2y+2w=350

(vi) Ifx+4>y+4,thenx>y (vil) If2<5and5<9,then2<9
(viii) If-18<-16,then9>8

Unit-01 Real Numbers p National Book Foundation
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1.4 Radical and Radicands

1.4.1 Square Root

A square root of a positive number ‘n’ is another number ‘m’ whose square is ‘n.” Any positive
number has two square roots, which are additive inverses of each other.

For example, 4 is a square root of 16, because (4*=16 and — 4 is also a square root of 16,
because (— 4)* = 16. Therefore, the two square roots of 16 are — 4 and 4, which are additive
inverse of each other.

1.4.2 Principal Square Root

Positive square roots are called ‘principal square roots’. e.g. vV25=5,/81 =9 etc.

In expressions like \/E entire \/E is called a square radical or radical. The symbol J_ is
called a radical sign and the number ‘25’ under the radical sign is called the radicand.

Definition of n* Root
1

For any real numbers ‘a’ and “b’ and any positive integern > 1, if a"=b, then a= b" , where
‘n’ is the index of the radical.

1
We read a® =b as ‘b is the n® power of a’ and a=b"* as ‘a is the n root of b’.
1

For example, v’ =x, theny=x? = {/x
Here 3 is the index of radical and y is the cubic root of x.

Example 5:

Radical Form Index of the Radical Radicand
35 3 35 The radical sign
was first used in

5 xy 1525 AD and was
5| 2 — written as <y ™.
- z
4
—(xy2)* 2 (xyz)

() Jp=bie  and  areequivalent.

(ii) There is no real number that is a square root of a negative number.
e.g. J—16 =4, since (+4)* =— 16. In Mathematics ‘imaginary numbers’ are
defined to handle the square root of negative numbers.

Unit-01 Real Numbers Q National Book Foundation



1.4.3 Properties of Radicals
1. Product and Quotient Rules for Radicals
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For any integer n > 1 and for all real numbers “a’ and ‘b’ for which the operations are defined
{1) 2/a2/b =%/ab » Product rule for radicals
e.g 8 x327 =ex27
a a V64 &4
ii) and =nf— B tient rule for radicals e.g. =3/—
(i) ik Quo g 75 8

Example 6: Use the product rule for radicals to simplify the following. Assume that all
variables represent positive numbers.

(a) V2a/7h (b) 4& 4\/% © B2

Solution:

(8  V2a/7b =14ab

®) ‘ﬁ 2o 2 m .
x \y xy o The product and quotient rules

. for radicals apply only if the
(c) The product rule for radicals does not apply to Indices are sare:

342 , because the indices are not same. ¢ The plural of index is indices.

2. Reducing the Index

If the index of the radical and the exponent of the radicand have a common factor, the expression
can be written with a smaller index.

We will explain it with the help of an example. Consider 1\2/9_5 , here the index of the radical is

12 and exponent of radicand is 6. Also 6 is the common factor of 12 and 6 . So we can write the
expression with a smaller index as follows.

6 1
ot =912 =97 =9 =3
Example 7: Write the given expression with a smaller index. Assume that variable t represents

positive numbers.
litm Math Play Ground

10 1. Make a hopscotch on ground as give:
Solution : §7'° = t15 2. Aska player to start hoping and doing sums in cach
3 box,
=3 = W 3. Ifreaches in circle without falling and doing correct
calculations, he/she wins,

Unit-01 Real Numbers p National Book Foundation
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1.5 Laws of Exponents / Indices

1.5.1 Base and Exponents

We use exponent to indicate the repeated multiplication of the same factors.
The exponent indicates that how many times a factor, called the base, occurs in the

multiplication form.
c.g
¥  Exponent

3333= ‘3! 4
Base

The expression 34 is an exponential form read as

‘three to the fourth power’, where as 3.3.3.3 is
the factored form. The words ‘square’ and ‘cube’
are sometimes used for exponents ‘2' and ‘3’
respectively, rather than ‘to the second power’

Historya Mystery

Rene Descartes (1596 — 1650) was the first mathematician
who extensively used exponential notation as it is used
today. However, for some unknown reason, he always
used xx for .

and ‘to the third power’.

I

When the exponent is a natural number, the base can be any real number.
We use an exponent as a convenient way to write repeated multiplication.

1.5.2 Rational Exponents
When we perform operations with exponents, we have to define a zero exponent and a negative
exponent. This may lead us to define a rational exponent.

1

Definition of b*

1 1
If b is a real number and # is a positive integer, then b » - 3/p ¢ 87 = /8,

Definition of b™

If m and » are positive integers with no common factor except 1 and n =0, then

¥ LR 3 oy
br= [b”] =(§/E)m for all real numbers b. e.g. 36?2 =(362] :

We can use this definition to write expressions with rational exponents as radicals.
The number ‘n’ indicates the index of the radical and the number *m’ indicates the power to
which the radical is to be raised.

The procedure for evaluating 5 can be summarized as follows.
I. Determine the nth root of b.
II. Raise the result to the m power.

Unit-01 Real Numbers

Q National Book Foundation
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Example 8: In the following table:
() perform the operation in column-A and compare the result to the value of radical in column- B,

Column-A Column-B
(b) what do you observe about the denominator of the (exponential  (rqdjcal form)
exponent and the index of the radical? o
Solution: : 2 \/5
(1) 9
(a) L

i
2l

@) 9t =3 ad 9 =3
() 645=(4*)=4 md VeA=4
(i) 814 =3 and %/ﬁ=(34)i=3
(iv) 325-2 and V32 -2

o~
oo
fuiiry

un
L
o ]

(b) In each part, the exponential and the radical expression have the same value. The
denominator of the exponent is the same as the index of the radical.
Example 9: Simplify:
2

3
(a) 8 3 (b) 36 2 Math Play Ground
Solution: Jumyp on the humbers which are
2 1 2 3 1 3 squares of natural numbers to go out.
(a) 87 = [ssJ (b) 362 =(362] -
7 b @O
A7) “ L PeEEE
=2 =4 =(6) =216
Negative Rational Exponents @ @ @
For integral exponents, we define: @ @ @
1 ’ 1
at - provideda #0.¢.g. 3= rol ouT

We can extend this definition to negative rational exponents.

If m and » are any two integers such that one of them is negative and they have no common

—=m m

factor other than 1 and if 5 £0, then b n =lm forall & <R, for whichb* isdefined.
b;

Unit-01 Real Numbers p National Book Foundation
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Example 10: Simplify.

@16+ (b)[%)z
Solution:
2 _1 16)2
@ 16 " ®) [25]

) (23)% ) (%JE

oy oL 16
gF -~ \a2s
_1 _ {5 _é
-= - 7=

Example 11: Write exponential expressions as an equivalent radical expression.
@ 75 ®) (2)°
Solution: (2) (-7 = (-7)*3 ®) @° =[]’

=(49)§ =18
=49

1.5.3 Properties of Exponents

If m and n are rational numbers, then for non zero real numbers a and b for which the
expressions are defined, the following are the properties of exponents.

a™ )
i) a™.a" =a™" —Product rule iy — =a"" > Quotient ruk

a

i) a™ = Ln—) Definition of negative exponent, iv) (2" )" =a"" — Power of a power rule
a

v) (ab)" =a"b™ - Power of a product rule

a a"
vi) (—J = ——Power of a quoetient rule

b b*
vii) [%J =(E] — Negative power of a quotient rule

Example 12: Use the properties of exponents to evaluate each of the following.
1 1 1
@ [k (b) 22.87

Unit-01 Real Numbers Q National Book Foundation
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1
@ (°F
le
= 5 —]
=125

(b)
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Hliz _gli2
1 L
=(2.8)> =(16)?

_ @)t =4

Example 13: Use properties of exponents to simplify each of the following. Assume that all
variables represent positive numbers. (Write all results with positive exponents.)

1
(a) a’ (ag —a?)

5 =2

(®)

113
xz
?}
L3 =2 - 1
Solution: (a) a*(a® —a?) BN
15 12 ®) | X
—a’a® —a’a’ _y
1,5 1.2
_a3 3_a3 3 . 4
[ | 3 5
.- =[y_3] =ly_Ll
2 1 1\
1 i x? 3
=aZ__l=a 1 (sz
a? a? _ ¥y
a 1
xﬁ’
( EXERCISE 1.2 |

1. By using the property of product and quotient rule for radicals, write each expression as a

i) Yxix

(vi)

3/5000
5

2. Write each exponential expression as an equivalent radical expression and simplify if

single radical and simplify.
M Ye.¥6 @) V4.
(iv) V10.311  (v) lé_:
(vii) %/:E (viii) %10.47
possible.
§)) (216)§ (i1) (29)%
Gv) (16)?

) (1000)% (vi) (—)

Unit-01 Real Numbers 9

(1Y)
(iii) [ﬁ]

1

vl

39
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3. Write each radical expression as an equivalent exponential expression and simplify if
possible.

o (5 @ (o) i) - )
@) (S w -Wsf @) -

4, Use the properties of exponents to simplify each of the following. Assume that all variables
represent positive numbers. (write all results with positive exponents.)

T 1 2 1
5164 A 3 2327
o = @ PrE-7) @
1610 22
=t & i 1% i
. 32.32 362, 62 . 271 5117 \7
w T e (5| e (28
32 g2, 272

3 3 3
N a b ¢
SR e el

5. Use suitable laws of exponents to show that
PRYd ¢ \It7 PN\ HP
1l x|L x [ E2| xxx y’zx 2" = ¥ x y‘zx 7’
x! y 74

1.5.4 Application of Real Numbers in Daily Life

All the numbers we use in our daily life situations are Real numbers. We cannot imagine life
without numbers. For instance we use natural numbers in counting our objects in the pantry,
books in the library, animals or birds at a farm, stock taking in inventory of a factory etec.
Similarly, we have a vast use of integers while recording or understanding temperature, gain or
loss, rise or fall etc. Rational numbers have also the vast contribution in daily life situations such as
use of ratio, proportion, fractions and percentages in financial matters like income, expenditure,
savings, and payment of wages to employees, rents of buildings, profit, loss sharing in business
managements, risk calculations. The irrational numbers as obvious from the name are not
reasonable or they don’t make a sense for non-mathematicians. But for mathematicians they have
really big scope of usage. Engineers, technicians, opticians while working with circles, spheres
or cylinders and finding their areas, perimeters or volume, which include 7 are working with
irrational numbers. Then we find irrational numbers like in architecture, navigation and fluid
mechanics, where transcendental functions are in frequent use.

Unit-01 Real Numbers Q National Book Foundation
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Example 14:
A cooking oil company produces four types of oils in packing of 1 litre , 5 litre & 10 litre. The
inventory is shown in the table.

Name / packing size | 1 litre 5 litre 10 litre

Cooking oil-I 5000 2500 1000

Cooking oil-IT 5000 2500 1000

Cooking oil-ITI 5000 2500 1000

Cooking o0il-IV 5000 2500 1000

After removal of 40% of an item, it is to be replenished. The daily removal of 1lire cooking oil-II
packing is 20% and for 10 litre cooking 0il-IV packing, daily removal is 5%. Find

a) Number of daily removed 1 litre cooking oil-II packing.

b) After how many days, 1 litre cooking oil-II are to be replenished?

¢) Number of daily removed 10 litre cooking 0il-IV packing.

d) After how many days, 10 litre cooking oil-IV packing are to be replenished?

Solution:
Total 1 litre cooking oil-II packing in inventory = 5000
a) Number of daily removed 1lire cooking oil-II packing = 20% of 5000

_20
= x 5000

= 1000
b) After 40% removal, replenishment is to be made.

Here 40% of 5000 = 2000
After two days the replenishment is due.

¢) Number of daily removed 10 lire cooking o0il-IV packing = 5% of 1000

R
= 1000

=50
d) Here 40% of 1000 = 400 but packs removed per day are 50,
Therefore 400 +50=8
After 8 days the replenishment is due.

d EXERCISE 1.3 |

1. On his last bank statement, Qasim had a balance of Rs. 1,75,000 in his checking account. He
wrote one cheque for Rs. 45,790 and another for Rs. 112,921. What is his current balance?

2. Last week Wajid drove 283.4 km on 16.2 litres of petrol. He says that he averaged about 1.75
km/liter. Is his answer reasonable? Explain,

3. Salma bought 3.2 yard of fabric for a total price of Rs. 139.2. How much did the fabric cost
pet yard?

Unit-01 Real Numbers 9 National Book Foundation
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Momina walks 3.5 km/h. She took a 12 h walk. How far did she walk.

The hiking club went on a 7day trip. Each day they hiked between 5.5 and 7.5 miles. It is
reasonable to assume that clubbing the days the club hiked.

a. Less than 35 miles

b. Between 35 and 55 miles

¢. Equally 55 miles
d. More than 55 miles

For a class party the students council purchased 42 balloons at Rs. 1.85 each. What is the
total amount the student council paid for the balloons?

A group of friends made 4-yard long rectangular banner. They paid Rs. 3.75 per yard for the
fabric and Rs.9 for the firm to go around the banner, 10-yard perimeter. What was the width
of the banner?

A shoe factory has an asset for Rs. 2000,000 of which E is the capital and rest is the debt.
Find the amount of capital and debt. (Asset = capital + debt)

World lowest temperature in past 100 years was recorded to be—89.2 T at Vostok, Antarctica
on July 21, 1983, Covert this temperature into Fahrenheit and Kelvin scales.

F=2C+32, K=T+27)
A company was penalized by the government act for low quality production. If the company
has 3 share holders. Farah, Maryam and Tehreem investing in the ratios of 1 : 2 : 3 and the

amount of penalty is Rs. 456,868.97. Find the amount of penalty paid by each of 3 share
holders.

Real numbers are union of rational and irrational numbers.
Basic properties of real numbers are

® Closure ¢ Commutative e Associative » Identity
@ Inverse » Distributive property

Properties of equality of real numbers:

@ Reflexive e Symmetric e Transitive

® Additive * Multiplicative e (Cancellation

Properties of inequality of real numbers:

® Trichotomy property ® Transitive o Additive

. Multiplicative e Cancellation

Positive square roots are called principal square roots.
For any real numbers a and b and any positive integer n >1 if a"= b, then a is the nth root

of b, symbolically it is represented as a = b

Unit-01 Real Numbers Q National Book Foundation
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is called radicand.
e Laws of exponents

(i) a™.a"=a™™ —>Product rule -

) —
a
(iii) a™ =Ln — Negative exponent (iv)
a

(v) (ab)" =a"b" — Power of a productrule

(vi) (%) =:—n—>Powerofa quotient rule

e The symbol J_ is called the radical sign, the number n is called index of the radical and b

=a™" — Quotient rule

(™)' =a™ — Power to a powerrule

1. Encircle the correct option in the following.
(i) a(b+c—d)equals
(@) a+c+d

(i) a“a’*+a’is

(a) al—s ('b) a’ +23 (0) ar.az S
(i) %/abis equal to

(a) Yab ®)  n@d) () (b
(iv) 'Which number is self-multiplicative inverse?

(@) 3 (b) 3 (© -1
(v) Ifa>0,then Jais

(a) real (b) integer (c) irrational
(vi) Ifa-+b=a, whatis value of b?

@ 1 (b) -1 © a
(vil) Ifa.b=1, what is value of b?

@ 1 ® 3 © -

(viii) According to reflexive property : y*—17 =2
@ »+17 ®»r-17 @

Unit-01 Real Numbers 9
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(b) ac+ab—ad (c)ab+ac+ad (dyab—ac—ad

@ 5%

1

d  (ab)"
d o

(d) rational

d o

@ -1

() -17-¥?
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(ix) Ifa.b=a, whatis value of b?

1
(@) 2 ()1 (c) a (d 1
(x) Ifab=1, whatisb called?
(a) multiplicative inverse of a (b) additive identity
(¢) multiplicative identity (d) self-multiplicative inverse

(xi) Commutative property does not hold with respect to:
(a) addition (b) multiplication
{c) subtraction (d) both (a) and (b)

Represent each number on the number line.
a) —5% (ii) 1?7 Gi) -2<x<d CWv) =26
Write each exponential expression as an equivalent radical expression and simplify if

possible.
® 2 @ (-27p Gy (V6 )
@ &8y o VLS

Use the properties of exponents to simplify each of the following.
1 3 3

9 (- (= 2 .74 2
o IR e B
22 3 2

Determine whether each statement is true or false. If false, give an example of a number
that shows the statement is ture.

Every rational number is an integer.
Every real number is an irrational.
Every irrational number is a real number
Every integer is a rational number.

o po g

Every real number is either rational number or an irrational number.
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LOGARITHMS

In this unit the students will be able to:

®
M
&
®
@
®
M
&

Express a number in standard form of scientific notation and vice versa.

Define logarithm of a number to the base a.

Define a common logarithm, characteristic and mantissa of log of a number.
Use tables to find the log of a number.

Give concept of antilog and use tables to find the antilog of a number.
Differentiate between common and natural logarithm.

Prove the four basic laws of logarithm.

Apply laws of logarithm to convert lengthy processes of multiplication, division
and exponentiation Into easier processes of addition and subtraction etc.

October 8, 2005 1s an unforgettable day in the
history of Pakistan, when the earth started
shaking violently and in few minutes the worst
disaster had ruined many of the towns and
villages from the face of the earth. This
earthquake measured 7.6 on Richter scale but
whatis a Richter scale? Answer to this question
will be explained in this unit.
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Exponents provide an efficient way of writing very large W

11 . F le:
as we .as very small numbers: or examp e_ . A R etz did o] ing work on
approximate mass of Uranus is 87 trillion trillion kg logarithms and theword logarithm

i.e. 87 followed by 24 zeros or is also derived from his name.

87, 000000000000, 000000000000.

This style of expressing a number is called standard form

which is not useful for such a large number, since some error may occur while writing or telling
it. There is another method of writing such numbers, to make them handy.

This method involves integral exponents of 10. In this method the mass of Uranus is
8.7x10,000,000,000,000,000,000,000,000 kg = 8.7x10* kg. This method is called Scientific
notation.

2.1 Scientific Notation «

A number ‘c’ is in scientific notation if it is written as ¢ =d x107,
where 1< d <10 and ne Z.

For example: 5.3 x 107, 7.412 x 107, 1.592 x 10°,

How to Write in Scientific Notation

o Place the decimal point after first left hand nonzero digit, the resulting number is d.
(Position after first left hand nonzero digit is called reference position.)

¢ Count the number of digits moved by the decimal point. This is absolute value of n.

o If decimal point is moved to left, value of n is positive.

e Ifdecimal point is moved to right, the value of n is negative. m

W ) 3 Decimal point
e.g. 0.05 432=05.432 x10~ or 5432 x10 i5 ot tha rightiof

¥ last digit in an
and §' 43.2 =5.432 x10? integerg.l

Example 1: Convert the following into scientific notation:

(a) One light year: 5880,000,000,000 miles e e ¥ e s 10

+ | so exponent must be positive.

5 880000000000.0 = 5.88 x 102
(b) Mass of the smallest insect = 0.00000492 g The mumber is smaller than 1 so
exponent must be negative.

| V _&
0.000004 92=492x10"g

Standard Notation: The number already written in scientific notation, can be converted to
standard notation by the multiplication of its two factors.
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Example 2: Convert the followings into standard notation.

i = 5 3 Exponent is negative so the
(a) Density of hydrogen =8.99 x 10 g/cm e min
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8.99 x 107°=0 00008 I. 99 x 107 = 0.0000899 Exponent is positive so the
number will be greater than 10,

{(b) Number of air sacs in lungs = 3.5 x 10°

8 | V 8

3.5 x 10°= 3 .50000000 0 x 10" =350000000.0 or 350000000
Example 3: The closest star to the Earth (other than Sun ) is Alpha Centauri, 4.35 light years
from Earth. How many kilometers from Earth is Alpha Centauri?
If one light year = 9460920 million km. Write the answer in scientific notation.
Solution: One light year = 9460920 x 10° km
Distance between Earth and Alpha Centauri W
= 4.35 light years = 4.35 x 9460920 x 10° km

= 41155002 x 10° =4.1155002 x10° x10’ Most of the calculators have a key E or EXP, For
=4.1155002 x 10'* km entering a number in scientific notation.

Example 4: The speed of light is approximately

3 x 10° km/s and distance between earth and sun is approximately 1.5 x 10® km, If the sun is

suddenly to burn out, how long would it take for earthlings to know about it? Write the answer

in standard notation,

Solution: Formula for finding time, if the speed and distance are given, is

Time = Distance/Speed

Here, speed of light = 3x10° km/s and distance between Earth and Sun =1.5x 10%m.

_1.5%10%km

ime =

e =0.5 x 108 sec = 0.5 x310 sec = 500 sec or & min 20 sec
X s

( EXERCISE 2.1 |

1. Write the following in scientific notation.

(i) 0.00053407 (i) 53400000 (iii)  0.000000000012 (iv) 2.5326
2. Write the following in standard notation.

(i) 9.067x10° (i) 5.64x10° (i) 6.53x10°° (iv) 3.1415 x 10°
3. Simplify the following by converting into the form indicated.

(i) 563.71 x 107 x 2.54 x10* ———— scientific notation

5
(i) % _____,  standard notation
-3
(i) 2'549"f3f7"1° . scientific notation
(iv)  0.0009988 x 10" —— standard notation
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4. If it takes 5 seconds to recite ‘Kalma Pak’ once, how many hours will it take to recite ‘Kalma
Pak’ one million times? Convert hours into days and write the answer in standard form.
Round off the answer, discarding the decimal part.

5. Distance between Earth and Sun is 9.3225600x107 miles. If speed of light is approximately
1.86,000 x10° miles per second, how long does it take for light to reach the Earth. Convert the
answer in minutes writing in standard form.

2.2 Logarithms -

2.2.1 Why We Use Logarithms
Population of the world is growing and the

radioactive wastes are decaying continuously. It; late rfot?sh]"gﬁamp@“ i andtended
. : & WOIK O e war.zmi
The mathematical tool used to predict the future started developing log tables.

and explore the past of such rates of growth and
decay over time, is an exponential relation.

i.e. an equation of the form x=1b" where b, x and y are real numbers,b>0,x>0

and b # 1. This relation is widely used by archaeologists, scientists and business people. The
inverse relation of this exponential relation is called logarithmic relation.

Definition of Logarithm

Ifb’=x wherex,y,b € R; b>0, x>0 and b # 1, then y is the logarithm of x
with base b, written as y =logy x < b'=ux.

While evaluating logarithms, remember that a logarithm is an exponent, e.g. if
log,81 =2, then 2 is the logarithm of 81 with base 9, since 9 raised to power 2 gives 81.

Example 5: Convert the following exponential equations to logarithmic equations and the
logarithmic equations to exponential equations.

(a) 27=128, here base = 2, exponent =7 and x = 128

exponent
1 o e log, % =
| Bue | M
Exponential equations are used by
d. Archaeologists, for finding the age of very
old bones, fossils etc.
1 ] b. Scientists for finding the life time of
i L I B2 5 radioactive elements ete.
® 343 &34
1
(©) ¥125=50r (125)° =5
1
125 =5 & log, 5= %
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L I H % Check Point I8
(@) bg625=4 o 4 = 625 eck Poin -

;
I 1 1 Log5°=17
Log;(log,2)="?
e) log,—=-6 & 2% ==
© ke gy 64
11 -3 1
bg, —=—— < (B) ¢ = -
D gs13 4 (81) 3
e log, x is defined only for positive x.
e log 1 =0 + b’=1 ® log. b=1 b’ =b
L ] loga a-*t =X " ax=ax @ logb-x]_ B logbx2 $x1= _x2

Example 6: Check whether these logs are defined or not?
(a) bg2=y > =2
None of the exponents of 1 can give answer 2, so log, 2 is undefined.
® bg,(-)=y = §=-1
None of the exponents of 5 can give answer ‘—1°, so log; (—1) is undefined i.e. log of
negative number is not defined.
© bg,0=y = 22=0
None¢ of the exponent of 2, can give answer 0, so log of 0 is not defined.
(d Islbg, (4—2x)=y trueornotforx=0,1,2.
bg, (4-2x)=y = 2’=4-X%
Ifx=0, then2¥=4is true fory=2.
Ifx=1, then2¥=2istrue fory=1.
Ifx=2, then 2”=0 is not true for any value of y.
Example 7: Find the value of unknowns by converting logarithmic form to exponential form.
(@ bg,x=4 = 2%=x = x=2x2x2x2=16

4 ; w-t -t 11
(b) lﬂguxj—;ﬂ 64) *=x 1:> ;;:(4) 3= g3% 73 e
e) bg, —=-7 = b= —=— b’=2"
© g, 158 128 27
As exponents are same, so bases must be sameie b=2
(@ bgy3=y = 277=3 or (3)7=3 = 3¥=3
As bases are same so exponents must be same. i.e. 3y=1 or y=% W
Example 8: Find y if log, (* +1)=lbg, 28 Decia whichlog i deflned:
Solution: log, (y* +1)=log, 28 TG
=y +1=28 or y=28-1=27 Log-2Log 2
y=3%27 =3

Unit-02 Logarithms 9 National Book Foundation



1. Check whether bog (7 —x) is defined for

https://fbisesolvedpastpapers.com

@i x=0 @@ x=1 (iii) x=6 {iv) x=7
2. Convert the form of following equations i.e. from exponential form to logarithmic form and
vice versa 3
i} bog,216=3 ) 7'=2401 (i) bogx=5 (iv) b 4 = %
(v) 1253 =25 (i) log,10” =y (vii) (256)° = 61_4

(vii) bog, (* +1)=2 (ix) bg,(x-3)=1@® 2=x+1=2°
3. Find the value of x in the following questions.

() Jog,3=1 (i) bog,.,9=2 (i) bog,81=x
(iv) log,64=x+1 (v) bog,x=4 (vi) log, (F-1)=3

4. Find the unknowns appeared in the question 2.

2.2.2 Common Logarithm
There are two most commonly used bases for logarithm i.e.10’ and ‘e =2.71828’(an irrational
number). Base 10 was used by Henry Briggs.

If107 =x, for x> 0, then y is called common log of x i.e. 10" =x & log,, x =y

These logarithms are also called Briggs’s logarithms, denoted by lg x or simply

log x. If none of the base is mentioned with log then it is obviously a common logarithm e.g.
log,,36 can be simply written as log 36.

Logarithm of a number = Characteristic + Mantissa

2.2.3 Characteristic

Memory Plus |

Integral part of the logarithm is called characteristic.
o i g, & i Iflogx,=1 o, =x,
Characteristic is an integer. It is infact the integral power of ‘ f;i 10° :f -
10, when the number is written in scientific notation. e.g log1=10
characteristic of log 3.3 x 10% is 2’ and in log 5.632 x 107%, * }og }g: 21
characteristic is negative 4. This negative characteristic is g

o ¢ log10°=3
usually written as 4. * log 10°=12 '
Characteristic of the log of some number can also be found o0 logol an tie gl prwerot L0 hat

integral whole number,

using reference position. In 0.00532, the reference position o Iso If 1< x <10,
is between 5 and 3. By counting the number of digits between  then0<logx<1.
the decimal point and the reference position we get the

numerical value of the characteristic however, the sign is

taken negative if the reference position is on right side of

the decimal point and it is taken positive otherwise.
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2.24 Mantissa
Decimal part or the fractional part of a logarithm is called mantissa.

Mantissa is always a nonnegative number less than 1, i.e. it can be either zero or positive but
never negative. Mantissa is found from the log table.

A small part of log table:

1] 1 2 3 4 5 ] 7 B 9 1 2 3 4 5 & 7 ] 9
10 | o000 | o043 | ooss | 0128 | 0170 | oo | opss | aome | gmsa | osma |4 5 13 |16 20 4 |28 3 3
11 | oat4 | 043 | 0492 | 0531 | 0569 | oer | geas | ossn |omo |omss s 7 1 |15 19 2 |36 30 3
12 | o2 | 028 | o864 | 0899 | 0934 | noco | sons [ 1038 | 1072 | 1106 |3 7 10 |14 17 0 |34 27 a1
13 | msp | urs | va06 | 1299 | 29 | e | 1sms | qser | aaee | nase |3 7 10 |13 i Ssdlz a5 39
14 | 161 | 1a92 | 1525 | 1553 | 1584 | 1 | sgan |67 | umn |12 |3 6 5 |15 13 1 |3 3 36
15 | w61 | 10 | 1e1m | 1847 | 1675 | jone | 1gms | 19s0 | 1ser | 201a |3 6 8 |11 14 15 |15 32 o8

Example 9: Find (a) log 156.3 (b) log 0.0123
Solution: (a) log 156.3 =log 1.563 x 10?
characteristic =2
Explanation: Llook at the log table in the extreme left column for the number 15. The next digit in 156.3 is 6
From the top row,look at the digit 6. Move vertically downward from 6 and horizontally rightwards from 15.
The number present at the intersection of row of 15 and the column of 6 is 1931. Go ahead horizontally and see the

number present at the intersection of row of 15 and column of 3 (in the difference tables) i.e. 8. Add 193] and 8 to
get 1939, Since mantigsa is less than 1, so mark the decimal point before first digit so mantizsa is .1939",

mantissa = .1939 or 0.1939
log 156.3 = characteristics + mantissa = 2+ 0.1939 = 2.1939

Convert the number into scientific notation

(b) log 0.0123 = log 1.230 x 1072
characteristic =—2 or 2
For mantissa, use the log table to see the number present st the intersection of row of 12 and the column of 3 i.e.
0899, as there is no difference table for ‘0’ so mark the decimal point before the first digit i.e. mantissa is .0899.
mantissa =.0899

log 0.0123= 2 +.0899 = 2.0899 (never write ‘~2.0899°)

Memory Plus

Example 10: Find log 1009

Solution: Number of digits
log 1009 = log 1.009 x 10 10] 0[9 in a whole number = characteristics +1
characteristic =3 i.e If characteristic of log of some
. - . 0000 whole number is 3, then the number
mantiss 0038:43-38) +.0038 of digits in that number will be
.~ log 1009 =3.0038 0038 3 +1=4
see Example 10 for confirmation.
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( EXERCISE 2.3 |

Find the logarithms of following numbers if possible.
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1. 5313 2. 4580 3. 9.613 4. 1109

5. 52.39 6. 0.01207 7. 0.0093 8. 1 Trillion
9. 0.00004 10. 4 11. 4000 12. 54

13. 1.009 14. 0.1009 15. — 4

2.2.5 Antilogarithm
The inverse operation of taking log is called antilog. An antilog is used to cancel the effect of log.

Iflog x =y then x is called the antilog of y or x = antilog y.

Antilogarithm tables are used for finding it. Before finding antilog, recall that log x consists of
two parts, characteristic and mantissa. For finding antilog, mantissa is used for looking in the
antilog table. Characteristic is not used in table, however characteristic is used for locating the
decimal point in the number obtained from antilog table.

A small part of Antilog of Table:
0 1 2 3 4 5 6 7 ] 9 1 2 3 [ 4 5 6] 7 8 9
A5 | 2818 | 2825 | 2831 | 2838 | 2844 | 2851 | 2858 | 2864 | 2871 (2877 | 1 1 2 |3 3 4 | 5 5 &
A6 | 2884 | 2891 | 2897 | 2004 | 2911 | 2517 | 2924 | 2931 | 2938 [2944 | 1 1 2 [ 3 3 4 | 5 5 6
A7 | 2951 | 2958 | 2965 | 2972 | 2979 | 2985 | 2992 | 2999 (3006 (3013 | 1 1 2 |3 3 4 | 5 5 &
A8 | 3020 | 3027 | 3034 | 3041 | 3048 | 3055 | 3062 | 3069 | 3076 | 3083 | 1 1 2 3 4 4| 5 6 &
49 | 3000 | 3097 | 3105 | 3112 | 3119 | 3126 | 3133 | 3141 | 3148 | 3155 | 1 1 2 | 3 4 4 | 5 6 &

Example 11(a): Find antilog 2.4541
Solution: 2.4541 is obviously log of some number so,
characteristic = 2 (integral part), mantissa = .4541 (fractional part)

Explanation: Look at the antilog table for .45 in extreme left column and 4 (the digit next to .45} in the top row. The
number present at the intersection of row of 435 and column of 4 is 2844, Now go ahead horizontally, the number present
at the intersection of row of .45 and difference column of 1 is 1, Add 2844 and 1to get 2845 , Antilog table is no mors
needed, however the antilog of 34541 is not yet completely found, Locate the reference position in the number
obtained from antilog table i.e. 2 A 845, now characteristic will locate the decimal point . As characteristic is +2, so mark
the decimal point moving two digits rightwards from reference positionie. 2 A84 .5

. antilog 2.4541 = 284.5
(b) Iflogx= 2.0000, then find x.
Solution:  logx = 2.0000
antilog(log x) = antilog (2 .0000) ( taking antilog on both sides.)
x = antilog (2 .0000)
here, characteristic = 2 and mantissa = .0000 (see log table at the back of this book.)
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. x = antilog (2 .0000)

=.,01000
Example 12: Find antilog of 2.4900 Rough work for antilog
Solution: antilog 2.4900 .49 I 0 lo
characteristic = 2 mantissa = .4900

antilog (2 .49) = .' 03 A 090 = 0.03090

EXERCISE 2.4

Find the antilog of following numbers.

1. 24324 2. 1.5890 3. 0.2425 4. 3.5636
5. 4 6. 0.0038 7. 1.2429 8. 2.9281
9. 3.5219 10. 0.0000 11. -3 12. 5.9990
13, 2.4900 14. 0.49000 15. 2.34

2.3 Common and Natural Logarithm

John Napier started developing log tables with base e, so the logarithms with base e are called
natural logarithms or Naperian logarithms, represented by ‘In x’.
23.1

If e” = x, for positive values of x then y is called natural log of x i.e. ¢’=x & y=Inx.

Napier spent last 20 years of his life working with log tables of base e, which he never finished

and died. Henry Briggs, then completed these tables. The difference between common and
natural logarithms is depicted below.,

Log Type | Representation Base Nature of base | Properties
Common log x 10 Rational iogllz 01
3 og =
(Briggs) log 10*=x
Natural Inx e=271828 Irrational In1=0
(Naperian) el
Ine*=x

24 Laws of Logarithms <

Laws of logarithms are closely related to the laws of exponents, since logarithms in nature, are
exponents. The laws of exponents are given in unit 1. In this section the laws of exponents are
used to develop some laws of logarithms, for solving complicated equations involving exponents

and logarithms. Also the complicated questions of multiplication, division and root extraction are
converted to handy sums of addition and subtraction.

q National Book Foundation
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2.4.1 Product Law of Logarithms
For any real numbers m, n and b whereb= 1, logymn=1logym+logsn
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Proof: Let logym=x ....... (i) and logpn=y...... (ii)
Their respective exponential equations are
m=b* ...... (iii) and n=b"...... (@iv)
Now product of equations (iii) and (iv) is

mxn=b". b’
mn=b*"? « using product rule of exponents
= logpmn=x+y «logarithmic form of above equation

or logpmn=logym+logyn <« substituting the values of x and y

The Product law of logarithms states that:

Logarithm of a product of two (or more) numbers is equal to the sum of their logarithms,
provided that all logarithms are defined.

Example 13 (a): Use the product rule to expand log. (** 3 2).
Solution log, (¥* y z) =log. ¥* + log. ¥ + log. z logio (3 X 2) =log 103 + logio 2

(b) Use product rule to combine In a + InJb+Incina single logarithmic term.
Solution Ina+ b+ c® =In(avbc)

2.4.2 The Quotient Law of Logarithm
For any positive numbers m, n and b, where b= 1.

logy 2= logpm—logyn
n

Proof: Let logym=x...... (i) and logsn=y...... (ii)
Respective exponential forms of above equations are

m=b* ...... (iii) and n=b"...... (iv)
bx
b)’

= b"¥ <—quotient rule of exponents with same base

Dividing (iii) by (iv) i.e.

¥ 3|3 |3

= log, — = x—y <«conversion fo logarithmic form
n

logp, 2= logpm—logpyn <« Substituting the value of x and y
n

The Quotient law of logarithms states that:

Logarithms of quotient of two numbers is equal to the difference of their logarithms provided
that all the logarithms are defined.
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Example 14 (a): Use quotient law of logarithms to expand log L .

(b} Use quotient law of logarithms to combine log 39 — log t— log b into single logarithmic
term.

Solution (8): log %= log 13— (log 7+ logb)= log 13 —log 7 —logb

Solution(b): log 39 —log t—log b=1log 39 — (log t + log b) = log 39 — log tb =log %

log (50 — 5)=1og50 — log 5
2.4.3 The Power Law of Logarithm
For any real number m, nand b, where m>0, b>0,b # 1,logpm"=nlogym
Proof: Let logym=x
Converting into exponential equation i.e m=b"
m"=(")" < taking n® power on both sides.
or m" =b™ <« using power of power rule .
= logym® =nx <« converting into logarithmic form .

logym =nlogym
« substituting the value of x.
The Power Law of logarithms states that:

Logarithm of power of a number is equal to the power times the logarithm of the number,
provided that all logarithms are defined.

Example 15(a): Use power law of logarithms to expand log; 1007,
Solution: log, 100 =—3 log, 100

4
(b) Use power law of logarithms to combing -3 log z 7

4 A
Solution: _5103 5 T=log s 773

2.4.4 Change of Base Law of Logarithms

Although only common logarithms and natural logarithm are programmed into a calculator still
the logarithms for other positive real bases can be found by changing that base into some
frequently used base that is ‘e’ or ‘10°. The law which enables us to change the base is called
change of base law which is given below.

If a, b and m are positive real numbers and, a= 1, b1, then
log.m=log,m.log,b
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Proof: Letlogym=x

= m=b «—converting above equation into exponential equation.
log .m =1log .b* <«taking log on both sides with base ‘a’.
log . m = x. log . b <—applying power law of logarithm.

_ m= 108.m
logam - logb m. logab o 1081, m= 10g o Slide Rule . i
based upon laws of logarithms were used
Example 16: Convert the base of log, 536 into 10. for complicated calculations, before the
bg,, 536 log 536 invention of calculators.

Solution: log, 536 = or
B Toggh bogb

R —

The change of base law and the quotient law of logarithms are often confused. Remember the difference between
log . m
loga.n

logy ﬂ) and . These two expressions look alike, however they are totally different.
n

2

1

3

Example 17(a): Use laws of logarithms to expand log ip qs 4
st

b |-

2
Solution: log i}:/g 5 =log (szq% )—log (4 JEL )  <«using quotient law of log
st

=10g5+10gp2+10gq% —[log4+log\/; +log ] «using product law of log
1 1
=10g5+2logp+510gq—log4—510gs—3logt <—using power law of log

{(b) Use laws of logarithms to evaluate
Mlog25v3 (i) log,(og,8” —bg ;27+lbog 10)

Solution: (i) log s 543= M <« change of base law
10
1
I:bg5+hg32:| .
= =(og5 + - log3) + log2
g 2 Qog:5 =+ Jog 3y log

= [0.6990 + % (0.4771)] + (0.3010)

0.9376
=———=3114
3010

(ii) Evaluate bog, (log, 82 —log ; 27 +log - 10)
og, (log, 8 ~log ; 27+log - 10)
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hgz'(bgz(zs)z _bgﬁ((‘/gy]a "‘bgm(‘/l_o)z]
=1m.g2(log2 2° —bog 5 (v3f +]ogm(\/E)z)

=log,,(6 bog, 2— 6 log ; +/3 + 2 log - /10) (= logy b* = %)
= bgz(6 _6"'2)
=bg,2 =1 (> logyb=1)
¢. If logy 2=0.3010, log 3 =0.4771 and log, 5 = 0.6990, then evaluate
log  0.0036, applying laws of logarithms. Math Play Ground
Mathsplaygromﬂ
36 Take s:;chd?nts to the play grm:gd i
2. Gi tudent a stri i
Solution: log, 0.0036 =log y (7o) sinplo loptithde b writtonon . |
3. Spread answers of all questions in the play
2% x3? ground and ask students to find their
=log ( %5 ) respective answers.
4, Specimen questions may include:
_ logs( 32 ) (i) logl0=7 (ii}lne="7etc.
Eb 2% x 5*

=2log,3—-2logy2—-4logy, 5
= 2(0.4771) —2(0.3010) — 4(0.6990)
=—2.4438

(which is negative number having both characteristic and mantissa as negative.)
Since mantissa can never be negative, to make the mantissa positive check the next positive
integer to the magnitude of the answer. The next integer is *“+3” as shown on the number line

LI N B | »
0 1 2 3 Magnitude of logarithmic value ‘

24438 —p

Now ‘add 3 to’ and “subtract 3 from’ the answer
i.e. log, 0.0036 =—2.4438 +3 3 =0.5562 - 3.

The positive term is mantissa and negative term is characteristic.
So, log, 0.0036 = 3.5562

Important results deduced from Laws of Logarithms

@) logpaxlogzb=1 (i) log . a= i
bog ,c
(iii) log pa . log . b=log . a (iv)logsr* x log,s* x log t*=rst

(v) log; z x logyx x bl =1 (vi)logpa.log.bxlog.c=1

b
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( EXERCISE 2.5 |

1.  Use laws of logarithms to expand the followings.
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2
) log 9t @og>>  @Dlog <PL  (wylo ot
1 1 t
5’t’a : TrE  n 3/5.512pm?
(v) log (%/TT) (vi) log b’ (vil) log | ~——— LT

2.  Use laws of logarithms to combine the followings into single logarithmic terms.
i) 3logx—5logy

(ii) %logt + % logr— élogs

1
(iiid) 7 [log 57.7 — 3log 9.24 + 4 log 36.6 — 2 log 23.3]
(iv) Slog6—T7log9.42+ %log t— % log 32.2 + %log a

®) %log 37.74 - % log 53.71 + ilog 28.83
3. Use laws of logarithms to evaluate the followings.
(@ log:15 (ii) log 930 (iii) log 5 65 (iv)log 5 72.34 (v)log ;7343

4. If logy2=0.3010, logy, 3=04771, logs 5= 0.6990
then evaluate the followings with laws of logarithms.

(@ logy g (i) logs % (iid) log » jzi: (iv) logy 0.024 (v) logs 71, 5%

2.5 Applications of Logarithms
Common logarithms appear in many scientific formulae.
Richter Scale

Opening of this unit depicts the 2005 earthquake in Pakistan, when thousands of people lost their
lives. The Richter Scale used for measuring the magnitude (M) of earthquake is a logarithmic
scale. If I is intensity of its shock waves and I, is a constant then

7
M=log(—
g(I )

L]
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Example 18: An earthquake that occurred in Pakistan in 2005, measured 7.6 on the Richter
scale. In 1978, an earthquake in China measured 8.2 on the Richter scale. How many times, the
China’s earthquake was stronger than the Pakistan’s earthquake.

Solution: Let I; be the intensity of Pakistan’s earthquake and I, be the intensity of China’s
earthquake.

As, M=1og(Ii)

]

I .
Then, 7.6 =log (I—l) =logli—logh .......... (1)  Search more applications
Io of logarithms in Biology, Chemistry and
8.2=log (I—z) = logL—logl .......... (ii)  Physics.
0
Subtracting (i) from (ii)

logl, —logl; =8.2-7.6

= log (I—z) =0.6
Il
antilog log (;—2) = antilog 0.6 (taking antilog on both sides)
1

I—2=3.98 =4
I

1

- China’s earthquake is nearly 4 times stronger than Pakistan’s carthquake.
Example 19: Use laws of logarithms to evaluate.

3/8.59 x (55.6)* ’ 1 ,22

5—+.—

® 2.51x+/2.12 ®) 3 V7
3/8.59 x (55.6)*

2.51x~/2.12
Then, by taking common log on both sides.

3/8.59 x (55.6)*
2.51x+/2.12

Solution: (a) let x=

logx=1log

1 1
= log (8.59)* + log (55.6)>— log (2.51) — bog (2.12)?
= %log 8.59 + 2 log55.6 —log 2.51 —% log (2.12)

~ %(0.9340) +2(1.7451) — (0.3997) —% (0.3263)

=0.3113 + 3.4902 — 0.3997 — 0.1632
log x =3.2386

%’ - - 2
antilog log x ~ antilog 3.2386 « Taking antilog on both sides -~ BS9%(33.9)" %11732.01
x = 1732.21 2.51x+/2.12
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1 22

logx=1log %’5% +1’% < Taking common log on both sides

b f—

16 Y2 22 | 16 1 22
logx=log | — |3 —log [ == |" = Zlog (—)—=1log (==
gx g(3] 3[7) 3 g(3) 2 g(7)

(log 16 —log 3) — % (log22—-log7)

1
3
1 1 1 1

Mo ll- & logdi- SlogBEe SlopT
3 OB DT 3 0BS5S — 5 0gLsT 5 08

a% (1.2041) — % (0.4771) - % (1.3424) + % (0.8451)

log x ~ 0.4014 — 0.1590 — 0.6712 + 0.4226

log x = —0.0062

logx = (- 0.0062+1)-1 < making mantissa positive
= 09938 -1

logx ~ 1.9938
Taking antilog on both sides.
antilog log x ~ antilog 1.9938
x =~ (.9858
Example 20: Find the number of digits in 5.

Solution:

By finding the log of the given whole number, we can find the relevant characteristic. But the
number of digits in a whole number is always one more than the characteristic of the log of that
number.

Now log 5* =501og 5
= 50 x(.6990) =34.95
Characteristic = 34
Number of digits in 5* = characteristic +1=34+1=35

Unit-02 Logarithms p National Book Foundation



https://fbisesolvedpastpapers.com

( EXERCISE 2.6 I
1. Find the number of digits in

@ 3* (@) 100'° @i 2" @@v) 57 (v) 529% (vi) 23"
2. Evaluate applying laws of logarithms.

3
W T 65.89 i) 47.27x5.321 @) 3/27.98
7.392 9.712x4.171 2/28.73
e
® 1129.4 i) V39.24 x31.931 (il 4
3/27.37 4f64.4 x 23 .91 3/53
... (27.98)°
Vil
R (28.73)

3. The Kansu, China earthquake of 1920 was measured about 8.5 on Richter Scale and the

Tokyo, Japan earthquake of 1923 was measured 7.8 on that scale how many times
stronger was the 1920 earthquake than 1923 earthquake?

ey ronvTs |

» A number written as d x 10" ,(where 1< d < 10, nc Z) is said to be in Scientific notation.
e Reference position is the place afier first left hand non—zero digit.
o Forx,y,beR;b>0,x>0and b1, yis called logarithm of x with base b written as
y=log, x
¢ Logarithm of a number consists of two parts,
o Characteristic: The integral part of logarithm,
0 Mantissa; The fractional part of logarithm, which is never negative.
e Iflogx =y then x is called the antilog of y.

e y=log,, x,is called common logarithm and y = log, x is called natural logarithm.

log,mm =log, m+logn e log, =2 log,m —log,n
n

log,m
log,n

Unit-02 Logarithms Q National Book Foundation
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1. Encircle the correct option in the following.
() If a="b x 10" is written in scientific notation then ,

(a) 0<b<10 (b) 0<b<10 (c) 1<5<10 (d) 1<5 <10
(ii) In0.537, reference position is

(a) after0 (b) after7 (¢) after5 (d) before7
(iif) log ,100is

(a) 2 (b) -2 (c) 0 (d) impossible
(iv)y If log(x+3)=log(15x—4)thenxis

(a) 05 () 7 (¢ 14 @ 2
") log ,7T3+log,4is

(a) 3 (b) -3 © 0 d =3
(vi)  For the log 0.00327, characteristic is

@ 2 ® 3 (¢ 3 @ o

(vi) log,M+N)is

(a) log, MN (b) log,M+log,N (¢) bothaandb (d) none ofthese
(viii) log,g"is

(@) glog,h (b) log,(gh) (¢) (log,g)xh (d) hlog,b
(ix) log,M-log,Nis

bog, M M g, N
(a) —bgb N (b) log b () logy,M (d) ou, i
(x) log o 1007 is
(@) 2 () 1 (c) 4 d 8

(xi) loglBis
(a) 3 log2 +log3 (b) log 2 + 2log3 (¢) 3log3 +2log2 (d)2log3 +3log2
(xii) logS5—log8+log3—log2is

5x2 15 30
(a) logm (b) log 16 (c) log ry (d) log—2
(xiii) log,,100°is
(@ 2 by 0O (c) 1 (d) impossible
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(xiv)  Scientific notation of 6.25 is

(a) 6.25x10 (b) 6.25x10° (c) 6.25x10  (d) 0.625x10%
(xv)  Base of natural logarithm is
(a) rational number (b)  integer (c) irrational number (d) 10

(xvi) Iflog -25=4thenxis
(@) +5 ® -5 (c) £5 (d) impossible

(xvi)  log ;10%+ log ;10 is
4

10
@@ log; I5 () log ;10'-log ;10 (©) 4  (d)log ;(10*-10)

(xviii) Slog2-2log$Sis

(og 2)° og 2° 2° 5, 2
1) —= —_ ¢) log — d) —bg—
®) g 5)’ () g 5° (© 8 (@) Sbes
2, Convert the following into scientific notation.
) 53.36 (i)  0.0000000000000102 (i) 523.4 x 107

3. Convert the following into standard notation,

(i) 7232 x 1072 (i) 10.53 x 10* x 20.31 (ii)) 5.6 x 10°
4. Evaluate the following.

(i) Jog, 55— g, 2* (ii) log, 4— log, 1 (iii) log,(log,x— bgbb"")
5. Find x if

() bg, 9-log, 1=x (i) log, x - bg, 16"=3

(i) log » (" 1) =logz 3 (iv) bg,x=log,(8 lg,y)
6. If logy 2=0.3010,log v 3 =0.4771 & bog, 5 =0.6990, then evaluate the following by

applying laws of logarithms.

@  logy30 (i) log,024 (i) logy 360

3
% Etmplitywitte ko livsof logaritin [ 0502 V4287 |
0.0059
8. Prove that:
bg U x bbg, V x bg, W =1
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SETS AND RELATIONS

In this unit the students will be able to:

* Describe mathematics as a study of patterns, structures and their relationships.

» [dentify sets and apply operations on three sets (subset, overlapping and disjoint
cases) using Venn diagrams.

» Solve problems on classification and cataloging by using Venn diagram for
scenarios involving two sets and three sets.

» Verify and apply laws of union and intersection of three sets through analytical and
Venn diagram method.

» Apply concepts from set theory to real world problems (such as in demographic
classification, categorizing products in shopping malls and music playlist).

» EBxplam product, binary relations and identify domaim and range of binary relations.

+ Recognize that a relation can be represented by tables, ordered pairs and graphs.

ALLAH JWiy~ilasnhas created
this huge universe and a part of it
is exposed to humans but a big
part of it is still unknown to
humans. It is estimated that there
are 200 billions to 2 trillion
galaxies in the observable
universe. The adjoining figure
shows a set of 10 naked eye
galaxies.




) ) SET 4

Definition:
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A set is a well-defined collection of distinct objects.

The term well-defined, means that the objects follow a given discipline with which presence or
absence of some object in the set is checked.

For instance, if we say that we have a collection of lighter stones, then this collection is not well
defined. Instead of this, if we say that we have a collection of stones weighing less than 1kg, this
collection is well defined.
A set may consist of objects of different types.

e.g. A set of luminous objects may contain a star, a moon, a tube light or a candle.

Similarly, a set of objects present in a library may include books, tables, chairs, newspapers,
keys, locks, stock registers etc.

Example 1:

(a) A set of Prime numbers which are also even i.e. {2}

(b) A set of Pakistani currency i.e.
{5, 10, 20, 50, 100, 500, 1000, 5000}
(c) A set of flowers in my garden. i.e.

A set is like a box with some stuff in
it which is well defined. When you
look inside the box, you should be

{Pansy, Lilly, Daisy, Jasmine, Tulip, Rose, Hibiscus}  able to tell if something’s in it or
(d) A set of Natural numbers less than 1i.e. {} not.
(e) A set of all letters present in the word ‘set’ {s, e, t}
(f) A set of Natural numbers among 3,- 9, 2, 3, 4, 2 i.e. {2, 3, 4}.
The repeating elements are taken once only, since repetition is not allowed in a set.

Mathematics as a Study of Patterns, Structures and Relationships
In mathematics, patterns are more than a beautiful design. Patterns follow a predictable rule and
that rule allows us to predict what will come next.

For example:

In the set of even numbers,

{2,4,6,8,....}

a pattern exists and one can determine the next number(s) in the set.
If we want to relate the above pattern with some real situation, we can ask the following question

to the students:

What will be the number of mangoes in next two boxes?

r

i

.

e fgms _fgee | 2
i ke L L L =
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Students can easily predict the number of mangoes in the next two boxes.
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-

Obviously, they will say:
Number of box | Number of mangoes
5 10
6 12

In the same way, we can relate the set of square of natural numbers with structural geometry as:
{13,2%,32, 42, ..} ={1,4,9,16,.

12=1 2=4 32=9 42=16

This example relates the patterns in numbers and geometry in the best way where the square
numbers represent area of various geometrical shapes.

Mathematicians say that mathematics is the study of patterns in numbers and structure
in geometry, and their relationships.

Search number patterns in the set of first 100 natural numbers and relate patterns with
some kind of geometrical shape or represent pattern in pictorial form.

Set Builder Form (Rule Method)
In set builder form, all the elements of a set are not listed, however we write the set by its
defining rule. While writing a set in this method, some variable say x is chosen which represents
all the elements of that set according to the defining rule.
e.g. A = Set of all integers, can be written in set builder form as
A= {x|xeZ} and read as
“A is the set of all elements x such that x belongs to Z”

Example 2: Write the following sets in the set builder form.
(i B = Set of Prime numbers less than 17.
B={x|x e PAx<17}.
(ify C=Set of multiples of 4 greater than or equal to 40.
C={4x|x eNax 2 10}.
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(i) D={1,2,3,6}.
D= {x | x is a factor of 6}.

(iv) E=Set of squares of 1* three natural multiples of 10.
E={(10x)*|x eNAl< x < 3}.

Example 3:

(i) ThesetG={15x|xe ZAx2 1}, in descriptive form is written as

(D
(iii)

(iv)
)

G = Set of integral multiples of 15, greater than or equal to 15.
Theset H= {y |y e WA y° —1 =7}, in tabular form is H = {2}.
Thesetl = {x | xeWA—-3>x>-15}, intabular formis I={}.

ThesetJ={§|erAx>0}, in tabular form is J={1,2,3,4,...}.

The set K= {y |y € Z~ A y* =9}, in descriptive method is
K = Set of negative integers containing ‘— 3’ only.

Most Commeonly used Sets of Numbers

i.
i

iv
v.
vi
Vi,

.

ix.

N = Set of Natural numbers
W = Set of Whole numbers

Z = Sect of Integers

E = Set of Even numbers
O = Set of Odd numbers
P = Set of Prime numbers

1523 )
0,1,2,3,4,.....}
{0,+1,£2, £3,..}
0,12, 14, £6,...}
(£1,+3,%5,+,...}
£2,3,5,7,11, 13,....}

Check Point

Can we write set of Real
numbers in tabular form?
Justify!

Q= Set of Rational numbers ={Ef’p,quz\qa&0}
q
(' = Set of Irrational numbers = {xfx#g,p,qe ZAqan}
q

R = Set of Real numbers ={x/xeQvxeQ}

The above mentioned sets from (i-vi) are first written in descriptive method and then in tabular
form (Roster method).

However, the sets from (vii-ix) are first written in descriptive method then in set builder form.

Union of Sets
Let A and B be two given sets. Then union of A and B is the set of all those elements which are
taken either from A or from B or from both.

The union of A and B is denoted by ‘A\UB” and:

AUB={x|x € A v xeB}

eg. IfA={1,2,3,4,5} and B={3,4, 1, 7, 6}, then:
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AUB={1,2,3,4,5,6,7}



Intersection of Sets
Let A and B be given sets then the intersection of A and B is the set of elements which belong to
both A and B.
The intersection of A and B is denoted by ‘A B’ and:
ANB={x|x €AA x €B}
eg. IfA={1,2,3,4,5} and B={3,4, 1,7, 6}, then:
ANB=1{1,3,4}
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Difference of Sets
Difference of two sets A and B, denoted by A — B is a collection of those elements of A which
are not present in B. For the two sets A and B:
A-B={x|x €A x ¢B}

LetA ={1,2,3,4,5} and B= {3, 4, 6, 7, 8}, then:
A-B=1{1,2,3,4,5}-{3,4,6,7,8} ={1, 2, 5}
IngeneraL, A—-B = B-A
Complement of a Set
Let AcU (i.e. A is proper subset of the universal set). Then the set of all elements of U, which
are not in A, is called complement of A.
Complement of A is denoted by A° or A"=U — A and is defined as:

{x|xeUna x 2A}
eg.IfU={1,2,3,4,56,7}, A= {2, 4, 6}, then:

A'=U-A={1,3,57}

e The common elements of A and B are written once.
e Two sets A and B are said to be disjoint, if AB=¢
e The clements of A are never present in A® and vice versa.

e Two sets are said to be overlapping, if neither set is subset of the other and their
intersection is non-empty.

i Union and Intersection of Three Sets

Disjoint Sets

Two sets A and B are said to be disjoint if they have no common elements. i.e. ANB=¢.

For example,

A=1{1,2,3} and B = {4, 5} are disjoint sets as both sets have no common element. i.e.
AnNB={1,2,3}n {4,5}=¢
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Venn diagram representing above disjoint sets is:

Overlapping Sets

Two sets A and B are called overlapping if:
6)) There is at least one element common in both the sets.
(i)  Neither of the sets is a subset of other set.

For example, the sets

A=1{2,3,5,7,9} and B= {0, 3, 5, 8} are overlapping as
ANB={3,5}# ¢ and A and B are not subsets of each other.
Venn diagram representing above overlapping sets is:

Venn diagrams are used

0
to explain the whole set
B theory in a very simple
8

Subset e

Set A is called subset of a set B if every element of set A is also an element of B.
For example, the set A= {a,b,c}isasubsetof B= {a, b, ¢, d, ... } as all elements of
set A are also clements of set B.

Venn diagram representing above subset case is:

The pictorial representation of the
relationship A C U is called a Venn
diagram. In a Venn diagram,
universal set is represented by the
interior of the rectangle, however
inside the rectangle, the subsets are
represented by the interior of any
other closed shape like circles or
ovals etc.

Union and Intersection of Three Sets using Venn Diagrams

To find the union and intersection of three sets say A U B N C, first we find A U B or B N C and
then find the union or intersection with remaining set.

‘We use brackets to separate two scts from the third one because these represent different sets.

iee. (AUB)NC or AUBNO

Example 4:
Representsets A= {0,1,2,3,4},B={3,4, 5, 6},C= {6, 7, 8, 9} through Venn diagram.
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Solution:
7
9
Example 5:
IfA={0,1,2,3,4},B=(3,4,5,6}and C={6,7,8,9}, find AU(BNCland An (Bu C)
through Venn diagram.,
Solution:
) (ii)
7
c 8
9

BMC BuwG =

- I
AuE~C)= [N AN(BLC)

Example 6:
IfP= {a, b, Cy d, C}, Q= {f, g,h: 1}, R= {d, G, fs 8,.]}
Find (P v Q) n R and (P N Q) U R through Venn diagram.

Solution:
® (i)
PUQ = = PAQ =
PuUQ)nR = PNQ)UR =
Example 7: If P={3,5,7}, Q={1,3,5,7,9}, R={0, 2, 5, 8}, then find P U {Q N R) using
Venn diagram.

Solution: P={3,5,7}, Q={1,3,5,7,9}, R=1{0,2,5, 8}
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QnR={5}=[] PU@QNR)={3,57}=[_ [

Verification of Associative Laws Using Venn Diagram

We illustrate the concept with the help of following examples.
Associative Property of Union

Proof:
Let xe(AUB)UC
x€E(AUB) or x€C

(x€EA or x€B) or xe€C
x€EA or x€EB or x€C)

x€EA or xeBUWO)
xEAUBUO
> AuBLUCEAUBUO (@)
Similarly, we can prove that:
AUBU(C) € (AuBUC (b)
From (a) and (b), we have:

4 4 81l

AUB)UC=AUBUC)
Example 8:
IfU={1,273,4,5,..,15},A={2,4,6,8,10},B={1,2,3,4,5,6, 7} and
C=1{2,3, 5,7, 11}, then verify the associative property of union using Venn diagram.

Solution:
LHS=(AuB)uC RHS=Au(Bu(C)

U
9

15

14 13

(auB) L c= [l AuBUC=]
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From both the figures, it is observed that same region is shaded.
ie. (AUB)UC=AU (BUC)
Associative property of Union is verified.
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Associative Property of Intersection
(ANB)NC=ANBNC)
Proof:

)

yE(ANB)NC

= y€EANMB and yeC

= (v€A and y€B) and yeC
= y€EA and (y€B and yeC)
= yEA and ye(BNCO)

= yEANBNCQC

= @ANBNCCANBNCO) (a)
Similarly, we can prove that:
ANBNCOc(AnNnB)NC (b)

From (a) and (b), we have:
ANBNC=ANBNC

Example 9:
IfU={1,23,...,11}, A={1,2,3,5,7,9}, B={1,2,3,4, 5,6} and
C= {5, 6, 7, 8} then verify the associative property of intersection.

Solution: _
LHS=(ANB)A'C RHS=ANnBnNC)

U

10

AnB = [ B = [l
(AnB)NC = [ ANEBNC) = [

From both the figures it is observed that same regions are shaded.
ie. (ANB)NC=ANBNC)
.". Associative property of intersection is verified.
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Verification of Distributive Laws Using Venn Diagram

(a) Distributive Property of Union over Intersection

Proof:
Let xEAUBNCO)
= x€A or xe(BNCO)
= x€EA or (x€B and x€()
= (xEA or x€B) and (x€A or x€C)
- Y€ (A U B) snd &8 (A w C) Math Play Ground
1. Take students to the playground
= xE(AUBINAUQ and make a hopscotch as shown:
= AU®BNC EAUBNAUC @ G e
Again, let yE(AUB) N (AUC)
WINNER
= yE(AUB) and ye(AWCO)
= (yEA or y€B) and (€A or ye(O) 1
= y€EA or (yEB and y€(C) (Ky=2
pal
= yEA or ye(BNO) AU[BUC)=? «|— ANA'=?
= YEAUB N 2
5> (AUB)N(AUC) € AUBNC) (b) F i
From (a) and (b), we have: ANA=? <« — AUA=?
it r.d
AUBNO=AUB NAUD ™=
(b) Distributive Property of Intersection over Union -
T s e = ave e W AU(BNC)=? AN(BNC)=?
ANBUC)=(ANBUANC) T
Proof: Aﬂ(BU;];?
Let xEANBUO R o
= xEA and xe(BU C) 1z
= x€EA and (x€B or x€C) Start
=5 (x€A and x€B) or (x€EA and x€C)
= xE(ANB) or xe(ANCOC
= xE(ANBUANGC
= ANBUCc ANBUANDC (a)

Again, let yE(ANB)UA NC)
= yeE(ANB) oo ye(ANCQO)
= (vEA and y€B) or (€A and y€C)
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yEA and (yEB or yeC)

yEA and yEBUO)

YyEANBUUIC)

ANBIUANCO EANBUO (b)
From (a) and (b), we have:

httﬁs://fbisesolvedﬁastﬁaﬁers.com

4 4 4 3

ANBUCO=ANBUMANCGC
Example 10: Verify through Venn diagram
a AuBnNC)=AuUBNNAU(D)
) AnBuUC)=ANBUANC
WhenU={x:x e WA xL 12}, A={x:x e WA x< 4}
B={y:yeNA3Ly<L7landC={z:2e NA3Lz< 7}

Solution:
(a) AUuBNC) =AuBINnAULCD)
LHS=AUBnC) RHS =(AUB) N (AUC)
b 10 11 U 10 11

12

_ AUB =
BnC = AUC _
AuBnC) = (AUB)N(AUC) =
(b) ANnBUC)=(ANBUANC
LHS=AN@BUC) RHS=(ANB)U(ANC)

10

BuC
An{BuC)

1] -
AnC =
HE (AnNB)U(ANC) = [
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(a) f A={0,1,3,5,7}, B={x|xeNax<5}and C= {1, 2, 3, 4, 6, 12}, then
find (A U B) N C using Venn diagrams.

(b) fA={0,2,4,6},B={1,3,5,7} andC={1,2,3,6},then find (ANB)NC,
AN (BnC) and (A U B) n C using Venn diagram.

( EXERCISE 3.1 ,

1. Shade AUBNC),AnBuC),(AUB)uUCand A~ B ~ C) using following

) g "‘\ @ [ ° :
(i) [ {‘ (iv) U

2. If X={ab,c,d,e},Y=1{a,ce}, Z={gh,i,j} then, find the following using Venn
diagram.
@) XEuyuz (i Xu(Yuz (i) &KNY)nZz
ivy Xn(n2z ) XKuYy)nZ (vip XnY)uZz
3. Verify associative law of union and intersection by using diagrams of question 1.
4. Venfy:
(i) distributive property of union over intersection ,
(ii) distributive property of intersection over union,
by using diagrams of question 1.
5. Prove by using Venn diagram:
a PUQUR=PUQUR) (b)) ENQ NR=PN({QNR)
when (i) P={0,1,2, 3}, Q=1{2,3,4,5,6}, R={5,6,7,8,9}
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(@) P={mno,pq, Q={stu}, R={tuv,w}
6. Verfy XU (YN Z)=X U Y)N(X\V Z) using Venn diagram for the following sets.
X={-1,-2,-3}, Y={0,1,23}, Z={0,*1, 2, +3}
7. Verify XN (YUZ)=XNY)U(XNZ)
X = Set of first three Vowels, Y = Set of letters of the word “ energy”,
Z = Set of letters of the word “algebra”

Application of Venn Diagrams -

Venn diagram is a practical mathematical tool for solving real world problems of set theory. Few
of the examples depict the vital role of the Venn diagrams in problem solving.

Example 11: Among the ten teachers of a secondary school. five teach Mathematics and three
teach Biology. However, all these teachers also teach English? Show the data by Venn diagram.
Also find how many teachers teach only English.

Solution: If E represents set of English Teachers, M represents set of Mathematics Teachers, B
represents the set of Biology Teachers and then both M and B are the subsets of E, as shown in

the figure below.
U
@ .e E
2

From the Venn diagram it is observed that two of the teachers only teach English.
Example 12: In a survey, people were asked whether they like cricket, hockey or football.
Using the Venn diagram find the number of people playing:

@) only cricket,
(i)  hockey and football, Y
(iii)  all three games,
(iv) either of the three games, ‘VA 1
(v)  neither of the three games, ﬁ
Also find number of people surveyed.
Solution: From Venn diagram, it is clear that:
@) Number of people who play only cricket = 34
Which shows n(C — CnHANF)
(ii)  Number of people who play both hockey and football=6+5 = 11
Which shows n(HF)
(iii)) Number of people who play all three games = 5
Which shows n(CnHNF)
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(iv)  Number of people who play either of the games =34 +5+ 6 + 26 +20=91
Which shows n(CUHUF)
(v)  Number of people who do not play any game = 12
Which shows n(U — CUHUF)
Total number of people=n(U)=34+5+6+26+20+12=103

Application of Set Theory

Applications of set theory are most frequently used in science and mathematics fields like
biology, chemistry, and physics as well as in computer and electrical engineering. These
applications range from forming logical foundations for all branches of mathematics. Therefore,
understanding set theory is crucial for learning many subjects.

Following formulage are helpful in the set theory.

(i) For any two overlapping sets A and B:

RS N

« n(A-B)=n(A UB)-n(B) For any scts A and B:
s n(A—B)=n(A)—n(AnNB) AUA=A, ANA=A ANnp=90
¢ n(AUB)=n(A -B)+n(ANB)+n{B -A) AU@=A ANnBCA ACAUB

(i) For any two sets A and B that are disjoint :
e n(AUB)=n(A)+n(B)
« n(A-B)=n(A)
(iii) For any three sets A, B and C:
nAUVUBUC)=n(A)+nB)+n(C)-n(ANB)-n(BNC)-n(ANC)+n(AnBnC)

Example 13:
In a class of 80 students, 40 like English, 34 like Mathematics and 9 like both. How many
students like either of both subjects and how many like neither?
Solution:
Total number of students = n(T) = 80
Number of students that like English = n(E) = 40
Number of students that like Mathematics = n(M) = 34
Therefore, total number of students that like both subjects is:

n(E U M) =n(E) + n(M) —n(E n M)

=40+34-9=65
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Number of students that do not like both subjects is:

10.

11.
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n(T) — n(E U M) = 80— 65 = 15

Let A and B be two finite sets such that n(A) = 24, n(B) = 18 and n(A U B) =31.
Find n(A N B).
If n(A — B) = 23, n(A U B) = 44 and n(A n B) = 2, then find n(B — A). Also find n(B).
(Hint: n(B) =n(A N B) + n(B — A)
In a group of 30 Mathematics students, 20 like Algebra and 15 like both Geometry and
Algebra. Show the data by Venn diagram. Also find how many students like Geometry.
In a street with 50 houses, 25 houses have lawns, 32 houses have car porch and 15 houses
have both lawn and car porch. Show the data by Venn diagram. Also find how many
houses have neither lawn nor porch.
In a survey of 940 children, 400 students were found studying at primary level, 240
students at elementary and 175 at secondary level. Create a Venn diagram to illustrate
this information. How many children were found out of school?
ABC Dairy polls its customers on their favorite flavor: chocolate, vanilla or mango? 100
customers said they like mango flavor, 90 customers said they like vanilla, 40 polled for
chocolate, 20 customers liked both mango and vanilla while 14 liked both chocolate and
vanilla. How many customers said they like:
(i) only mango? (ii) only vanilla (iii) only chocolate
In a survey of university 200 students were interviewed. It was found that:
42 students have laptops, 80 students have cell phones, 100 students have iPods,
23 students have both a laptop and a cell phone, 10 students have both a laptop and iPod,
14 students have both a cell phone and iPod and 8 students have all three items.
(a) How many students have only cell phone?
(b) How many students have none of the three items?
(c) How many students have both iPod and laptop but not cellphone?
In a girl college, every student plays either badminton or table tennis or both. If 350
students play badminton, 280 play table tennis and 150 play both. Find how many
students are there in the college?
Among 50 students, 8 are learning both English and Chinese languages. A total of 26
students are learning English. If every student is learning at least one language, how
many students are learning Chinese?
Out of 70 people, 48 like tea and 40 like coffee and each person likes at least one of the
two drinks. How many like both tea and coffee?
There are 46 students in science group and 50 students in arts group. Find the number of
students who are either in science or arts group.
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12. In a group of people, 52 people can speak Arabic and 112 can speak French. How
many can speak Arabic only? How many can speak French only if 12 of them can speak
both languages? How many people were in the group?

13. In ahigh school, 360 students like reading story books, 170 like practical activities and
150 like both. Find

(i) The number of students who like reading story books only.

(ii) The number of students who like only practical activities.
(iii) The total number of students in the school.

14. In a survey of 60 people, it was found that 25 people watch channel A, 16 watch channel
B, 13 watch channel C, 4 watch both A and B, 7 watch both B and C, 8 watch both A and
C, 3 watch all three channels. Find the number of people who watch at least one of the
channels? Also find number of people who do not watch these channels.

Binary Relations

Ordered Pair
Pairs of two numbers in which order of numbers is not invertible, is called an ordered pair. The
numbers in an ordered pair are written within small brackets (parenthesis) and are separated by
comma.
For example, (a, b) is an ordered pair in which « is called first element and b is called second
element. By interchanging the positions of elements, the ordereﬂ pair is changed.
As in geometry, position of a point is determined by - -
ordered pair, therefore (2, 5) and (5, 2) represent two ‘2, 5)
different points. . |
Th'IJS, (2, 5) #+ (5, 2) ‘5, 2)
Equality of Two Ordered Pairs _ _
Two ordered pairs (a, b) and (c, d) are equal if:
a=bandc=d

A 4

&

2| = oW Bty

123435

r

Example 15:

Find the values of x and y when (x — 3y, 5x + 1) = (4, 6)
*(a,b}#(b,a)

Solution: By the equality of ordered pairs, we have: ¢ (a,b)=(c,d)
x—3y=4 (i) & a=ckb=d
5x+1=6 (ii)

From equation (ii), Sx =6—1
5x=5 = =x=1
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Substituting x = 1 in equation (i), we get:
1-3y=4 = —-3y=3
= y=-1
Cartesian Product of Sets

If A and B are two non-empty sets, then Cartesian product
A x B is the set of ordered pairs (x, y) such that
x € A andy € B. Mathematically:

Check Point

Find g and b when:
(a+1,4)=(2,5-3)

AxB={(xy|xcAAyeB}

e n(AxB)=n (A)xn (B)

Similarly, B x A= {(3,%) |y e BAx € A} * AxB =0 ifeither
eg IfA={0,1,2}, B={3,4} A=gorB=¢
then A x B= {0, 1, 2} x {3, 4}
={(0, 3), (0, 4), (1, 3), (1, 4), (2, 3), 2, D}
A x B can also be represented through table as follows:
AxB 0 1 2
3 ,3) 1, 3) 2,3)
4 ©,4) 1, 4) 2,4

In the same way, we can find B x A as:
BxA={3,4} x {0,1,2}
={(3,0),(3,1),(3,2), (4, 0), (4, 1), (4, 2)}

ey ot —
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i Each element of the set AXB
Tebleforbix AN TE & 3 4 is called an ordered pair.
0 3,0 (4, 0) The ordered pair (, 1) cannot
1 (3, 1) 4, 1) be written as (1, a).
2 (3,2 @,2) The number of subsets
of AXB = 27%B

Graph of A x B and B x A is as follow:

EN RV YSaANEEEE
_AxB

3( 3)'(1.3)'(33)' L L
CTT TGy 2

Scale: 2 squares = 1

r 3
v

1.2 3 4 |5
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From the definition, table and graph, we see that: m
AxB=BxA

e Ingeneral AxB#B x A
e AXxB=B x Aifand only

There are many subsets of A x B if A=B.

e.g. Ri=¢,Ra={(0,3)},Ra={(1,3), (0, 4)}, ... » n(A x B)=n(B x A)
Example 16:

Exhibit P x Q and Q x P by arrow diagram when P ={a, b, ¢} and Q = {d, e}.
Solution:

P x Q= {(a, d), (a, €), (b, d), (b, &), (c, d), (¢, )}
Q x P={(d, a), (d, b), (d, c), (e, a), (¢, b), (e, c)}

{ EXERCISE 33 |

1. Find the values of unknowns when;
i) (@-b=11) (i) (2a 2b+3)=(-10,-5) (i) (2a—4,6)=(8,—b +1)
(iv) x+2y y-3)=(,5) V) @2x-y y-30=42)
(vi) (Ax+ 6y, x—12y)=(6,-3) (vii) 5x+y, —x+3)=(6,1)
2. LetA={1,4,8}and B= {1, 0}. Find:
i) AxB (i) BxA (i) AxA (iv BxB
How many elements are therein A x B,B x A, A x Aand B x B?
LetE={1,3} and F= {4, 6, 8}. Express E x F,F x E,E x E, F x F graphically.
4. IfL x M= {0, 2), (0,3),(0,4),(1,2),(1,3),(1,4)},then find sets L, Mand M X L.
5. Giventhat A= {1,3,5},B=1{2,4},C= {6, 7}.
(i) Find Ax(BUC(C) (ii) Find (A xB)U (A xC)

(iii) Verify A x BU C)=(A x B)U A x C)

6. GiventhatD= {a,e,i}, E= {a, c¢},F={b, c}.
(i) Find Dx(ENF) (i) Find M xE)yN (D xF)

(iii) Verify D x (E N F)=(D x E) N (D x F)
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7. Giventhat A={x/x€N,x<3},B={y/yEW,y<2}, C={0,2,4}.
D Verify AxB-C=(AxB)-(Ax()
(i) Veify (A-B)*xC=(AxC)—-(BxC)

8. LetX={x/x€W,x<2}and Y= {-1,-2,-3}. Exhibit X x Y and Y x X by arrow
diagram.
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Binary Relation

A binary relation R in the set A x B is a subset of the Cartesian product A x B.
Symbolically R is the relation in a set A x B if and only if R € A x B.
If R is elation from A to B, then:

R={(a,b)/a€ A, b€EB}
A binary relation can also be taken from only one set after taking Cartesian product of the set
with itself e.g. from A x A

If Ri is elation from A to A, then: m
Ri={(a,b)/a€EA,bEA}

® A binary relation is a set of

Example 17: v pains,
IfA= {5, 10, 15, 20, 25} then find the number of o Number of binary relations in
binary relations in A. AxXB=22AxXB)

Solution: Number of elementsin A=n (A)=35
Number of elements in A X A=n(Ax A)=5x5=25
Number of binary relations in A (or A x A) =2%

Example 18:
If P={2,3},Q= {%, %}, then find all possible binary relations in Px Q.

Solution:
Number of elements in P=n (P)=2
Number of elements in Q=n (Q)=2
Number of elements in P x Q=n (PxQ)=n(P) x n(Q)
=2x2 =4
Number of binary relations in P x Q=22®~Q
=222 =24=16

werea (1))} 03] o
rerne (o) el D)l (o)
e e D6 a6
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Example 19:

LetA={1,2,3},B={0,1,3} andR={(a,b)/a € A, b € B} and a > b}, then find R
and show it by arrow diagram.

Solution:
A={1,2,3},B={0,1,3}
AxB={(1,0),(1,1,(,3),(2,0),(2,1),(2,3),(3,0)(3,1),(3,3)}
Now R={(a,b)/a€ A, b€ B} anda> b}

R={(1,0),(2,0), (2, 1), 3, 0), 3, 1)}

Domain of Binary Relation

Set of all the first elements of ordered pairs in a binary relation is called domain of that binary
relation.

In example 18, Domain of R11 = {3} and Domain of R14 = {2, 3}.

Range of Binary Relation

Set of all the second elements of ordered pairs in a binary relation is called range of that binary
relation.

In example 1§, Range of R¢ = {%, %} and Range of Ry = {%}
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Example 20:
(a) If A = Set of Natural numbers and R = {(x, y) [ re AAy e Alie. RcAx A
Then find the domain and range of R.
MIET={0,x1,£2}and R1= {(x,¥)|x € TAy €T Ax+y =0}, then find the Dom R

and Range R.
©EE={2,4,6},F={0,]1,2}andR2={(x,y) |x e E,y € F Ax+y =6}, then
(i) WriteExF (i) Write Rz in tabular form (iii) Find Dom R2 and Range Ro.

Solution:

@R={(1,1),Q1,2),q,3),...2,1)» 2,2),2,3),...3,1), 3, 2), 3, 3),..}
So, Domain of R = {1, 2, 3, ...} = Set of Natural numbers

Range of R = {1, 2, 3, ...} = Set of Natural numbers m
L DomR=RangeR=A

(b) Ri= {(Os 0), (_ls l)s (ls _l)s (_2s 2)s (23' - 2)} & =¢ is CE.i]led
Dom Ri = {0, +1,+2}, RangeRi= {0, £1, 2} a void relation.
©@ExF={(2,0),(2,1),(2,2),40),4,1),4,2),(6,0),(6,1), (6,2)}
R2={(4,2),(6,0)}
Dom Rz = {4, 6}, Range Ra = {0, 2}
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Inverse Relation
LetR={(a, b}/ a € A, b € B} be arelation from A to B then the inverse of R is defined by:
R'={(b,a)/ bEB,a € A}

Example 21:
Given that A = {0,2,3},B={0,2,4,6,9,16} and R = {(x,) | x eAay eB ax? =y}.
Verify: Dom R™! = RangeR and Range R = DomR

Solution:

Given A={0,2,3},B=1{0,2,4,6,9,16} andR= {(x,y)/x € A,y € B} Ax2 =y}
R in tabular form is:
R={(0,0), (2,4), (3, 9)}

DomR=1{0,2,3} and RangeR-={0,4,9} m

Inverse of R is: 1

R = {0,0),4,2), 9, 3) i Ny
DomR™! ={0,4,9} and RangeR™! ={0,2,3}

Which shows that:

Dom R~ {0,4,9} = RangeR and Range R™!={0, 2,3} = DomR
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1. Find the number of binary relations in the following cases.
i A={1,3},B={0,2,4} (i) n(C)=7 (i) D={1,3,5}
2. Find all possible binary relations in the following cases mentioning the number of binary
relations in each case.

@ A={V2.43,45], B={35] @@ C={r,e} (i) D={5),E={1,10}
3. P = {7, 8, 9} then find 2 binary relations from P to P. Also find domain and range of each
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relation,

4 LetH=1{5,6,7,8,9} and G= {5, 7,9, 11}. Write the following relations from H to G in
tabular form.
(i) ‘is equal to’ (i) ‘is less than’ (iii) ‘is greater than’

(iv) ‘is one less than’ (v) ‘is one greater than’ (vi) ‘is two less than’
5.LetC={2,4,6},D={4,6,8,9,12} and R = {(x, y) / x € C, y € D} a x is factor of y}.
(i)  Write R in tabular form, (ii) Find domain and range of R.
(iii) FindRL (iv) Represent R by arrow diagram.
6. LetR = {(2, 0), (4, 2), (6, 4), (8, 6), (10, 8)}
(i)  Write R in set builder form. (ii) Find domain and range of R.
(ili) Write R™! in tabular and set builder from.
(iv) Represent R and R™! by arrow diagram.
7.LetA={0,1,3}and B={1,2,3,5,7}. WriteR= {(x, ) | x e A,y e BAy=2x+1}in
tabular form. Also find R,
8 IFS = {1,2,4,8}, T = {3° 3%, 32}, then write the following binary relations in tabular form.
9. Find the domain and range in each case.
i Ri={xy)|xeS,yeTAax=y} (i) Re={(x,»)|xeS,ye TAay<x}
(li)Ra={(x,»)|xeS,ye Tax+yeE} (iv) Re={{x,y)|xeS,yeTaxxye 0}
V) Rs={(x,»)|xeS,ye TAy>2x}

e If A and B are any two sets, then the set consisting of all the elements of these two sets is
called union of these two sets.

o If A and B are any two sets then the set consisting of all the common elements of these
two sets is called intersection of these two sets.

e The pictorial representation of any set is called a Venn diagram.

e We can prove associative laws and distributive laws by using Venn diagrams.

e Any subset of the Cartesian product A x B is a binary relation.
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1. Encircle the correct option.
i. Setbuilder form of A — B is:

(a){x|xeA} () {x|xcA Axt B} (c) {x|xe A AnxeB} (d) {x|x e B}
ii. fAuB=A and AnB =B, then:

(a) AcB (b)A2 B (c) Ao B (d) A#B
iii, FAcBthenA-B=

(a) A (b)B (c) ¢ (d B-A
iv, FA-B=B—-A=¢, then:

(a)A=B (b)Bc A (c)ACB (d) alla,b&c
v. Setof common elements of A and A®is __ set.

(a) infinite (b) null (c) universal (d) singleton
vi. Set of real numbers can be written in:

(a) tabular form. (b) descriptive form.

(c) set builder form. (d) bothb and c.
vii. R = {(2, 1), (4, 3), (2, 2)}, then Dom R =

(a) {2,4,2} (b){2,4} () {1, 3,2} (d) none of these
viii. fR={(a,b)/a,be Z Aa+b =0}, then:

(a) Dom R — RangeR (b) Range R < Dom R

(¢) DomR = Range R (d) none of these.

ix. IfR= {(a,b)/a,be NAa x b=12} then tabular form of R is:
(a) {(1,12), (2, 6), 3, 4), (4, 3), (6, 2), (12, 1)} (b) {(1,12),(2,6),(3,4)}

(© {(12, 1), (6, 2), (4, 3)} (@ {(1,12), (4, 3), (2, 6)}
x. Ifn(A)=p,thenn (Ax A)=

@p (®)2p (c) 2p? (@ p?
xi. If n (B) =1, then number of binary relations in B x B is:

@t ®) £ ©2 @ 2

2. If R={a,f h,s} and S = {b, ¢, j, n}, then
(i)  Find the number of binary relations in R x S.
(ii) Write any 3 binary relations from R x S.
(11i)) Write a binary relation whose domain is equal to set R.
(iv) Write a binary relation whose range is equal to set S.
(v)  Write a binary relation whose domain is equal to set R and range is equal to set S.

Unit-03  Sets and Relations Q National Book Foundation



https://fbisesolvedpastpapers.com

3. Shade AUMBNC), ANBUC), A-BNC)and B-(A U C), in the following Venn

’i@#

4. Verify associative properties of union and intersection through Venn diagram for
X = {2x |xe¢ NAax <20}, Y = Set of first 6 natural multiples of 3, Z = {6x | xe WA x <20}

5. Verify distributive law of union over intersection through Venn diagram for the following
sets,
A={1,2,3,.1}, B={1,-2,-3,.}, C={0,%x1,%+2,%3,.}
6. Verify distributive law of intersection over union through Venn diagram for the following
sets.

P={a,b,c,d e}, Q={c,def} R={g hijk}
7. Create a Venn diagram to illustrate the following information regrading the subsets A and B
in the universal set.
(i) n(A)=60,n(B)=48,n(A N B)=20,n(U)=90
(ii) n(A)=34,n(B)=752,n(A U B)=60,n(U)=85
8. 10 boys participated in a Qiraat competition. Among them, Haani, Zubair and Haider recited

in Naafi Qiraat style, Abdullah, Umer, Bilal and Ali recited in Al-Kissai Qiraat style while
Hassan, Jaffer and Usman recited in Al-Kufi Qiraat style. Represent boys participated in
Naafi, Al-Kissai and Al-Kufi styles by sets A, B and C respectively. Find:

@) Find tabular form of A, B and C.
(i) Draw Venn diagram of situation.
(iii) FindANBNCF,(AUB)INC,A-BNC)andA—(AUB).

9. 100 candidates were appeared in an examination. Out of which 45 candidates passed n
Mathematics, 40 in Science and 50 in Health. If 12 were passed in Mathematics and Science,
15 1in Science and Health, 20 in Health and Mathematics and 5 were passed in all three
subjects.
(1) [lustrate the above information by drawing a Venn diagram.
(11) How many candidates were passed at least one subject?
(111) How many candidates did not pass any subject?
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FACTORIZATION AND ALGEBRAIC MANIPULATION

In this unit the students will be able to:

YVVY

Recall factorization of expressions of the following types.

ka+kb+ke, ac+ad+bc+bd,d® + 2ab+b°, & —b, o+ 2ab+b -
Factorize the expressions of the following types:

a* + @b + b or o + 48", xz+px+q, ad* +bx+e,

(@ +bx+c @l +bx+dy+k (x+a)(x+b)(x+c)(x+d)+k
(x+a)(x+b) (x+c) (x+d)+ kx>

@ +3db+3ab’+ b, & -3db+3ab*-b, b

Find highest common factor (HCF) and least common multiple (LCM) of
algebraic expressions.

Use factor or division method to determine highest common factor and least
common multiple.

Know the relationship between HCF and LCM.

Solve real life problems related to HCF and LCM.

Use highest common factor and least common multiple to reduce fractional
expressions involving +, —, X, +.

Find square root of algebraic expression by factorization and division.

Ansel Adams (1902 — 1984) was a famous
American photographer known for his style of
detailed and focused photos that showed its
subjects simply and directly. To take sharp and
clear pictures, Adams had to focus the camera
precisely. The distance from the object to the
lens ‘p’ and the distance from the lens to the
film ‘¢’ must be calculated accurately to ensure
that sharp image. The focal length of the lens is
‘f . The formula that relates these measurements

is l+l=i. This formula involves addition

p g
of two algebraic fractions with the help of

LCM.
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4.1 Factorization of an Algebraic Expression

The process in which an algebraic expression can be expressed as the product of its factors is
called its factorization. For example,

15x*y = (5x) 3xy)
Here, 5x and 3xy are the factors of 15x%y

Hence, the factorization process which converts expressions like 15 x* y into (5x)(3xy) is
essentially the opposite of the multiplication process.

liMultiply 4—|

Polynomial = Factors
15x%y (5x) (3xy)
I . Factorize

In the previous grades, we have learnt about the factorization of polynomials of the following
types:

(i) kat kb +kce=k(a+b+c)

(ii) ac+ad+bc+bd (c+d)(a+b)

(iii) a +2ab+ b = (a b)Y

Gv) & -1 —(a+b)(a— b)

(v) a® +2ab +b*-c® = (a+tb+c) (a+b-0c)
(vip a® - 2ab +b*—c® = (a—-b+c) (a—b-c)

Let us learn some more about the factorization of polynomials.

W—» Factorizing Expressions of the Forms

(a) a*+ap*+8* (b)) o +4ab’
(a) To factorize a* + a’b* + b* or a* + 45", we shall modify it and try to make it in appropriate
form to utilize the previous results for its factorization.

Consider: @' +a8*+b' = (&) + B +(B*)
Here first and last terms are perfect squares but middle term is not twice the product of the
square root of first and last term. So, we shall add and subtract a*b°to make it twice.

i.e. including zero term

a*+d’s +b* (a2)2+a2b2+¢a2b2+(b2) —a'b
(&) +2azb2+(b2) — &b
(a+ b)Y —(ab)
(a2+b2+ab)(a2+b2-ab)

So, a'+db” +b' = (+b+ab) (@ +b —ab)
(b) Similarly, a*+ 643" = (@) + (86

Zero term
(@P+2 (az) (8% + (sz —2(d) fsbz)
(a* + 8b* ) 16 a b
(a* + 85> ) (4ab;
(a® + 8b” + 4ab) (a” + 8b* — 4ab)
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Example 1: Factorize the expression 8 x* — 26 x%m* + 18m".
Solution:  8x*-26x’m’+ 18m*
=2 (4x*- 13 x’m® + 9m*)
=2[(2 x2%? — 13 #m* + 3m*)]
=2[@2 P + 2 2 A)Bm) + B3m?) — 22 xH(3m) — 13 ¥m?]
=2 [(2 X+ 3m?) — 12 5m* — 13 ¥m?]
=2 [(2x*+ 3m?Y —25xnm ]
= 2[4+ 3m”) — (Sxm)’] Can you factorize?
=2 2+ 3m*+ Sxm)2 2+ 3m’ - Sxm) o+ 1

m—» Factorization of a Trinomial of the Form

() *+px+q () al+bx+c

To factorize a trinomial of this form means to express the trinomial as the product of two
binomials. To factorize such trinomials keep in mind the following steps:
6)) Make a list of all possible factors of ‘product of extreme coefficients’.
(i)  Select a pair of factors among the list such that:
o their sum is equal to middle coefficient if extremes terms have same signs.
» their difference is equal to middle coefficient if extremes terms have opposite
signs.
Example 2: Factorize the following polynomials.
@ y-Ty+12  (b) m*—2m—15
Solution: (8) y*—Ty+12
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=y -4 -3 (- 4) -
=0-49¢-3)

So, y’—7y++2 = (y-3)(y—4)
product of -3 and 4

sum of —3 and 4

2
®) m —2m-15 Consider one positive and one negative factor when the
857 it Imi—15 coefficient of middle term and of last term are negative.
=m{m-5)+3(m-5)
=(m-5)(m+3)

Example 3: Factorize 3x> + 22 x— 16 <— when middle term is positive & last term
is negative.
Solution: 3x2+22x-16
=3x? +24x-2x-16
=(3x" +24x) - (2x+16)
=3x(x+8) -2(x+8)
=(x+8)(3x-2)
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Factorize the following polynomials.

1. 27y -6y + 2y 2. 3nx —3x—3ny + 3y

3. 18"+ 1082 + 162y 4,  (k+2)Y-8k+2)+16

5. 9% +4-1697—12x 6. (P-DEF+)-@E+3)EE-1)

7. ¥ —6ax+9a®— 16b° 8. 1-x-2uy-y
9. Find a polynomial whose factorization is (x + y — 2¢) (x + 2¢ + y) by using an appropriate
formula.

10. Show the expression x*+4y” —2* + 4xy as the difference of two squares.

11. Find the missing factor in the following.

® @-%-2D=@+3)( ) ®) GF+12x-9)=( )(x+3)
Factorize the following expressions.

12. x*+4m* 13. m*+m’+1 14, 3% 20X +24%
15. P+x*+1 16. 4x*+256y* 17. 12-7x+x*

18. X*-9x+8 19. 1022-29z+10 20. -3y*+13y-4
21, #-21x+90 22, X+x-2 23. W +11x+6

24, 27 -5xy-3y 25, 8+6x—54° 26. 6-Tx—5¢

27. 2a>-4a—6 28. u*-13u’+36 29. y'-12y"-64

Factorizing Expressions of the Forms

(@) (ax*+bx+c)ax’+bx+d)+k
(b) (x+ta)x+b)x+te)x+d)+k

() (x+a)x+b)x+e)x+d)+kx?

The process of factorizing expressions of above types will be explained in the following
examples.

(@ (a+brx+c)ax’+bx+d)+k

Example 4. Factorize: (x*+3x—4)(x*+3x+5)+8

We observe here that first two terms inside both the parentheses are same. i.e.

Z+3x—4 (F+3x+5) +8
P

Letx*+3x = a , then above expression will take the form
= (a—-4)(a+5)+8
a(a+ts5)—-4(a+5)+8
a+52-4a-20+8 = a*+a-12
a’ +4a —3a 12
(a®>+4a)— (32 +12)
a(a+4)-3(a+4) = (@+4)(-3)
(* + 3x + 4)(x* + 3x— 3) .....by putting the value of a.
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b)) x+ta)(x+b)x+c)(x+d)+k
To factorize such expressions, consider the the following examples.
Example 5a: Factorize: (x +5)(x+3)(x+2)(x+6)—88
Solution: (x+5)(x+3)(x+2)(x+6)—88...... notice here, 5+3=2+6
=[(x+5)(x+3)][(x+2)(x+6)] —88
=(*+8x+15) (¥ +8+12) — 88
Let x* + 8x = g, then above expression will take the form
=(a@+15) (a+12)-88
=a®+27a+180-88
=a’ +27a+92
=a’+4a+23a+92
=(@’+4a) + (23a+92)
=a(@+4)+23(a+4)=(a+4) (@a+23)

https://fbisesolvedpastpapers.com

.. By back substitution
= (£* +8x +4) (x> +8x +23)
Example Sb: Factorize the expression
(z+1)(z-5)(z-9)(z-3)+44

Solution: ¢ ¥
(z+1 )(2;5)(2—9)(213)+44

Combine (z+1) with (z—9)and(z—5) with (z—3).
Re-arranging the given expression, we have
=(z+1)(z-9)(z-5)(z-3) +44
= (£-82-9)(s" -8z +15) +44
By putting z* — 8z = x in the above expression, (€ (e+a)x+b)x+c)x+d) +ke

it will take the form Example 6: Factorize the expression.

=lgx_9)(x+15)+44 (x+D(x+2)x+3)(x+6)—3x
=T+ Lox Q44 Solution:  (x+1)(x-+6)(x+2)(x+3)—3x

=x*+6x— 91
=x*+13x—7x—91 = (x* +6+7x)(x* +6+5x)—3x
=(¥+13x) —(7x+91) let x?+6= y

=x(x+13) -7(x+13)
=(x+13)(x-7)
Now replacing x by z* — 8z , we have

(y+7x)(y+5x)—3x
2+ 5xy+Txy+35x* —3x*

=(£-82+13) (£ -82-7) = ¥ +12xp+32x°
= +8x)+4x(y+8x
While assuming same binomials equal to » ) o )
another variable, you must have to consider = (¥+8)(y+4x)
that variable which is not already present in putting the value of y
the given expression.
Do you know why? = (%% +6+8x)x*+6+4x)
= (x* +8x+6)(x* +4x+6)
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w—’ Factorizing expressions of the forms:

() @ ®+3a%b + 3ab®+ b’
(b) a’-3a’ +3ab*-b’
We have studied in the previous unit that:
@ a’+3a’b+3ab’ +b’=(a+b)
(i) a’ - 3a’b + 3ab”> - b* = (a - b)’
The technique of factorization is elaborated through following examples.

Example 7: Factorize the following expressions,

@) 278°+1+27a%+ 9 () x3+%_xi3-3x
(i) 4x*(2x-15)-25(5-6x)
Solution: ; ) § 1
% 2727 + 1+ 27a~ + 9a ii = -
® *3 *3 *2 v 2 (ii) x3+ e 3x
=3a) + (1)’ +3 (32 () +3 3a) (1) 3 1
=(3a)* + 3 (3a)* (1) + 3 (3a) (1)* + (1)° s - 3”;—;3
=(3a+1) 1 1Y
(i) 4x*(2x—15)-25(5-6x) =3 6y [}] +3(")(J (;]
= 8x—60x—125+150x ( J
il it
= 8x—60x*+150x—125 x
= 22 -32x*G+322 6’ -6
= @2x-5)
w—’ Factonzmg the sum and dlfferllce of two cubes
@a*+bv ()2

We have studied in the previous unit that

a’+ b= (a+b)(a®—ab+b?) and 2’ — b’ = (a—b)(a®+ab+b?

Example 8: Factorize: x° + 27y
Solntion:
As, a3+b3—(a+b) (@ - ab + bH
¥ 2 2 v ¥
So, X +27) = (x) +@) =@t )@ -@ @) G
= (x+ 3y) (F-39+9%)

Example 9: Factorize x°—y®.
Solution: Xyt =Y -0
= +y)(£-y")
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=@E+y) (P -+ ) @-y) (F +xy+y*)
=@+y) @-y)(F -+ Y ) (F+xy+)F)
Example 10: Factorize 8a’—125b°—2a+5b
Solution:  8a®— 125b° —2a + 5b
= (2a)*—(5b)* - (2a—5b)
= (2a—5b) [(2a)*+(2a)(5b)+ (5b)*]-(2a—5b)
= (2a—5b) (4a®+ 10ab + 25b*)— (2a—5b)
= (2a-5b) (4a®+10ab+25b%—1)«— factor out ( 2a—5b)

f EXERCISE 4.2 |

Factorize the following expressions completely.
1. ¥-125 2.8 +1 3.3p°q-81¥ 4. 27+512¢ 5. t°—64

https://fbisesolvedpastpapers.com

6. F*+y" 1. C2-0'+@-2) 8. 64(x+y)’ -2

9. 27p’ + 144pq® — 108p’q — 64q° 10. 8p’ +q*+ 12p’q+6pq°

11. 125¢° -y =75 Py + 15xy° 12. p*—9p%q+27p* - 27q°

13. (2% -3x+6) (2% —3x)—55 14. (V+2y-3)( +2y+11)+48
15. wWy-D(y-3)(y-4)+2 16. (k+2) (k—3) (k+5) (k+ 10) + 375
17. (x=5)x—6)(x+3)x+2)+12 18, (x+1(x+2)(x—3)(x—6)-21x>
19. (x—2Xx—6)(x—3)(x—4)—2x* 20. (5-x2+x)(A0—x)(1+x)—Tx*

21. The expression a° + 729 can be written in two ways as
(a) sum of two squares (b)  sum of two cubes,
which one will be used for factoring it and why? Also factorize the given expression.

22. Express 8 + 12t + 61>+t as the product of three factors. Is each factor a binomial or a
trinomial?

4.2 Highest Common Factor of Algebraic Expressions

As algebra is an extension of arithmetic, so we apply almost the same rules for finding HCF of
two or more algebraic expressions (polynomials) as used in arithmetic.

42,1 Highest Common Factor by Factorization

A factor of a polynomial is an-other polynomial which divides it completely. The common
factor of two or more polynomials is a polynomial which divides them exactly.

The highest common factor of two or more than two polynomials is a highest degree
polynomial which divides the given polynomials exactly.
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(a) HCF of Monomial Expressions

To Find the HCF of Monomials:

I. Determine the HCF of numerical coefficients by prime factorization.

II. Determine the common variables and select their lowest power that appears in all
monomials.

This will be the HCF of variables.

Example 11: Find the HCF of 18ab’c, 30a’b%c?, 24b%°.
Solution: First we find the HCF of numerical coefficients 18, 30 and 24 as

18=2x 3?
30=2x3x5 e
24 = 23 x 3 Food for Thought &

. HCFof18,30and24=2x3=6

HCF of b%, b® and b*is b%. «— least common power of b
HCF of c,c’andc’isc. <— least common power of ¢
Hence, required HCF = 6b’c

‘What is HCF of
7% and 5v°7

(b) HCF of Compound Polynomial Expressions

To Find the HCF of Compound Expressions:

I. Write each expression in complete factored form. Repeated factors should be expressed as
pOWETS.

IL. Select the least power of each common factor.

II1. The highest common factor (HCF) is the product of results of step-IL.

Example 12: Find the HCF of 2m” — 2mn, 4m* — 4m’n® and 2m® — 4m’n + 2mn?,
Solution: First factor each polynomial expression completely as
2m’—2mn  =2m (m—n)
4m* - 4m*n* = 4m’ (m*-n?)
=2’m? (m + n) (m —n)
2m’ —4m’n + 2mn? =2m (m? - 2mn + n?)
=2m (m —n)*
Common factors with least powerare 2, m, m—n

.. Required HCF =2m (m — n})
Example 13: Find the HCF of the following.
ar’ + Tax + 12a , ax’ — Sax — 24a, 2ax” + 5ax — 3a
Solution: ax* + Tax + 12a =a (3* + 7x + 12)
=a (¥ +4x+3x+12)
=afx(x+4)+3(x+4)]
=a(x+t3) (x+4)
ax® — 5ax —24a=a (x* — 5x — 24)
=a (¥ — 8x + 3x — 24)
=a[x(x—8)+3 (x—8)]
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=a(x+3)(x—8)
2ax* + 5ax—3a =a (2x> + 5x — 3)

=a(2x2+6x—x—3) 3 .3
—a[2x(x+3)—1 (x+3)] e A

=a(2x—1)(x+3)
.. Required HCF = product of all common factors with least power

=a(x+3)
f EXERCISE 4.3 |

1.(a) Find the HCF of the following monomials by completing the table.
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Food for Thought :

HCF of
numerical "
coefficients

HCF of HCFof HCFof Required

p L] tq’ ‘r! HCF

16p°q, 9pq’r
10p°q’r, 5p°qr, 15p°qr”

14p'qr*, 28p°qr,
'}'pzqrz, 21p2q2r4

(b)  If all common factors with least power of three unknown polynomials are 2%, 3, pq and
(p+ q) then what would be their HCF?

(c)  Write any two polynomials of your choice having HCF as 1.

(dy  The only common factor of two polynomials is m — n and the only uncommon factor is
m”+ n?, Can you guess the unknown polynomials?

(¢)  Can you guess HCF of two polynomials x* + 5x + 1 and 1 + 5x + »° without any

procedure?

Find the HCF of the following by factorization.
x+y)P, -y 3. (a-b)’, a®—2ab+b?
a’b—ab’, a’b’—a’b’ 5. ¥-49, ¥—4x-21

127 +x=1,15*+8x+1 7. A*-d?, acx’ —bex+adx—bd
m’-n*, m*-n*, m*-n°
ax” +2a’x+a°, 2ax’—4a’x—6a’, 3 (ax +a’)

Mo 50 O g b

42,2 Highest Common Factor by Division

Sometimes, it is difficult to factorize the given polynomials completely. In such cases,
we adopt division method to find the HCF of these polynomials.
We will explain the procedure with the help of the following example.

Example 14: Find the HCF of two polynomials X +x*—5x+3and x*+3x.
Solution: The following steps will be followed for finding HCF.
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Step-I: Arrange the given polynomials in  x*+3x) x° + x*~5x+3 (x-2

descending order w.r.t. the variables.

In this case, polynomials are already in

descending order.

Step-II: Consider the higher degree polynomial as

+x +327
—2*—5x+3
T2¢° T 6x
x+3)22+3x(x

dividend and lower degree polynomial as divisor and +x% +3x
start division process. 0
Step-III: Since degree of remainder has become smaller —

than the degree of divisor, so remainder will be taken as Divisor

divisor and divisor will be considered as dividend.
Continue the same process until we get 0 remainder. As x + 3 is the last divisor which gives
remainder as ‘0’. Therefore, required HCF =x + 3
Example 15: Find the HCF of 12 + 16a + 7a*+a” and 13a + 52+ 14 + 4.

Solution: First arrange the given polynomials in descending order w.r.t. the variable.

ie. @+7d" +16a + 12 and @’ + 52° + 13a + 14. Since degree of both the polynomials is same,
$0 any one can be taken as a divisor ot dividend.

a3+5a’+13a+14) a3+7az+16¢1+12(1

+a’ +5a* +13a+14
24 3a— 2)& +5q% +13a+14 (a+7
Since first term of the divisor is 2a? e
and first term of the dividend is 8. | x2
Therefore, for convenience, first we 106 +2 )
multiply the dividend by 2. 20’ +10a" +26a+28
+20° +3a” — 2a
7a* +28a+28
Again first we will multiply the -~ 5
remainder by 2. -
14a* +56a+56

+14a* +21a~ 14
35a+70 = 35(a+2)
a + 2) 2a% + 3a - 2(28-1

+2q°

Since 35 is not a factor of any polynomial
80 we can neglect it for convenience.

F 3

Now divide 24*+3a —-2bya+2. ¥ i

a 2
a 2

. Requirecd HCF= g +2

+ +

0

HCF of two polynomials P and Q will be the same as that of mP and nQ (where m and n
are non zero constants). So in the process of finding the HCF, we can multiply or divide any
divisor or dividend by any suitable number according to our requirement, but we cannot
multiply or divide it by a variable.

Unit-04 Factorization and Algebraic Manipulation Q National Book Foundation



https://fbisesolvedpastpapers.com
4.3 Least Common Multiple of Algebraic Expressions

The least common multiple of two or more polynomials is a polynomial of lowest degree that
contains the factors of each polynomial.

43.1 Least Common Multiple by Factorization
The process of determining the LCM is almost identical to that for determining the HCF. Prime
factorization is also useful to determine the LCM of two or more polynomials. The LCM is
obtained by taking product of all factors (common and uncommeon) with highest power.
(a) LCM of Monomial Expressions
To determine the LCM of two or more monomials, find LCM of the numerical coefficients and
LCM of each variable. Then find their product for the required LCM.
To understand this concept, consider the two monomials 45x%y and 60x°yz.
First find the LCM of numerical coefficients 45 and 60 which is 180.
Now consider variables x, y and z.
LCM of x* and x* = highest power of x appearing in any monomial = x°
LCM of y and y* = highest power of y appearing in any monomial = 3*

LCM of z = highest power of z appearing in any monomial =z
Thus, required LCM = prgf;;gt of LCM of coefficients and LCM of each variable.
=18 z

Example 16: Find LCM of 18a°b*c’, 60a’b"c® and 42a™0°.
Solution: First we find the LCM of 18, 60 and 42 by prime factorization as
18 = 2x3% 60 =2°x3x5, 42 =2%x3x%x7
.. LCM of 18, 60 and 42 = product of all factors with highest power
= 22x3%x5x7=1260

Now we find LCM of each variable as y N\
LCM of ° and a* = a* (highest power of a) ERRSIRE LU .
LCM of b’ and b* = b (highest power of b) Haloama Has £0CE1)
LCMofc’and ¢® = c° (highest power of ¢} english story books,
.. Required LCM = 1260a*b*c® 45(x+1) math fun books

and 75(x+1) seience fun
books. She wants to put

. . all books in groups of
To understand the procedure, let us consider the following examples. | same number What do

(b) LCM of Compound Polynomial Expressions

am + Find LC 43 .34 and _13,3 you think can be the

S .ple 1?' Fing M.Of xy: x3y p x3y biggest number of books

Solution: First we factorize each polynomial completely. o W
x4y3—x3y4 _ xgyg G-} \o e put in each group. >

y-% = (@-y) = wE-y)x+y)
We choose every factor with highest power as: x'3*, x—y and x +y.

Then their product is x°y* ch +1)(x—»)
" Required LCM = G+ -y
w
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To find the L.CM of Compound Expressions:
I. Write each polynomial in complete factored form. Repeated factors should be expressed as
POWETS.
II. Select the highest power of every factor that appears.
III. The least common multiple is the product of the results of step IL

Example 18: Find the LCM of 2x* — 12xy + 16)%, x> — 6xp + 87 and 3x*— 12)°.

Soluntion:
22— 12xp+ 16)% = 2(x*— 6xy + 8)%)
X~ 6xy + 8y _ %(x;é;{)(xEZ)y)
&= A+ = (x— ' —
32— 1257 = 3(x2—y4y2) g

= 3(x +2y)(x - 2y)
All factors with highest powers are 2, 3, x—4y, x—2y, x+2y

~ Required LCM = 2 x3 x (x—4y}x—2y)x + 2y)

= 6(x— H)"-4")
Note: Same pattern will be followed for more than three polynomials.

e The key words in the two processes of HCF and LCM are:
HCF — lowest power and common factor.
LCM ——> highest power and every factor.
e LCM of two or more polynomials is a lowest degree polynomial that is exactly divisible
by each of the given polynomials.

( EXERCISE 4.4 |

1. Give quick answers to these questions without doing any procedure.
If HCF of two polynomials x° + 5x* + 6x and x* + 9x* +14x is obtained as x*+ 2x, then;

() What would be the HCF of 5 (x* + 5x* + 6x) and x° + 9x* + 14x?

(i) What would be the HCF of x° + 5x* + 6x and 2(x* + 9x*+ 14x)?

(iii) What would be the HCF of 3(x’ + 5x° + 6x) and 7(x’ + 9x* + 14x)?
(iv) What would be the HCF of 15(x* + 5x* + 6x) and 25(x* + 9x* + 14x)?

(v) Does HCF of the given polynomials will remain unchanged if both are multiplied
by x?
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2. Find the LCM of the following monomials by completing the table.

LCM of
Monomials numerical
coefficients
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-

ICM LCM LCM  Required

of'x ofy ofz LCM

() &%, 4%z
(i) 12x%%, 24x°z
(i) 18xz, 9xy’z, 6257
(iv) o2, 2v'x, 28x°y'z

Find the HCF of the following by division method.

3. a’+a-2,a'+2a°+a+2 4. X+2"—4x— 8,2+ T’ + 4x — 4
5. 2@+ -x-2,3 -F+x-3 6. 3+2p*+5p’, 5p+5p°+3 +3p’
7. 24x*— 27— 60 2% —32x, 18x" — 6x° — 397 — 18x

8. 2°+67+x+3,3x°+97%-2x—6,2"+3%+2x+6

Find the LCM of the following expressions.

9. 9£b—b,6a>+2a 10. p3q—pq3,p5q2— p2q5
11. 4Py-y,2¢8 +x 12. *=x-6,x+x-2,x—4x+3
13. m*-1,m*-1,m*-1 4. X+ -x-2,5"—x—-2,x"—4

15. X +x-20,x"—10x+24, x> —x—30

4.3.2 Relation between HCF and LCM

Consider two polynomials P = a*—b* and Q= a®— 2ab + b’. For their LCM and HCF, first
factorize them as
P =a-b’'=(a+b)a—b)
Q = a®-2ab+b*=(a—b)
S HCFofPandQ=a—-b
and LCM of P and Q = (a + b)(a — b)*

Now HCF x LCM = (a—b )(a+b)(a—b)*

= (a’—bH)(a-b)

= (a®-b*)(a*-2ab+b) ... @)
Also, productof PandQ = (@®-bH)(a®-2ab+b% ... (ii)
Thus, LCM xHCF=PxQ .......... (1)
Hence, it can be generalized that:

product of their HCF and LCM = product of given polynomials
4.3.3 Finding of Least Common Multiple by Division

Sometimes, it is much difficult to find the LCM of given polynomials P and Q by factorization
method. Then in that case, we can find the LCM by division as follows. From the relation (1) we
have,
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PxQ P o Q
M = - - L sp
LM = 4cr ~ aer 2~ HeR

Procedure is illustrated through examples.
Example 19: Find the LCM of P=10x"+3x’+ 8 and Q = 8x*+3x+ 10
Solution: First we will find their HCF as
5
8x* +3x+10)10x“ +3x° +8
x 4 4———— multiplying dividend by 4
40x"+12x" + 32
+40x*  +50 +15x
12¢" —18 - 15x HCE is ngi S 2ted by
where (12¢'-18-15x)+3 = 4°-6-5x = 4’ -5x—6  myltiplying or dividing any
Now, we will divide 8x*+ 3x + 10 by 4x’—5x—6 polynomial with any number
2x during the process of finding

. . HCF.,
4x —Sx—6) 8x* +3x+10
+ 8t —12x  —10x%
15x+ 10 + 10" = 10* + 15x + 10

Again, (10x*+ 15x + 10) + 5 =2x"+ 3x + 2
2x-3

2x2+3x+2j 4x® —5x—6
+4%° +4x  +642
—6x° —9x—6
—6x* —9x —6
+ + +
0

.. HCF is 2x*+ 3x + 2.
Now, we obtain the LCM using the following relation.
PxQ _ (10x* +3x* +8)8x* +3x+10)

LEM, HCF 2x* +3x+2
(Since, the HCF of two polynomials divides both of them exactly. So divide any polynomial of
numerator by denominator.)
56— 6x+4

2x2+3x+2) 10x* + 3x* + 0x* +0x+8
J_rmx“ J_r15x3 J_rlosuc2
—12¢ —102+0x+8
—12x%° —18x* — 12x
+ + +
8 +12x +8
+ 8x° +12x + 8
0
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Hence, required LCM = (5x*— 6x + 4)(8x" + 3x + 10)
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Example 20: Find the second polynomial Q when first polynomial P= x*— 5x + 6,
HCF = x—3 and LCM = x’ - 9x*+26x-24
Solution: P = x*-5x+6, Q =?

LCMoiIgFandQ=3x3—9xz+26x—24 2_Txt 12
- x-2) x°—9x® +26x-24
HCF x LCM +x° —2x?
Q =—— == +
P —7x + 26x—24
Q - (x-3)(x* —9x* +26x—24) I'?xz + 14x
x?-5x+6 a
g = 2 5 ™
o = = 0" +26x-24) +ny 7
(x=3)x-2) o L
_ _ 0
o _ % 9x2+226x 24 _ a1
x_

{ EXERCISE 4.5 |

1. Find the HCF and LCM of the following.
i 164, X+ x-6 i a*-a’—a+l, a*+a’+1
iii. x*+2x%-3x, 2 +57° —3x
2. IfHCF and LCM of two polynomials are x — 7 and x* — 10x* + 11x + 70
respectively. Then find product of two polynomials,
Product of two polynomials is x* + 3x* — 12x* — 20x + 48 and their HCF is x — 2.
Find their LCM.
4. The product of two polynomials is y* + 6)° — 3y” — 56y — 48 and their LCM is
¥ +2y*— 11y — 12. Find their HCF.
5. Find the second polynomial when,
First polynomial =x*+x*+x+ 1, HCF=x+1and LCM = (' + )(x* + X’ —x - 1)
6. Find the LCM of polynomials 4x° — 10x* + 4x + 2 and 3x* — 2x° — 3x + 2 if their
HCFisx—1.

o

In this topic addition, subtraction, multiplication and division of algebraic fractions will be
discussed.
4.4.1 Algebraic Fractions

. . 2 2
Algebraic expressions of the type * +2x+1 ’—l—t’ p
22 -5x-3" Ly1 " gp?

are called algebraic fractions.
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44.2 Multiplication of Algebraic Fractions
We multiply two or more algebraic fractions in the same way as common fractions in arithmetic.

If % and g are two algebraic fractions, where T#0, Uz0.
'I'hen’ Exi:ﬁ
r U Iy

In general, before finding the product of two or more algebraic fractions, we factorize the
numerator and denominator of each fraction, if possible, and divide out all the common factors,
to get the most reduced form of the resulting fraction.

In the process of multiplication, product of all the common factors being
cancelled is in fact HCF of the expressions present in numerator and denominator.

Example 21: Find the indicated product.

x? -1 o Xt2
- xz _1 x+2 ’I‘h k .
Solution: X ¢ key to success in
¥ +4x+4 x*+2x-3 simplifying an algebraic
_ +)x-1)  x42 fraction lies in your ability to
(x+2)(x+2) (x—1x+3) factor the polynomials.
x+1 1
= X
x+2 x+3
_ x+1 _ x+1
(x +2Xx +3) x* +5x+6

4.4.3 Division of Algebraic Fractions

If g and% are two algebraic fractions, then

B L S0 00 e Ve0,04080d D

To divide one fraction by another, invert the divisor and proceed as in multiplication because ‘to
divide’ by a fraction means ‘to multiply’ by its reciprocal.
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Example 22: Find the indicated operation.
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r’ —-s* r-s

I ]
?-8* r-s
Solution: = 2
s
(r+s}r—s) s r+s S
= )( — —_—x
t r—s r
_ 8(r+s) _ ST+
- — = .
3x* + 6x°
Example 23: Simplify: ——— + (62" — 15x)
2x“+x—-6
3 2
Solution: 2t (62 15y)
2x°“+x—-6
_ 3 +ex? « 1
2x*+x-6  6x* —15x
. ¥G+2) 1
(x+2)2x-3)  3x(2x-5)
x - y X
(2x-3)2x-5) 4x* —16x+15

444 Addition and Subtraction of Algebraic Fractions

Algebraic fractions are added or subtracted just like arithmetic fractions i.e., by
manipulating LCM of their denominators.

Example 24: Simplify the following.
x2+2x+2+(—2x—2) |
I a3
2 —_— —
i +2x+2+( 2x-2) Algebraic fractions with same denominators
2 2 are called like fractions e.g., 8 —2 5° -2
x? +2x+2+(2x-2) = il ah
2x
3 Fractions with different denominators are
_ X +2x+2-2x-2 called unlike fractions e.g.,
xz—y% ¥y —x
ax+b ox+d

Solution:
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Example 25: Perform the indicated operations.
—2x 3 8x-12

x+3 3-x x-9
-2x 3 8x-12
* 2
x+3 3-x x*-9
=—2x+ -3 _ 8x—-12
x+3 x-3 (x+3)x-3)
_ —2x(x=3)+ (-3Xx+3)—(Bx—12)

Solution:

— " 3x=—(x3)

:* LCM is (x+3)(x-3)

(x+3Xx-3) <
2
_ —2x"+6x—3x-9-8x+12 < simplify the parentheses
(x+3)(x-3)
2
_ 2% —5x+3 s combine like terms
(x+3)(x—3)
2
_—1@2x" +5x-3) negative sign is taken as common
(x+3)(x-3)
_ —12x-1D)(x+3)
(x+3)(x-3)
_ —Q2x-1)
(x-3)
- — Zxx _31 <«— reduced form

4.4.5 Algebraic Fractions with Combined Operations

When two or more operations occur in any algebraic expression then the rule for order of
operations (DMAS) must be followed.
Example 26: Simplify.
3u® +5uv+2v:  2u+6v _'_1.12 +6uv +9v*
W +5uw+6v:  ul-4v:  uiv-2v?
Solution: Division is performed before addition while simplifying an expression.
Therefore, first we will simplify fractions having ‘+* sign.
3u’ + 5uv+ 207 N 2u+6v  u’+6uv+ R’
W +5uv+ 6V w -4 uv—2w’
3t +5wv+ 2 2u+6v u*v — 2w’
+ b4
WS +6v'  uw -4 w4+ 6uv+ W

_ 3u? + 5uv + 2v* 2(u +3v) " uv(u — 2v)
u? +5uv+ 60 (u+2v)u—-2v) (u+3v)?
3u® + 5uv + 2v? 2uy

+
u? +5uv+ 6V (u+2v)(u+3v)
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3+ Suv+ 2 2uv
- (u + ZvXu “+ 3v) " G+ 2v)(u +3v)
_ 3u® + Suv +2v* + 2uv
(e + 2vXu +3v)
_ 3+ T+ 2V
(1 + 2v)(u +3v)
_ Bu+v)(u+2v) 3u+v
(u+2v)(u +3v) u+3v
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1. Answer these without calculations.

i

ii. 'Which algebraic fraction divided by

iii. Sum of what algebraic fraction and

Product of what algebraic fraction and x® +7x—8is 1?

gives 1?7

2

X & W

mitn 9

is
+n  mi+n®

iv. 'What is the product of an algebraic fraction and its reciprocal?

Simplify the following (where all the expressions in the denominator are non-zero).

14x%* -7x x*+2x
2. % 3.
12x% +24x*  2x-1
4 4
4. f b * 2 £ 4 2 % 2 - 2 3.
a +ab a*—-2ab+b* a“+b
8a° -1 6a’-13a+5_ 2a*+a’
6. = X
4a° + 2a* 15a - 25 1542
x*—8x-9 x*-25 x*+4x-5
7. : — ==
x*—-17x+72 x*-1 x*-9x+8
s« 1 = x+y 90
2x—3y 4x*-9y*
1, FED . X 11,
3(2x-1) 2(1-2x)
12. 2 - 13.

S+x—18%> 2+5x+2%°
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a*bh* +3ab 2a+1

x
4g* -1 ab+3

6x’y* | 3xy
x2 = y2 x+ ¥y
1 1
+
x-y) ylx+y)
245 43a+2)

2a-3 6a+9 3(4a>—9)

2 2
= X L= X 1+L
1+9 p+p’ 1-p
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4.5 Square Root of Algebraic Expressions

The square root of an algebraic expression is defined as one of its equal factors e.g.,
x +yis the squarcrootc:f;un:2 +2xy+y2because,

X+ 2y + 3y =(x+y)

The square root of an algebraic expression P is another algebraic expression Q which, when
squared, gives P. Thus, if P = (— Q)” then Q and — Q both are square roots of P.

Square root of an algebraic expression can be obtained in two ways.
i.  Factorization Method ii. Division Method

4.5.1 Square Root by Factorization Method

In this method, before applying the square root, given expression is written in the form of a
complete square. For example, to find the square root of 4a” + 12ab + 9b?, first we will convert
the given expression into a comzplete square as follows:
4a>+ 12ab + 96> = (2a)* + 2(2a)(3b) + (3b)*
= (2a + 3b)
=[+ (2a+3b)]?
Now, applying square root on both sides, we get.

VAd® +12ab + 98 =+ (2a + 3b) m

2
Example 27: Find the square root of [a+l] -4 [a—l]. The square root of an

& % algebraic expression consists
Solution: To find square root of such type of expressions, of two expressions, which are
we can adopt two methods. additive inverses of each
Method-I other.

e t)-ole2) 20 el

-t | 4(::—%)

az

& |=

U S (a—l +2+2
[/ 44

(el
= [a—ﬂz— 2 (a-ﬂ(z) + (2P
(-4
a
J(a+%]2—4(a—%) =t [a—é—z)....(applyingsquareroot)
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Method-II
("+£)2—4(a—%) =a+2+ %— 4 [3_5
= (az+ai2] +2-4 [a—ﬂ eenees ()

Let, a —l=x e (|
a
Then, (a—l] =x
a
or & -2+ Lz=x2
a
or &+ aiz=x2+2 weraeene (D)

Substituting values from equations (a) and (b) in equation (i)

2
()
a a
L G,
Now, replace x by a — — in equation (ii)
a

2 2
(1] 2]
a a a
Applying square root on both sides, we get
2
J[a+l) —4[a—lj = i(a—l—Z).
a a a

Example 28: Find the square root of (2a + 1)(2a +3)(2a+ 5)2a + 7) + 16.

Solution: ¥ ¥ vy v
(2a+1)2a+3)2a+5)2a+T)+16=[(2a+ 1) (2a+ 7)] [(2a +3) 2a + 5)] + 16

= (4d*+ 16a + T)(4d*+ 16a + 15) + 16
=(4a*+ 16a + 7)(4a*+ 16a + 7 + 8) + 16
(a+ 1)(2a+3)2a+5)(2a+7)+ 16 =x(x+8) + 16 ....(put4a*+ 16a + 7 =x)
=x*+8x+16
=22+ 2()(4) + (4)? = (x+4)

(F+2)+2-4x

X —4x+4
x-27¢ 2. = (ii)

Now replace x by 4% + 16a +7
(2a+1)(2a +3)2a+5)Ra+7)+ 16 =(4*+16a+7 +4)* = (4’ +16a + 11)
Applying square root on both sides, we get

JQRa+1){2a+3)2a +5) 2a+7)+16 = + (4a*+ 16a+11)
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I
i

4.5.2 Square Root by Division Method

To understand this method, consider the following example.
Example 29: Find the square root of 9x>—42xy +49)” by division method.

Solution: Ix—Ty < root
H9x2 = 3x]—> 3x Ox’— 42xy +49y°
+3x |+ 9%
|:_:jby=—7y:| 6x—Ty —42xy +49)” « remainder
oo #
—42xy +49y°
0 <« Tremainder

~. Square root = + (3x—7y)

Example 30: Find the square root of 4[::2 +l2] + 12[x+1)+ 17,x #0.
x

X
Solution: 4(x2+lzj+12[x+lj+17= 4’ +iz+12x+ E+17
X X X X
12 4 : .
=4x"+ 12x + 17+ —— + —-<— arrange in descending order
x X
2x+3+2
X
2x 4 +12x + 17’+£+i2
X X
+4x°
4x+3 ri2x 41 204
x X
+12x +9
CRSENRS. g+ 24 4
X X X
+8 +2 +i2
___—x —x
0

.. Required square root is * (Zx +3+ E]
x
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Sometimes the given expression is not a perfect square and to make it a perfect square, we add
(subtract) some value to (from) it. Consider the following example.

Example 31: To convert *+4x°+ 107+ 10x+5intoa perfect square,
i. What should be added to it?
ii. What should be subtracted from it?
iii. What should be the value of x?

Solution: First we try to find the square root of the given expression as

X+2x+3
2 H+43+ 102+ 10x+5
£
2% +2x 47 + 1067 + 10x+ 5
+4x + 4
2% +4x+3 6> +10x+ 5
+ 6 +12x 49
- 2x -4
For a perfect square, remainder must be zero, but here remainder is — 2x — 4.

Hence,

i. Expression will be a perfect square if weadd —(—2x—4)=2x+4 in it.
ii. Expression will be a perfect square if we subtract — 2x — 4 from it.
iii. For the value of x put remainder equal to zero as
2x—4 =0
—2x=4 or x =-2
.. For x =—2, expression will be a perfect square.
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Example 32: For what values of m and », 9x* — 24x* — 14x* + mx + n is a complete square or
perfect squre?

Solution: First we try to find the square root of 9x*— 24x* — 14x*+ mx + n.

3% —4x -5
37 | % -24x-14 + x4+
+9x*
6x*— 4x 24x° 14 +mx+n
< 24x° + 165
6x*—8x—5 —30% + mx+n
<30x"+ 40x +25

mx—40x+n-25
= x(m—40) + (n—25)

The, given expression will be a complete square if the remainder is zero. This is only possible if,
m—-40=0 and n-25=0
or m = 40 and n=25
Hence, for m =40 and n = 25 given expression will be a complete square

f EXERCISE 4.7 ]

Find the square root of the following by factorization.
1. 16*—56y+49 2. 25a*—302°+9a®

2
8 [f—%] +4(x2—izj+4, xz0 4. (a2+%)—8[a—l] +14,a=0
x x a a

5. (@at2)a+4)(a+6)at+B)+16
Find the square root of the following by division.

6. x*+8°+20x*+16x+4 7. 2 +10°+31x%+30x+9
8. 49b* + 184°b>+ 4a°b + a* + 284b° 9. 4x*—124° +29x* —30x+25
10. 1-10x+27% - 102 +x* 11. ;.c4+i4 +4J.c2_i2 +2, x#0
X X
2

TR T L Y o gt -2 Xy 1

a a 2 2 16
14. 4x4+32x2+96+ﬁ;+12—28

X X
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15. To make a*— 104° + 274*— 9a + 2 a perfect square:
i. What should be added in it? ii. What should be subtracted from it?
iii. What will be the value of a?

16. Find the values of p and q if o122+ px + g is a complete square.

17. For what value of k, the expression y4 + 4y2 +k+ % + i4 becomes a perfect

r ¥
square, where y #0.

4.5.3 Application of Factorization in Daily Life

We use various basic principles of mathematics quite unknowingly in our daily life. Like, we are
always using addition, subtraction, division and multiplication everywhere, from restaurants to
public transport. When children learn about numbers and basic mathematics. This happens because,
with time, we become familiar with the concepts. They can frequently apply these concepts in
solving their real life problems. Factorization is a similar example of this, we have a bunch of real-
life examples where we use factorization extensively, making our daily lives easier.

Example 33:

Mustafa is working on a space project to make a cuboid with the volume as the difference of
2 cubes of sides x and y respectively. Help him to find;

a. Expression for volume of the required cuboid.

b. Expression for any one side of required cuboid.

¢. Expression for Area of any one surface of required cuboid.

Solution:

Mustafa is working with cubes of volumes:

Volume 1: x* Volume 2 : y°
Difference of 2 volumes = x*—y*

a. Volume of required cuboid = x* —y*

b. x*—y* = (x—y)?+xy+y”) (by factorizing)
The volume of a cuboid is factorized in one linear and one quadratic factor. So the expression for

length is “x —y”
¢. The quadratic factor in above factorization represents Area of a surface. 1-¢ Area of one surface
18 x*+xy+ vy
Example 34:
Volume of a cubical container is given by expression (x3 — 6x2y + 12xy? — 8y3) m?. Find:
a. Expression for length of each side
b. Expression for area of the base
c. Expression for total surface area
d. Expression for cost of painting all outer surfaces at the rate of Rs.50/m?.
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Solution:

Volume of cube = 3= x3 — 6x%y + 12xy? — 8y3
= (x — 2y)®
Length of cach side is (x — 2y) m
Base area = I?= (x — 2y)? m?
Surface area = 612 = 6 (x — 2y)% m?
Cost = rate X surface area = Rs. 50 X 6 X (x — 2y)?

=Rs. 300 (x — 2y)?

( EXERCISE 4.8 |

1. In a map of an industry, expression of area of a rectangular veranda is given by
(»*—2x—3)m?, Find:
a.  expressions for both dimensions of veranda.
b.  expression for perimeter of veranda,
¢.  expression for cost of fencing veranda @ Rs. 200/m.
d.  expression for the cost of carpeting veranda floor @ Rs. 250/m?.

AR o B

2. Area of a square shaped surface of a machine is given by the expression
(25x*—30x + 9)m?, Find:
a,  expression for the length of the surface.
b.  expression for the boundary of the surface.
¢.  expression for the cost of polishing the surface of machine @ Rs75/m?,
d.  expression for the cost of edging around 2 sides of the machine surface @ Rs 28/m.

3. Volume of a cubical oil tank in an oil refinery is expressed as
(125x3—150x2 + 60x—8) m?, Find:
a.  expression for height of oil tank,
b.  expression for surface area of oil tank.
¢.  expression for painting it from outside @ Rs32/m?,
4. A mechanical engineer working on wheels of a machine, finds their areas given by

Al=m?—6ax+9nand Az= nx*—10nx +25x. Help him find radii of both wheels.
5. A machine has two squared shape pressers with areas expressed by 25 m? and 36n°
respectively. Difference of these arcas describes a rectangular presser. Find dimension of
the rectangular pressers.
6. Distance covered by a missile to hit the target is given by expression (x* + 5x + 6)m.
Find:
a. the possible expression for speed of missile
b. the possible expression for time to reach the target
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* Factorization of expressions of the following types.

Type-. ka+kb+kc=k(a+b+c)

Type-II: actad+bc+bd=(a+b)(c+d)

Type-IIl: a’+2ab+b’=(a+b)* and a’—2ab+b®=(a—Db)

Type-IV: a’—b*=(a+b)(a—b)

Type-V: a’+2ab+b’—c’=(a +b+c)a+b—c) and
a>—2ab+b’—c’=(a —b+cla—-b—c)

Type-VI: a'+a’b®+b'=(a® +b*+ ab) (@>+b*—ab)
a' + 4b* = (a2 + 2b% + 2ab)(a’ + 2b”>— 2ab)

Type-VIL: x* +px+q  (factorize it write p as the sum of the factors of q)

Type-VIII: ax’+bx+c (factorize it write b as the sum of the factors of ac)

https://fbisesolvedpastpapers.com

Type-IX: | (a+bx+c)a+bx+d)+k
(x+a)x+tb)(x+c)x+d)+k (where a+b=c+d)

(x+a) (x+b) (x+) (x+ ) + ki

Type-X: a’+3a’b +3ab’+b*= (a +b)’ and a* - 3a%b + 3ab® —b*=(a—b)’
Type-XI: a’+b’=(a+ b)(a®—ab + b®) and a° — b* = (a—b)(a’® + ab + b?)

¢ HCF of two or more polynomials is a highest degree polynomial which divides the
given polynomials exactly.
¢ LCM of two or more polynomials is a least degree polynomial which is exactly
divisible by the given polynomials.
e Product of two polynomials P and Q = Product of their HCF and LCM i.e.
P x Q= HCFxLCM

® An algebraic expression of the form g where P and Q are two expressions and

Q #0 is called an algebraic fraction.
e A fraction having rational expression in its denominator or numerator or both, is called a
complex fraction.
e In case of division, after converting the fractions into multiplication form, follow the
same rules for
simplification as applied in the product of algebraic fractions.
e Use ‘DMAS’ rule while simplifying the algebraic fractions having more than one operation.
e Square root of an algebraic expression is defined as one of its equal factors.
» Square root of an algebraic expression ‘P’ is another expression ‘Q’ which, when squared,
gives ‘P’
ie., if P = (£Q) then, + Q and — Q both are square roots of P.
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MISCELLANEOUS
EXERCISE 4

1. Encircle the correct option in the following,.
(D  Factorsof —2—a+a’are
(8) (a-2)(a-1) (b) @+1)a+2) (c)(@+2)a-1) (d) (a+1)a-2)

(i)  Factorization of »* —x+ % is
@) (x+%] [x— %) ®) [x+%) x-1)
© (x— %) G+ 1) @ [x— %J (x— %)

@ii). @2+ mA)(x+m)(x* + m*) x —m) is the factored form of

(@ x*‘-m ® x*+m © -mt @ x'+at
(iv). a*+ 64bis the product of

(a)  a’—4ab+ 8b% and a®+ 4ab + 8b® (b) a®+ 8b*+ 4ab and a*— 8b*+ 4ab

() (a®+8b%? (d) none of these

(v). x(2a+3b+7)+x(2a+3b+5)equals
(a 2x(2a+3b+6) (b) 4x(2a+3b+6)
) x(a+3b+7(2a+3b+5) d (+x)(2a+3b+12)

(vi)  Which is the highest common factor of —12x%7, 6xy°, 24x%/7?

@ -6y () 67 € 6’ @ 24
(vii) What is the least common multiple of 12x%7, 6x)°, 24x%?

@ 6y (b)) 675 © 6 @ 24y
(viii) What is the highest common factor of 7x — 6xy and 5x° — 3x%?

@  (T-6)(5-3) ®)  (Tx—6xy) (5y’x—3%)

© ®x @ H(T-6) (5 -3%)
(ix) Least common multiple of 7x — 6xy and 5)°x — 3x* is:

@ (-6)6-3x) ()  (7x-6x3) (5 - 3x%)

© = @ H(T-6) (5 -3%)
(x)  HCF of 7x’ — 8y’ and 3% — 55 is:

@ 1 b  (7F-8) (35 -5

© 77°-8° @ 3¥-5
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(xi) LCMof7x’—8)° and 3x’ — 5y’ is:
@ 1 ()  (F-8")(3x -5
© -8 @ 3x-5
o . w? 6w’
(xiil) What is the product of e § and -
wv? u?v? 2w uv
(a) 32 X ot (b) P (c) 2 (d) botha&e
(xiii) What s the quotient of 22— +29
10 2
3’ 3 .2 Sy
(a) 20 ® 5 (c) 105 (@ 3
(xiv) What is the sum of f“ and — 27
a -1 a -1
3a a 2a—a -2a
@ at -1 ®) at -1 © (@ -1)+(a? -1) @ at -1
(xv) What is the difference of ——* and—* 7
x+y x+y
—-2x -3x-x 3x® —4x
®) x+y 2x+2y xty @ x+y
(xvi) If product of two polynomials is (a — b)? (a® + ab + b%) and their HCF is a — b, what is
their LCM?
(@ a’-b’ (b) (a—-b)’(@®+ab+1b?)
() (a—b)(a®+ab+1b?) (d a*+ab+b?
(xvii) If product of HCF and LCM of two polynomials is (x* — °) (x + y) then what will be the
product of these polynomials?
@ -y b @G-+
© E-DE+y+y) @ E-)E-m+r)
(xviii) What is the square root of 36x5y'%?
@ 6&'© (b 6y © & @ 16x%°

(xix) What is the square root of (15x%>—7y")*?

@ =A52-T7 (b) H15% -7
(€) £(15x-7" () £(15x-T)
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2
(xx) What is the square root of [—[21+l+lﬂ ?
x

(a) i(2x+l+l] (b) [2x+1+1) (c) 2x+l+1 (d) 2x+l+1
x X x x

Factorize the following.

2.
4.
6.
8.
10.
12.
14.

15.

16.

17.

18.

19.

20.

(@*-5P-13(a>-5) +36 3 6x* +19x + 15
G+ E-3)x-5)(x-9)+44 5 *-122+16
Bxi+4x-5(Bx*-2+4x)-4 7. 2m* + m®n® - 3n*
x*+ 10%y - 56y* 9 x* + 2ax — bx — 2ab

a'?—p" 11. 28y +64x’y— 60x%y
4x-y)’ -@x-y) 13.  Pp-8y P-4 ¢ +32y°¢
& +y -y

Find the highest common factor of the following.
(i) FL+3x"-8x-24,X+3*-3x-9
(i) 3t -3 -2 —x-1,9% -3 —x-1

Find the LCM of the following.

(i) 20+3x+1,27+5x+2,0°+3x+2

(i) 3P+11x+6,37+8+4,°+5x+6

Find the HCF and LCM of the following expressions.
a(atc)-b(+c),b(bt+ta)-c(cta),c{ctb)—aathb)

92> 6a 101 4x 4x°

x2 S5x 25 15z 9a°

Find the square root of

Simplify the following (all the expressions in the denominator are non-zero).

: 2 +x-2 x2+5x+4 [ x*+3x+2 x+3
(i) X = X
x*—x-20 x*-—x x> -2x-15 x*
R SN _— 1
x+1 (c+1)x+2) (x+1)(x+2)(x+3)
Find the values of ¢ and b if

x'+ax® + ba? — 4x + 4 is a perfect square.
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LINEAR EQUATIONS AND
INEQUALITIES

n this unit the students will be able to:

® Recall linear equation in one variable.

e Solve linear equation with rational coefficients.

¢ Reduce equations, involving radicals, to simple linear form and find their
solutions.

® Define absolute value.

»  Solve the equation, involving absolute value, in one variable.

¢ Define inequalities (>, <) and (=, <).

* Recognize properties of inequalities (i.e. trichotomy, transitive, additive
and multiplicative).

¢ Solve linear inequalities with rational coefficients.

-

~N
We can use equations and formulae to model a variety of real life problems and

situations. Business, industry, science, sports, travel, architecture and banking are
some of the areas that really depend upon equations and
inequalities to find the solutions to their problems. For example, consider the
following problem taken from our daily life. Sarim and Raahim are football
players in their school team.
If we want to compare their scores for the season, only one of / AF ,_'!\‘
the following statements will be true. {y:“

¢ Sarim scored less umber of goals than Raahim. Ve

» Sarim scored the same number of goals as Raahim. I

o Sarim scored more number of goals than Raahim.
Let x and y represent the number of goals scored by Sarim and
Raahim respectively. We can compare their scores by using an
inequality or an equation as given below.

x<y or X=y or x>y.
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5.1 Linear Equations in One Variable

A linear equation in one variable is an equation that can be written in the standard form as
ax+b=0wherea, b are real numbers and a= 0 e.g.
2x+3=0,5x+3=5

I

1. Exponent of the variable in linear equation is always 1. The equation x* = 4 is non-linear
because exponent of the variable is not ‘1°.

2, Linear equations do not involve product of the variables. The equation xy = 14 is a non-linear
equation.

3. Linear equation is also called equation of degree one.

5.1.1 To Find the Solution of Linear Equations

The solution of a linear equation in one variable is a replacement for the variable that makes
the equation true.

A linear equation in one variable (in standard form) has exactly one solution. For the solution of
such equations, we have to isolate the variable on either side of equal sign by a sequence of
equivalent equations.

Two or more equations, which have the same solutions, are called equivalent equations. e.g.
2x+3 =4 and 2x = 1 are two equivalent equations.

We follow properties of equality i.e. addition, subtraction, multiplication and division properties
while solving first degree linear equations.
Example 1: Solve the following equation for x.
-Tx+24=3
Solution: —7x+24 =3 <«+——— original equation
—Tx + 24 — 24 =3 24 «—— subtract 24 from both sides
~Tx =-21 <«——— divide both sides by —7
x=3
Check: To check this root, we replace the variable x by its value in the original equation and

simplify both sides.
Serthmr e cquin

?
—7(3) + 24 = 3 «——replace ‘x’ by 3 While checking any solution, it is
* N better to write a question mark
—21+24 = 3¢——gimplify LH.S over the equal sign just to indicate
3 =3 «——solution is checked that we are not sure of the validity
Thus, x =3 is required root. of the equation.
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5.1.2 Solving Linear Equations Involving Fractions
The following examples illustrate this method.
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Example 2: Solve 2k +1
5 2 4
Solution: LS 1
2 4 Historya Mystery
LCM of 5, 2 and 4 = 20. Finding solution of equations has been a
3x 1 x principal aim of mathematics for
20)‘?_20"5 = ZOXZ +20 thousands of years. However, the equal
12x—10 = 5x+20 gign did not occur in any text until 1557.
12x—-5x=20+10
7x =30
30
x = —
7

Thus, x= % is the required root of the given equation,

2%+3 _ 3-4x S
Example 3: Solve 5 - 8 Help students to make such a cootie
catcher to play with friends for
Solution: 2x+3 — 3-4x reinforcement of solution of linear
8 equations.
By cross multiplication we get:

8(2x +3) = 5(3 —4%)
16x +24 = 15—-20x
16x+20x= 15-24

36x= -9
s v
36 4

Thus, x= —% is the root of given equation.

Example4: Solve 0.7x—1)-05x=1.1
Solution: 0.7(x-1)-05x = 1.1
0.7x-0.7-05x = 1.1

02x-0.7 = 1.1
0.2x = 1.8
2x = 18
x=9
Check: Replace x by its value in the original equation.
0.7(9 1) - 0.5(9) = 1.1
56-4.5 = 1.1
1.1 = 1.1

Thus, x= 9 is the required solution of the given equation.
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( EXERCISE 5.1 |

Solve the following linear equations in one variable.

1. 5x—2-x=4-3x-27 2. 4a-3(5a-14)=5(7+a)-9
3. 7(2—5x) +27 = 18x— 3(8 — 4x)
. 2aleg g, X2 x+10_,
4 2 2 9
6. Hx+2) 6:-7)_,, 7. X X X X 43
3 7 2 3 4 5 6
8. y+1 +y+1 —g_ y+3 9. l(x_8)+4+x=7_23—x
3 2 2 5 7 5
10 LI N DU g 11. 4-031-x=7
a 2y 6 4y y !y a — .( —x)—
12 05x=63-02x 13. 13x-02=03x-1.5

5.2 Linear Equations Involving Radicals

5.2.1 Radical Equations

An equation in which the unknown letter (variable) appears under a radical sign is called
a radical equation.

Examples: Vx+1=7, Yyx=9, Vx+2=5, J2x-3 = Jx+5

® Ii'ztw;z numbers are equal, then their squares are also equal i.e. if x =y then
e If the squares of two numbers are equal, the numbers may or may not be equal. e.g.
(52 =(5)* but—5#5
5.2.2 To Solve a Radical Equation
I.  Arrange the terms such that a term with a radical sign is by itself on one side of the equation.
II. Square both sides of the equation.
III. Solve the resulting linear equation for corresponding variable.

IV. Check the solution in the original equation.,
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Example 5: Solve Jx +3=7

Solution:  Vx +3 =7 The equation in which after isolating the radical
J_ _ term, if radical term is equal to a negative
x=4 number, such equation has ne solution in real
(Vx )= 4 numbers.
x =16
Check: Replace x by 16 in the original equation.
J16+3 27
4+3=7

7 =7 4«——— solution is checked
Hence, x = 16 is required solution.
While squaring both sides of a radical equation it is possible to get an exira root called
extraneous root that does not satisfy the original equation. Therefore, it is necessary to check
every root by substituting it into the original equation. Consider the following example for such

Case.
Example 6: Solve4+2 \/3y+1=3 1 .
N Check: 4+2 (3(——)+1=3
Solution: 4 +2,/3y+1=3 4
2.3y +1 = -1 .eee (i 4+2 f-_3+];3
@\3y+1 } = (1) *
4By+1 =1 4+2\/l_;3
12y+4 =1 4
12y =3 4+1 23
__1 5%3
4

1. ; 3
Thus, y=— 2 s extranecous root and solution set is ¢.

Note: In example 6, there is no need to solve the equation after step (i). We can directly say that

equation has no solution.
( EXERCISE 5.2 |

Reduce the following radical equations into simple linear equations then find their solution. In
case of extraneous solution, write ¢ for the solution set.

1. J2x=4 2. Jx-3=2

3. Jx—5=3 4. V2x+1=9

5. Sx—4 =14 6. 3x—5=-10
7. J¥+A-3=2 8. 5-v2x-1=0
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9. Jy+1-12=-10 10. +/5t-2 =+3t+4

11. V/9-2x= /5x-12 12. 12-Jy+1=14

13. 4 Jz+8=40 14, J‘”6=J“+2

a+?2 a—1

lS.J = =Jz+2 16. ¥ 5x—4=7x +2
z+3 z+6

5.3 Equations Involving Absolute Value

5.3.1 Defining an Absolute Value

The absolute value of a number is its distance from 0 on the number line. If x is any point on the
number line then its distance from 0 is denoted by |x|. The two vertical bars are called absolute
value bars. Since distance between any two points is always a positive number or zero, thus the

absolute value of a number is always a positive number or zero e.g. distance from 0 to 5 or from
0 to — 5 is 5 units on the number line.

Thus, [§ =5 and |5 =5

The absolute value of a real number x, written as |x|, is defined as
° |x| =x, ifx 20
o |x|=-xifx<Oeg. [9]=9 or |-3|=—(23)=3

5.3.2 Solution of Absolute Value Equations

An equation that contains a variable inside the absolute value bars 1s called an
absolute value equation.

eg. [+1=5, |x-3 =4

To solve the equations involving absolute value, we apply the basic definition of absolute value.

Example 7: Solve the equation |x| = 8.

Solution: To solve such equation we have to consider both the possible values of the number
with absolute value.

Thus, if |x| =8 then x=8 orx=-8.
The solution set is {—8, 8}.

Example 8: Solve the equation || =-6.
Solution There is no real number x such that |x| = — 6. So, this equation has no solution. Hence
the solution setis $.
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Conclusions
An absolute value equation of the form |ax+b| = ¢, where a, b and ¢ are real numbers, a # 0

and ¢ > ( is equivalent to two equations:

ax+b=c or

ax+b=-—c.

For the required solution set of the given absolute value equation, we solve both the equations

separately.
Example 9: Solve the equation:

|2x+5| =11, where x € R.

Solution:
Step-I: Remove the absolute value bars and write two equations as

2x+5=11 or 2x+5=-11
Step-II: Now solve both the equations for x.

Zx+5 =11 2¢x+5 =-11
2x = 11-5 2x =-11-5
2x=6 2x = -16
x=3 x=-8

Step-III: Hence 3 and —8 are roots of the absolute value equations. Thus, the solution set

is {3, -8}

e The equation [x] =k and k > 0 has two solutions k and - k.
o The equation || = 0 has one solution, namely x = 0.
o The equation |x =k and k < 0 has no solution and the solution set in this case is ¢.

Example 10: Solve the absolute value equation.

p0—4==px—q
5 2

where x e R

Solution: Before we remove the absolute value bars, try to isolate the absolute value

expressions on ¢ither side as
10-x _ [2x-3]
3 2

L0~
|2x—5|
[10 — x|
|2x - 5|
10-x
2x=35
10—-x
2x-35
2(10 —x)=5(2x - 5)

&

or

M wh DN th b |a N |
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o ract

* |ab| = |a] [b]
lal_|a
5] |5
.lal_|e o la|+la]=2q|
b

-10x _ 5

2x-5 2

10-x _ 5

2x-5 2

2(10 —x) =—5(2x— 5)
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20-2x = 10x-25 20—2x = —-10x+25
—-12x =-45 8x =5
45 15 5
ey X = —
12 4 8
Thus, the solution set is {% ; %} .
Example 11: Solve the following absolute value equaiton.
la—1=[2a-3, aeR
Solution:
By removing the absolute value bars we get two equations as:
a—1=2a—-3 or a—1=-(2a-3)
a=2 3a=14
4
The solution set is {2, %} *

( EXERCISE 53 |

Solve the following absolute value equations, where x, y,z € R.

LoR=3 2 j+2=6 3. sy-1=9
4. pk+1]=2 5. 16-3y =0 6. 3|z-2 —-4==2
[4
7. 2x—1]=5 8. Px+2l=7 9. S =12
_ |1-2y |x+1  [2x-1|
10. [5x+10=5 13, r =3 e

13. |5x-3=|x+7 14 |z+3] -3=5-|z+3

S.4 Linear Inequalities (or Inequations) in one Variable

5.4.1 Defining an Inequality

There are many ways in which two expressions may be W
unequal. The following symbols express some inequalities. The svmbols for “is less than” and

Inequality Symbols “is greater than” were introduced by
< islessthan eg. —5<7 Thomas Harriot arcund 1630. Before
e is greaterthan eg 10>-3 that|__and-__|wereusedfor<
< is less than or equal to e.g. 7< 7 and > respectively.
> is greater than or equalto eg. 5> 1
£ isnotequalto eg. 3 £ 5

Unit-05 Linear Equations and Inequalities @ National Book Foundation



A statement that “two algebraic expressions are not equal” is called an “inequality” or
“inequation.”

https://fbisesolvedpastpapers.com

A linear inequality in one variable is an inequality (inequation) that can be written in the
standard form of ax + b <0 (or ax + b > 0) where a and b are real numbers and a #0.

Examples: x<3, x>-2,x-5<-10, 5y-7<3y+9,-5>-7, 3#x+1

Remark: Above mentioned definition is also valid for the symbols < and 2.
Some examples of linear inequations are 4x+3 >0, y>-7, 8(x—2) <3—5xand
x+3<-5

An inequality written with the symbols < or > is called a strict inequality.

5.4.2 Solution of Linear Inequalities (in one variable)

The definitions of solution and solution set for inequalities are same as for equations.

A solution of an inequality is a replacement for the variable that makes the inequality true.
Solution set of an inequality is the set of all real numbers that satisfy the inequality.

Procedure:

The procedure for solving a linear inequality in one variable is almost identical to that for solving
a linear equation. Here, also to isolate the variable, we use “properties of inequalities”. These
properties are similar to the properties of equality but there is one important difference that when
both sides of an inequality are multiplied or divided by a negative number then direction of
the inequality symbol is reversed. e.g.

original inequality o _2<5
(- 3)(—2) > (- 3)(5) «—— multiplying both sides by —3 and reversing

inequality symbol
6>—-15  <«— simplest foom

Two or more inequalities that have the same solution set are called equivalent inequalities
€.g. x+5<8andx <3 are two equivalent inequalities.

Example 12: Solve the following inequality.
8x+9<6x—7, wherex eR.

Solution: 8x+9<6x—7 In example 13 if x € Z, then what will be
i 8% — G < — 790 the solution set?
2x<—16
x<—8
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The solution contais all real numbers less than — 8.
Check the solution by replacing x with any number less than — 8, for example — 9, as
8(-9+9<6(9) -7
-72 +9<-54-7
—63 <— 61<+— true statement

Thus the solution setis {x |x € Rax<-8}.

Example 13: Solve the inequality.

3(—4+5y)S—8(1—2y)+6,xeR e 5>1istre
Solution: 3-4+5) < B(1-2y)+6 becanse
-12+15y<-8+16y+6 5>1istrue.
—-12+15y < 16y -2 e 7 <7 is true
—y< 10 becam-;e
y 210 7=71s true.

= Solution Set={x|x e RAy 2 -10}
Example 14: Solve. %x+32%x+2,x e R

Solution: lx+3le+2
2 4

4(%1: +3)2 4{%x + 2) «— multiply both sides by LCM of denominators

2x+12 2 x+8
x+1228
x2 -4
The solution setis {x |x eR Ax 2 —4}.

Compound Inequalities

Two inequalities that are joined by the word “and” or the word “or” are called compound
inequalitiese.g. 2x<6 and 3x+2>—-4, 3x+5>7 or 4x—1<3

5.4.3 Solution of Compound Inequalities Joined with ‘or’

When two inequalities are joined with connective word ‘or?, it is necessary to solve each
inequality separately. The solution set of the compound inequality will be the union of both the
solution sets i.e., the solution set will satisfy either one or both

the inequalities.
Example 15: Solve the following.

2x+3>7 or 4x-1<3; xeR A compound inequality containing or is true
Solution: We will solve both the inequalities for x separately. Ririent anc ok (s el iy s
2x+3>7 or 4x—-1<3
2x>4 or 4x<4
x>2 or x<l1
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{x|xe Rax>2}or {x|xe RAax<1}
Now the union of both the solution sets is

{x|xeRax>2o0rx<1}
Hence, the solution set of the given compound inequality contains all real numbers greater than 2
or less than 1.
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5.4.4 Solution of Compound Inequalities Joined with ‘and’

When two inequalities are joined with the connective word ‘and’ then the solution set of the
compound inequality will be the intersection of both the solution sets i.e. the solution set
contains all the solutions that satisfy both of the inequalities.

Example 16: Solve the compound inequality.
x—5>-1andx+3<10,xe R

Solution: Solve both the inequalities for ‘x’.
x—5>-1 and x+3<10
x>4 and x<7
{x|x eRAax>4} and {x|xeRAx<T}
Intersection of two solution sets is { x |[x eRA4 <x <7}
i.e. Solution set consists of all real numbers that are greater than or equal to 4 and less than or
equal to 7.

¢ Two inequalitics — 6 < 5x + 3 and Sx + 3 <5 can be written in combined form as
—6<5x+3<5.

o There is no short way to write a compound inequality containing ‘or’.

e Compound inequality containing and is true if its both inequalities are true.

Example 17: The sum of two times a number x and 3 is between 5 and 17. Between what two
numbers is the given number x?

Solution: Expression ‘sum of 2 times a number x and 3 can be written as 2x + 3. Then given
compound inequality is ‘5 <2x+3 < 17",
Now we solve this compound inequality.

5<2x+3<17

5-3<2x<17-3 «——ssubtracting 3 from each part
2<2x<14
1<x<7 <“—dividing each part by 2

Thus, x lies in between 1 and 7.

Math Play Ground

a. Take students to the play ground.

b. Give each student a paper strip with some equation or inequality written on.
¢. Spread solutions of all students in the play ground.

d. Ask them to find the respective answers as a game of treasure hunt,
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[ EXERCISE 5.5]

L.(a) Check whether the given value of each variable satisfies the inequality.
i) 5y-12>0; y=3 ii) 4-2x<9; x=-3
iii) S-2x>—-4x+5; x=4 v) 3(z+4)<6;, z=-2
V) 5x-2) >9x—-3(2x—-4); =x=11
(b) In the following cases, write each solution in the set notation form.

i) 2<x <5, wherexe N ii) y<7, where ye N
iii) z <3, wherez € R iv) x <4, wherex e W
v) —4<x< _TS,Wherexe R

Solve the following inequalities.

2. 3x-2<7, xeN 3. 6x—5<35-2x, xe W

4., 16-5y<4(y—-1)-7, ye R 5. 10-(7-y»)23y-9, ye R

Solve the following compound inequalities, where x € R(6-10).
6. 5-3x<llor2x+3<-9 7. 2x+3<9 and x-5>-6
8. 1<7-3x<22 9. 3x+21<l-xor 3x+8>3 -2

10. 1-5x>16 and 3 - 373559

11. The sum of five times a number x and 10 is less than —35 or greater than —5. What real
numbers does x represent?

12. Two times a number decreased by 5 is greater than or equal to the number increased by 8.
Find the possible values for the number.

ey ronTs |

® An equation that can be written in the standard form ax + b =0 where a, beR
and a # 0 is called a linear equation in one variable.
s A solution of a linear equation in one variable is a number replacement for the
variable that makes it true.
» Two or more linear equations with the same solutions are called equivalent
equations.
e To solve a linear equation with fractions, multiply all the terms by the least
common multiple of all denominators to clear the fractions.
® Root of a linear equation that does not satisfy the original equation is called an
“extraneous root” of that equation.
e A linear equation in which the variable appears under the radical sign is called a radical
equation.
e An equation that contains an absolute value symbol is called an absolute value equation.
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If x i3 a real number then [x|=x ifx 2 Oand [x|=—xifx<0.

If two equations have the same absolute value, then they are either equal or opposite.

A statement that two algebraic expressions are not equal is called an inequality.

An equality that can be written in the standard form of ax + b <0 where a and b are real
numbers and a # 0 is called a linear inequality.

A solution set is the set of all solutions of an inequality.

Two or more inequalities, which have the same solution sets are called equivalent
inequalities

e A compound inequality is a relation containing two simple inequalities connected with the
words ‘and’ or ‘or’,

MISCELLANEOUS)

EXERCISE §

1. Encircle the correct option in the following. absolutely correct.

().  Which one is the standard form of linear equation?

(@ a*+b=0 (b)) ax+b=-c (c) ax+b>0 (d) ax+b=0
(ii). The exponent of the variable in linear equation is?

(@ 1 b 2 () -1 @ o
(iii). Which one is the linear equation in on¢ variable?

(@ ax+y=0 (b)) x+3=0 (c) 2&x+3=0(d)22*+3=0

(iv). Which one is the solution of 12x + 17 = 657

82 65
@ 48 ® @ 4 @
(v). What number must be subtracted from the right side of 7x = 30 so that 4 is a solution of
the resulting equation?
@ 7 ® 2 ) 4 @ -2
(vi). Which property of equality will be applied to solve the equation —2x = % ?
()  Addition (b)  Subtraction
(c)  Division (d)  Addition and subtraction

(vii), Which one is the solution set of 5 |x| =257
(@ {2525} (b)) {25} © {53 @ {55
(viii). Which is the solution setof [ +7=3?

(@ {4 ® {4-4 © {} @ {73}
(ix). Which one is the solution set of J5x =-107

@@ {} (b) {20} () {20 @ {2}
(x). Which one is the solution set of v3x+1=5?7

(@ 25 (b) 8 (c) 24 (d) 23—6
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I
i

(xi). Which one is the solution of i 2. 57
X x
2 5
(@ -l ® - @ =

(xii). Which one is a strict inequality?

(@ x+3=0 (b) 12x>5 () 2y-3<0 (d) 4x+520
(xiii). What should be value of 'k’ if x <y shows kx > ky?

(@ k=0 ) k>0 € k<0 (d k>0

@ zero

(xiv). Which one is the compound relation?

@ 1+2x<4+x (b) 4x+3>5% (c)x+y>5% @x<0
(xv). Which one is the solution of 3 — %xZO?

(@ =x2-6 (b) x<6 (c) x26 (d x<-6

(xvi). Which one is the solution of 2(x +6) £ 3 (x +4)?

@ =x=<0 (b) x=0 (c) x<£24 (d) x=24

Solve the following.
2x-11 2x+10 (28-2x 1 1 (24 2

2. = i izt 3, g4——=|—4+=—=

12 12 4 4 2 5 5
§, A 5. 5—|5y+1/=-9

10

6. %x—12x+l,xeR 7. 42y +3)-(6y—1)> 10, yeR

8. 3xS—B or3x24, xeR
2 3

9.  The difference between three times a number y and 18 is less than 12 or greater
than 39. What real numbers do y represent?
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o Measure an angle in sexagesimal and circular systems.

»  Convert an angle from D°M’S” to deciinal form and vice versa.

« Convert an angle from sexagesimal to circular system and vice versa.
»  Find length of circular arc when radius and central angle are given.

» Find area of the sector of a circle.

» Find the trigonometric ratios of 0°, 30°, 45°, 60°, 90°, 180°, 270°and 360°.
« Prove and apply trigonometric identities.

» Find angles of elevation and depression.

»  Solve real life problems related to a right-angled triangle.

» Interpret and use three figure bearings.

» Find bearing of cardinal and intercardinal directions.

» Solve real life problems related to bearing and trigonometry.

/Trigqnometry is the branch of Mathematics that deals with the relationship of sides with\
angles in a triangle. With trigonometry, finding out the heights of big mountains or towers is
possible. It is also used to find the distance between stars or planets in astronomy and is
widely used in physics, architecture, engineering and GPS navigation systems. Trigonometry

is based on the principle that if two triangles have the same set of angles, their
corresponding sides are in the same ratio.

The measurement along with direction of angles plays an important role in satellite
navigation. By using trigonometric and bearing principles, navigation has become easier for
the military and hikers . Direction compass supports in getting clear picture of the angle
between cardinal and intercardinal directions.

S8
SSwW SSE .
us 025° ¢ 15757 133
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6.1 McasurementiotiniAngla

Union of two rays having common end point forms an angle. An angleis positive or negative if
measured in anti-clockwise or clockwise direction respectively.
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B Vortex
Initial side
Clockwise o
(negative angle)

Anti-clockwise
(positive angle)
—>A

0
Vertex Initial side

Angle in standard position
An angle when drawn in the cartesian plane(rectangular coordinate system) is in standard
position if its vertex is at the origin and its initial arm. is directed along positive X-axis. Its
terminal arm may lie either on any of the axis or in any of the quadrants.
There are three systems of measurement of an angle.

L Sexagesimal System or English System

ii.  Radian measure or Circular System

iii.  Centesimal or French System
Centesimal or French system is beyond the scope of this book.

6.1.1 Sexagesimal System

Draw a circle and divide its boundary into 360 equal arcs.
The central angle of each arc is of measure | degree (1°).
To draw an angle of 30°, we need 30 consecutive arcs of 1°.
As 90° is one fourth of 360°, so 90 consecutive arcs of 1°
form a quadrant of the circle. i.e., central angle of quadrant
of z circle is 90°. There are 180 arcs of 1° in a half circle
and all 360 arcs form a complete circle. i.e., central

angle of half circle is 180° and that of full circle it is 360°.
To measure the central angle of an arc whose length is
smaller than the length of arc of 1°, we divide the arc of 1°
into further 60 equal arcs, The central angle of each of these
small arcs is of measure 1 minute denoted as 1'. So, there are 60’
in a degree. Similarly, there are 60 seconds(60") in a minute.
Thus, 1°=60" , 1'=60" ,1°=3600",

= () 1= ). = ()"

In sexagesimal system, an angle is measured in Degrees, Minutes and Seconds.

Example 1: Convert the following measures of angles into seconds.
i. 30' i, 60° iii. 45045'45"

Solution:

i. 30"=30x60" =1800"
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ii. 60°=60 x60'=3600"=3600 x 60” = 216000"

iii. 45°45'45" =45°+45' + 45"
=45 x3600"+ 45 x 60" + 45"
=162000" + 2700" + 45" = 164745"
Example 2: Convert the following measures of angles into minutes

i. 36° ii. 45" iii. 36°45'30”
Solution:
i 36°=36x60' =2160'

i v = (a5 =3 = '

ii. 45" = (45' X 6(3 (4) = 075

fii. 36°45'30" =36+ 45' + 30"
=36 x 60" + 45" + (2—2)'
=2160 + 45’ + 0.5’ = 2205.5’

Example 3: Write the following measures of angles into D°M’S".

i. 60.5° ii.45.125° iii. 3600”  iv.216000” v. 20555’
Solution:

i 60.5° =60°+0.5°

=60° + 0.5%60"

=60° + 30" = 60°30’
ii. 45.125° = 45° + 0.125°

=45°+0.125%60’

=45°+7.5'

=45°+ 7' + 0.5 x 60" = 45°7'30"
w_ (3600 ., L L4,
iii. 3600" = (6—0) = 60' = 1°=1°0'0
. w _ (216000’ _ r _ [3600\° e
iv. 216000" = (T) ) = 3600" = (?) =60°0'0
V. 20.555'=20" + 0.555’

=20+ 0.555%60"
=20"+33.3” =0°20"33"

Example 4: Write the following measures of angles in degrees correct to 4 decimal places.

i. 60°30'30" ii. 75925'35"
Solution:
1 60°30'30" = 60° + (%)0 e (%5)0
= 60° + 0.5° + 0.0083° = 60.5083°
. 7525'35" =750 + (Z)” 4 (=)’

=75% + 0.4167° + 0.0097° = 75.4264°
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The ratio between length of circular arc and radius is
called radian. If length of an arc is equal to radius of
circle, then their ratio is | radian. i.c., onc radian is
measure of central angle of an arc whose length is equal
to radius of the circle.

The ratio between circumference and radius of a circle
is 2m, therefore measure of a complete angle in circular
system is 2m radians.

In circular system, an angle is measured in radians.

In sexagesimal system measure of a complete angle is 360°,
so  2m radians = 360°
7 radians = 180"

0
1 radian = (%)
~ 57917'45"
Similarly,

1°= 1:—0 radians = 0.0175 radians

To convert measure of an angle given in radians to

0
degrees, multiply its value by (%0) and to convert

measure of an angle given in degrees to radians,

multiply its value by % radians.

: \s
g/ Yeaa .I’ wo' \|.-
.
Example 5:
Convert the following measures of angles in sexagesimal system (D°M'S"").
i 2.125radians  ii. 0.5 radians li. % radians iv. = radians

Solution:
L 2125 mdians =2.125 x (2
~ 2.125 x 57.2958°
~ 121.7535"
=121°+0.7535 x 60’
=121°+ 45.21'
=121+ 45" +0.21 X 60" =121°45'13"
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ii. 0.5 radians = (.5 x (mo)o

T
= 0.5 x 5§7.2958°
~ 28.6479°
= 28"+ 0.6479 x 60’
=28"+38.874’
=28° + 38’ + 0.874 x 60" = 28938'52"
0
iii. gmdians = g X (1;;0)
—(189\° _ o
—( =) = 60
iv. 3— radians = (180
540\° 0
( ) =135
Example 6:
Convert the following measures of angles in radians.
i. 45° ii. 150° iii. 3000 iv. 30°30'30"
Solution:
i 45° =45 x % radians = g radians =~ 0.7854 radians
s 0 _ T .
11. 150 =150 x v radians
= 5?7[ radians =~ 2.618 radians
0 _ R .
111. 300 . =300 x e radians

= 5?" radians ~ 5.236 radians

iv. 30°30'30" = 30.5083°
=30.5083 x — radians
180

~ 30.5083 x 0.0175 radians
~ (0.5325 radians

( EXERCISE 6.1 )

1. Convert the following measure of angles in seconds.

E5° ii. 30’ iii. 10°30' iv. 20°20'20"
2. Convert the following measure of angles in minutes.
i. 75° ii. 120" iii. 50°40' iv. 30°30'30"

3. Convert the following measure of angles in degrees and write the answer

correct to 4 decimals places.
135" ii. 150" iii. 60°60’ iv. 45°45'45"
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4. Write the following measures of angles in D°M'S".

i. 60.125° ii. 135.375" iii. 60.85 iv. 255.45°
5. Convert the following in radians. Write the answers in terms of .

i. 45° ii. 150° iii.  60°30’ iv. 120°
6. Convert the following in radians. Use = 3.1416.

i. 270° ii. 60° iii.  180°45’ iv. 75°30'45"
7. Write the following radian measures of angles in D°M'S".

< & .. om T . m

L < i, = fil. - iv. TN

v. 1 vi. 3.1416 vii. 12w viii. S

1.6.2!Sector ofCIQCIZag;'

6.2.1 Length of an Arc

Length of a circular arc and radian measure of its central angle are directly proportional. i.e.,
ratio between length of an arc and radian measure of its central angle remains constant.

Consider a circle of radius r with centre O. Choose an arc of length / on circumference. Let 0 be
the radian measure of central angle of that arc. Now choose another arc whose central angle is of
1 radian. The length (/;) of such arc is equal to the radius. i.e. /; =r.

1:0::1 ~—
[:0:r:1
Ix1=rx0 /

o r _

I=18
So, length of a circular arc is product of ~;
radius and radian measure of central angle. \
\ Fig. (i)

6.2.2 Area of Sector of a Circle \ S

The union of a circle and its interior region is the circular region. The circular region bounded by
an arc and its two corresponding radial segments is called sector of the circle. In figure (1) shaded
region is a sector of the circle with radius r and 0 the radian measure of central angle. Like arc
length, area(A) of sector is directly proportional to the radian measure of central angle.

\ area of sector : 0 : : area of circle : complete angle
A:0: nr:2m Do You Know?
2A =1 0 From elementary geometry:
2 Arclength(l) _ Centralangle of sector(6) _ Areaof sector of circle (A)
A= -6 2nr - 2n a nr?
2 1 - 8 _ A
20 2nr - 2n - F
== I Do A
¢ ar om ar ar?
where 0 is in radians. = Arc length(/) =8 and Area of sector(A) = §r29

Unit-06 Trigonometry & Bearing ? National Book Foundatio*
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Example 7:
Find length of an arc of a circle whose central angle and radius are given below.
i. 0=§rad,r=2cm ii. 0=60° r=30cm
Solution:
i. [=10 ii. 0=60"=Zrad,r=30cm
=2x < Now, I=r@
. n
= % cm =30 x =
_ 314 =10m cm
Y =10 x 3.14
=1.57 cm =3]l.4cm

Example 8:
Find area of the sector of a circle whose central angle is 120° and radius 5 cm.

Solution:
r=5cm,

0=120"=="rad
20
A=TE=IOPG

=5§£cm2 = 26.18 cm’

Example 9:
The length of an arc and area of sector of a circle are 4 cm and 16 cm’ respectively. Find radius

and central angle of sector.

Solution:
I=4cm,A=l6cm2,r=?,9=?
As, [=r10
= r0=4
g=2=2
r r
Now A=-21-r?0

16 = %rz X ; (substituting the value of 0)

16 =2r
r=8cm
W <
r
_4
8
1
= ~-rad.
2
Unit-06 Tr igonomclry & DBearing @ National Book Foundation
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-

Find length of arc and arca of sector for given radius and central angle.
i r=35cm, () = E radians

i or=12m,  0=120°

i,  re=6dm, 0=6045'30"

[ ]
.

A central angle in a circle of radius 4 cm is 75°. Find the length of the intercepted arc and
arca bounded by the sector.

3. Find radian measure of the central angle of a circular sector for the following data.
i. [ =8cm, r=4cm
ii. [ =85m, r=225m
ii.  A=45cm’ r=10.70 cm
iv. A=100cm? /=10cm

4. Find radius of circle for the following information.

i [ =4cm, 0=mradians
i. | =6m, 0=15°
iii. A =200 cn12, 0= % radians

iv.  A=100dm? /=10dm

3. A 30 inch pendulum swings through an angle of 30°. Find the length of the arc in inches
through which the tip of the pendulum swings.

6. A motorcycle is traveling on a curve along a highway. The curve 1s an arc of a circle with
radius of 10 km. If the motorcycle’s speed is 42 km/h, what is the angle in degrees
through which the motorcycle will turn in 21 minutes?

7. Find perimeter and arca of a half circle in the following figure by using the formulae

1=r0, A=110.
>

4. Find the circular measure of the angle between the hour hand and minute hand of a clock
at:
i. 9’0 clock ii. 02:30 i, 06:45

‘uit O [e1 | ' g .
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- 6T Eigonom el RATIDS NS

6.3.1 General Angle
In coordinate plane, the two axes divide the planc in four equivalent parts called quadrants. If we
place an angle in the coordinate plane such that its vertex

coincides with origin and one of its rays lies along it dl

0X (+ve x-axis), then this angle is said to be in P

standard position. The ray along 0X is called initial K\

ray and second ray in the plane is called terminal ray. > /" O initial side 7;

Such an angle is called gencral angle. vertex

Measure of an angle is positive in anticlockwise direction

and is negative in clockwise direction. L

In the adjoining figure two angles in standard LK

position are drawn. Both have same terminal ray.

One of them is 150° (in anticlock wise direction) and \ 150°

the other is — 210°(in clock wise direction). < (\T) —>
-210° [0} X

Two angles having same terminal ray in standard
position are called co-terminal angles.
The measure of a general angle can be greater than 360°, \

)

To draw a general angle whose measure is greater than 360°,

we subtract any multiple of 360° from its value and try to find a

value less than 360°. Terminal ray of 360° or that of any of

its multiple coincides with 0°, i.c., OX. Y4
In general, two angles are co-terminal if their measures
differ by some multiple of 360°. e.g., to draw an

angle of 390°, first find 390° — 360° = 30°,

then draw 30° in anticlockwise direction.

390° and 30° have same terminal ray so they are co-terminal
angles. Y
Similarly, 150° and — 210° are co-terminal angles.

o]

A
AN
bl %

Thinking Corner!
How many co-terminal angles can be of an angle?

Unit-06 Trigonometry & Bearing National Book Foundation
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6.3.2 Quadrantal Angles
If terminal ray of an angle in standard position coincides with any of the axes, then it is called

quadrantal angle. The measure of a quadrantal angle is a multiple of 90°. v
e.g, 0°, 90°, 180°, 270°, 360°, 450°, ... are the quadrantal angles. 1

In radian measure, quadrantal angle is a multiple of g \ o
3n Sm

w

e.g., 0, > 2m, = 3m ... are quadrantal angles. < - Tj —

. 0 0 0 —a 2100 -
Terminal rays of 0, 360", 720", ... are along OX.
Terminal rays of 180°, 540°, 900°, ... are along OX'.
Terminal rays of 90°, 450, 810°, ... are along OY.
Terminal rays of 270°, 630°, 990°, ... are along OY’. P(x, y)
Unit Circle : ’
A circle whose radius is of 1 unit is called a unit circle. 4
In standard position centre of a unit circle is O (Origin). 0(0.0) Q
The equation of a unit circle centered at O is x* + y2 = 1. ’

Trigonometric Ratios

The ratio between any two sides of a right-angled triangle
is called a trigonometric ratio. There are six possible trigonometric ratios corresponding to an
angle.In triangle ABC, <C = 90°, A = 0. AB = ¢, BC = a and CA = b.With respect to an

acute angle 0, a is the length of perpendicular, b is the length of B
base and c is the length of hypotenuse.
Various trigonometric ratios are defined as: . N
Perpendicular _ a Base __ b Perpendicular _a
Hypotenuse ¢’ Hypotenuse ¢’ Base “p 0
Hypotenuse __ ¢ Hypotenuse ¢ Base — b C 5 A
Perpendicular @’  Base b’ Perpendicular a

e The ratio of perpendicular and hypotenuse is sine of 6 denoted by sin 6.

. Perpendicular a
s 8in@=—ETC N2

Hypotenuse c
e The ratio of base and hypotenuse is cosine of 6 denoted by cos 6.
Base b

S COsf=——"—=-
Hypotenuse ¢

e  The ratio of perpendicular and base is tangent of 6 denoted by tan 6.
Perpendicular _ a

e T

e  The ratio of hypotenuse and perpendicular is cosecant 6 denoted by cosec 0.
Hypotenuse c 1

s cosec=———m=-=
Perpendicular a sin®

e  The ratio of hypotenuse and base is secant of 6 denoted by sec 6.

' sec 0 = Hypotenuse =i 1
Base b cos®
o The ratio of base and perpendicular is cotangent of @ denoted by cot 8.
Base b 1

et =————==-=
Perpendicular a tan®

e cosec 0, sec 0 and cot 0 are respectively reciprocals of sin 0, cos 6 and tan 0.

Unit-06  Trigonometry & Bearing @ Nurtional Book Faes
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6.3.3 Trigonometric Ratios with (he Help of Unit Circle A
Consider a unit circle centered at O, B(041
Mark a point P(x, y) on the circle. Join P with O. l P(x ¥)
Draw PA perpendicular to x-axis, y
OA =x, PA =y and OP = I(radius of circlc). Ox T »
If ZAOP = 0!hcnsm0———yandc030=£= ©

1
So, coordinates of P are (co:, 0, sin 0).

i.e., x=cos 0 and y = sin 0. Also, tan 0 = %
Reciprocal of y is cosec 0, reciprocal of x is sec 0 and reciprocal of ; is cot 0.

If P is a point on a unit circle centered at O and ZAOP = 0, then coordinates of P arc

(cos 0, sin 0).

6.3.4 Trigonometric Ratios of 30", 45" and 60"

Trigonometric Ratios of 30°

To find trigonometric ratios of 30°, choose a point P(x;, y1) on unit circle in standard position
such that 20 = 0 =30°. Draw PA perpendicular to x-axis. As in a right-angled triangle length of
side opposite to 30° is half of hypotenuse, so in right angled triangle OAP, vy, = i

Equation of unit circle is x* + y* = 1. A

1. .
Put x = x, and Y=Y = 5 In above cquation to get

P(xi, 1

2_3 V3 .
X)T=orx == (*+ P lies in quadrant I)

Coordinates of P are (ﬁ,l). \
2’2
So, cos 30° = x; = ? sin 30" = y, = 'l tan 30° = ﬁ = \/i_
sec 30° = l = cosec 30" = = 2, and cot 30 = —1 = /3.

\/_’ }’1
Trigonomet Tr: atios of 45"
To find tngonomemc ratios of 45 choose a point P(x;, y;) on a unit circle in standard position
such that 2O = 0 = 45°. Draw PA perpendicular to x-axis. Triangle OAP is right isosceles.
Therefore, AP = OA or x; = y;. 1
Equation of unit circle is x* + y* = 1.
Put x = x; and y = y; = x; in above equation to get

2% =}
x2=1 =x also y) =
1 2 1= \/—’ ﬁ’
A\
Unit-06 Trigonomclry & Bearin g @ National Book Foundation
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By N A > 3 i. .i.
Coordinates of P are ( 7
1 \ : 1 0_N1
\ S 50::_ — ) S ": — — ‘ :-—-:1
So, cos 4 Xy = 75 Sin 45" =y, 7 tan 45 X,

sec 457 =-—= V2, cosec 45° = e V2, and cot 45" =5-= 1.
v 1 l

Trigonometric Ratios of 60"
To find-trigonometric ratios of 60°, choose a point P(x1, y1) on unit circle in standard position
such that 20 =0 = 60", Draw PA perpendicular to x-axis. As ina right-angled triangle two acute

angles are complementary so 2OPA = 30°. As in a right-angled triangle length of side

opposite to 30° is half of hypotenuse, so x;, = %

Equation of unit circle is x* + y* = 1. /
1 . . P(.\'|, Yn
Putx =x; = 3 and y =y, in above equation to get
1 2 7 yi
(3) +wi=1 g s
< O X A -
2 1 2 3 V3 1 ’
= 1 — - => = = T
yi " W= yi=salsox =3
Coordinates of P are G?)
So,cos 60" =x; = > sin60" =y, = >
tan600=-)—’1=\/§, sec 60° = = = 2,
X3 X1

cosec 60 e 7 and cot 60 ol R

6.3.5 Signs of Trigonometric Ratios in the Four Quadrants
If P(x;, y,) is a point on a unit circle such that ZXOP = 6, then x; = cos 0 and y; = sin 0.
First Quadrant AY

If P lies in first quadrant, then 0 lies between 0° and
90°. Both coordinates of P are positive i.e., x; > 0

and y; > 0. So, in first quadrant cos 6 > 0 and sin 6 > 0.

/K e
. . ¢ . A ~
As the quotient and reciprocals of positive numbers are v! X1 X

P(xl’ Y1)

Yi

also positive so in first quadrant all trigonometric ratios
are positive.

Second Quadrant %
If P lies in second quadrant, then 0 lies between 90° and AY
180°, In second quadrant abscissa of a point is negative ¥
and ordinate is positive i.e. x; <0 and y; > 0. 1
\I

So, in second quadrant cos 0 < 0 and sin 6 > 0. a 0

. . . . < \ ~
As the quotient of a negative and a positive number is ST _Ax;0 <
negative so tan 0 < 0 and cot 6 <0.
As reciprocal of a negative number is negative and that
of positive number is positive so sec 8 <0 and cosec 6 > 0. v

Unit-06  Trigonometry & Bearing National Book Foundation
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Third Quadrant e

If P lies in third quadrant, then 0 lies between 180° and 270°,
In third quadrant both abscissa and ordinate of a point are

/

negative i.¢., X; <0 and y; <0. So, in third quadrant cos0 < 0
and sinf < 0. As the quotient of two negative numbers is positive
so tan 6 > 0 and cot 0 > 0. As reciprocals of negative numbers
are negative, so sec 0 <0 and cosec 0 < 0.

Fourth Quadrant

If P lies in fourth quadrant, then 0 lies between 270° and 360°.
In fourth quadrant abscissa of a point is positive and ordinate is

negative i.e. x; > 0 and y; <0.

~
”
\

cot 6 < 0. As reciprocal of a negative number is negative and that

So in fourth quadrant cos 6 > 0 and sin 6 < 0. As the quotient <
of a negative and a positive number is negative so tan 6 < 0 and
5 1 1 1 1 (xl ’ y1

of positive number is positive, so sec 6 > 0 and cosec 0 < 0.

The figure at right would be helpful to
understand the signs of trigonometric ratios e

LJ
Pt s

.u_-/

in different quadrants. o

\
sa
oo
lam
oot
seC
o
sia
oo
tas
col
”e
o

+
+

To Be Observed!

When point P lies in any of the quadrants or on any of the axis, by joining it to origin,

we get the angle & formed by terminal arm OP in standard position, then:

o= algebraic distance of P from x—axis _ y
QHIE= distance of P fromorigin T
cosd = algebraic distance of P from y—axis _x

distance of P from origin T
tan@ = algebraic distance of P from x—axis a ¥
algebraic distance of P from y—axis x

(due to the word ‘algebraic’, x and y will get +/— sign according to the quadrant of P)

We consider = 1 in a unit circle.

Unit-06  Trigonometry & Bearing @
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6.3.6 Evaluation of Trigonometric Ratios of an Angle if One of Them is Given

We can find all the trigonometric ratios of a particular angle if one of them is given i.e. if value
of ‘sin 0’ is given, then we can find the remaining ratios, for the same value of 0.

Example 10:

Ifsin 0 = {3 and terminal ray of 0 is in first quadrant, then find remaining trigonometric ratios for

same value of 0.

Solution: Method 1

Consider a right-angled triangle ABC, in which m£C = 90°, mzA =#.
perpendicular = E

By definition sin 6 =
y hypotenuse AB

: v3 , .
But sin 0 = S (given) B

So,BC=v3and AB=2
By Pythagoras theorem AB® = AC? + BC 3 2

2= AC+(V3)’
4=AC*+3
4-3=AC ot )
AC’=12AC=1
base _AC_1 1

=— == secf=——==2
cos hypotenuse AB 2 ’ cos @

perpendicular . BC V3 3 1 1 1
=B =—== coth=—=— -
tan 6 base AC 1 V3, tane y3° COSC€C 0 sin

5L
V3

(< -]

Method II
Consider a unit circle at O. Mark a point P on the circle in first quadrant whose y coordinate is ‘/?5.

The equation of unit circle is ©+ y2 =1. AY

V3
Put y — ﬁ P(.\’, ';')

3

n| S

I\
A

: . 3 . 1
Since, P is in first quadrant so x> 0. i, ¥= 7

So, cosO=x=§

V3
y @ 1 2
tan = = = T cm— T e
0 = -g— V3, cosec = -
Y. 4 o s
sec 0 coso-z’ cot 0 tan @ 3

Unit-06 Trigonometry & Bearing @ National Book Foundation
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6.3.7 Trigonometric Ratios of Quadrantal Angles

Trigonometric Ratios of 0°

To find trigonometric ratios of 0°, choose a point P(x1, y1) on unit circle in standard position such
that ZXOP = 0 = 0°.

As P lies on x-axis so its coordinates are x; = 1 andy; =0.
So,c0s0°=x; = 1 //
sin0 = = o0 "/ 0" 1,0)
tan =22 =2=10 = 5 X
sec0’=2= =1 J
x; 1
cosec 0° = = = 2 = oo (undefined)
y 0 \/
cot 0" =22 = < = oo (undefined)

| ]
Trigonometric Ratios of 90

To find trigonometric ratios of 90°, choose a point P(xi, y;) on unit circle in standard position

such that 2XOP =0 = 90°. APO. 1)
As P lies on y-axis so its coordinates are x; =0 and y, = 1. _
S0,c0s90°=x, = 0
sin90°=y, = 1
0 i’l 1 < _1900 ~
tan 90" = x—‘ =<=00 (undefined) Q] =
1
sec 90° = > = 1 = oo (undefined) \j
X1 0
cosec90° =+ =1=1,
Y1 1 Y
cot90°=2=2=0
yi 1 ,
Trigonometric Ratios of 180"

To find tngonometnc ratios of 180°, choose a point P(x;, y1) on unit circle in standard position
such that ZXOP =0 = 180°.

As P lies on x-axis at left side of O so its coordinates are

x1=—1 and y; =0.

So, cos 180°=x, = —1 p—
sin 180°=y, = 0 /-"f
0
tan 180° =2 = £ = ¢ p<—1,m,/ //'EO\
sec 180°=2 = Z =1 0
x;, -1
cosec 180° =;‘; = % = oo (undefined) j

cot 180° ==t = T = oo (undefined) v

b 41

v

Unit-06  Trigonometry & Bearing ﬁ 27) National Book Foundation
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Trigonometric Ratios of 270°
To find trigonometric ratios of 270°, choose a point P(x;, y1) on unit circle in standard position
such that ZXOP =0 = 270",

As P lies on y-axis below origin, therefore its coordinates are x; =0 and y; =— 1.
So, c0s 270°=x, = 0 A
sin 270° =y, = -1
tan 270" = Z—’ = -_6}- = oo (undefined) 27%}
o §
Vo Lo B < >
sec 270" = Shak ke (undefined) Q
cosec270°=L =1 =—1 '
i =
0 x—l- F—] l =
cot 270" = ol 0 VP, -1)

Trigonometric Ratios of 360°
To find trigonometric ratios of 360°, choose a point P(x;, y1) on unit circle in standard position
such that 2XOP =0 = 360°. It coincides with 0°.

As P lies on x-axis so its coordinates are x; = 1 and y; = 0. /,/«f\
So, cos 360°=x; = 1 /
sin360° =y, = 0 / ,
0_Yy1 _0 ). 360"
tan360°=2 = 2= 0 o P
sec360°===1=1 j
x 1
cosec 360° =+ =1 = oo (undefined)
yr O \
cot 360° = ;’5—1 = = = o (undefined)

TN NI NN,
@‘;«:ERCISE 63

A e e,

1. Complete the following table.

o 0° 30" 45" 60° 90 | 180" | 270° | 360°
sin 0 0 V3 -1
2
cos 0 -1
| tan 0 1
cosec 0 0 )
sec 0 2 1
cot 0 V3 0

Unit-06 Trigonometry & Bearing @ National Book Foundatio*
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2. Evaluate the following, B ]
. on 0 - .
i. sin 60" — cos 30° il. sec 45° cosec 45° — sin 30° cos 60°
tan E - tan E
" 2T o v T T gy T
iii. iv. cos®——sin“= 3 = COS = — COS — Sin —
T+tnTtan 5~ sin" 2 v ’ sin - cos = - cos - sin
T . "
3. For0= o verify the following statements.
. 2tane‘ .. . . .
i tan 20 = : > ii. sin 30 = 3sin 6 — 4sin’0
—tanZ@
iii. = c0s20=1-2sin’0 iv. sec’d—tan’0 =1 v. cosec’0 =1+ cot’0
4. Write value of 0 for the following ratios (0 < 0 < 27).
. . 2 ..
i. sin 9 = % ii. cosecO=-1 iili. tan6=1
iv. secO= ? v. cos0=0

5. If terminal ray of 0 is in first quadrant and cos 0 = %, then find remaining trigonometric ratios

of 0.

6. If terminal ray of 0 is in second quadrant and cosec 6 = 2, then find the vafue of
in2Q — 2
o5 0 (sm 0 —cos 9).

sin20 + cos20

7. If tan 6 =~ 1, and terminal ray of 0 is not in second quadrant, then find remaining
trigonometric ratios of 0.

Identity is an equation which remains true for all possible replacements of variable involved in it.
e.g. (x + 1)(x—1)=x"— 1 is an identity.

Trigonometric identity is an identity involving different trigonometric ratios in it. Trigonometric
identities are of many types. Some of them are given below.

i. Reciprocal identities
ii. Quotient identities
iii. Pythagorean identities

6.4.1 Reciprocal Identities

Cosec 0, sec 0 and cot 0 are reciprocals of sin 0, cos 0 and tan 0 respectively.

1 1
sin @’ sec 6 = cos 6 and cot® = tan 0

Proves of these identities are left for students.

i.e. cosecH =

Unit-06  Trigonometry & Bearing @ National Buok Foun
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6.4.2 Quotient Identities n
it oot m S22
. tan 0 = ;8_6 . sin 0
Proof: 8 ¢
: . \ 90"
Consider a right-angled triangle ABC, in which £C = %0,
LA=0,AB = ¢, BC=aand AC = b, 0
b i

Bydeﬁnition.sinenf.cose- ;andtanﬂ- g. " a

a
tan 0 = % = ¢ (dividing numerator and denominator by ¢)

¢

_sin0

cos B
Similarly, we can prove the second quotient identity.
6.4.3 Pythagorean Identities

i.  sin®0+ cos’0= 1
ii. sec’® - tan?0 =1
iii. cosec?d — cot?0 = 1
Proof:
Consider a right-angled triangle ABC,
in which £C =90°, ZA =0, AB = ¢, BC = a and AC = b. B
i. sin®0 + cos?’8 = 1
By definition, sin 8 = § and cos O = g a ¢
By Pythagoras theorem, a’ + b’ = ¢’
Dividing this Pythagorean equation by ¢’ we get 8 l 0 . ﬁ
| )

L

2 2
a\? b\2
B + @)= | |
(sin8) + (cos0)>=1 or sin*0+ cos’0= 1 (v (sinf)* = sin*6)
ii. sec?d — tan’0 = 1
By definition, sec 8 = E and tan 0 = E Funmatics
Help students to make

By Pythagoras theorem, a’+b’=c’ such a cootie catcher to
Dividing this Pythagorean equation by b’ we get play with friends.
a2 bZ B cz

b2 b b

2
® +1= )
(tan 8)* + 1 = (sec 0)?

tan’0 + 1 = sec’0 or sec?0 — tan?0 = 1
lii. cosec’® — cot?d = 1

A|B

blc

2

sin180"7

c0s180"?

By definition, cosec § = f and cot 0 =

Unit-06  Trigonometry & Bearing ’
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By Pythagoras theorem, a” + b? = ¢?
Dividing this Pythagorean equation by a® we get
a2 b2 (2

— T —

a?  a? a2
2 2

3:4{5) = )

1+ (cot8)? = (cosec 0)?

1+ cot?8 = cosec?8

or cosec?8 — cot?0 =1
Example 11:
Use basic trigonometric identities to prove the following relations.

i. cos o + sin a tan o = sec a

tana _ seca+1
seca —1 tana

ii.

sina+2cosa—1 _ 1
sin2a+3cos a—-3 1-seca

iii.

Solution:

i. L.H.S.=cos a +sin a tan o
=cosa+ sin"a g
3 cos a

sin? a
=Ccps o + ——r
cos a
. 2 2
._ cos“a+sin‘ a
cos a

=X =seca = R.H.S.

- cosa
Hence, cos a + sin atan a=sec a

ii. LHS =——o

seca —1
tan a x sec a+1
seca —1 seca+1

—

__ tan a(sec a+1)
sec?2a —1

__tana(seca+1)
tan? a
seca+ 1
=-—— = RH.S.
tan a

tana _ seca+1
seca —1 tan a

Hence,

sin‘a+2cos a- 1
sin2o+3cos a—3

iii. LHS.=

_ 1-cos?a+2cos a—- 1
1—-cos?a+3cos a—3

Unit-06 Trigonometry & Bearing National Book Foundation
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. . ~cos @+ 2008 @
e i ~cos?a+3cos a-2
' ~cos a(cos a=2)
~(cos*a=3cos a+2)
cos a(cos a=2)
cos?a-2cos a-cos a+2
cos a(cos a=2)
 cos a(cos a - 2)=1(cos a-2)
COS a(cos a-2) cos « (‘g(‘“'!;;u a
cos a- §¢
 (cosa-1)(cos a-2) cos @ -1 4 {:‘%5_‘ |
1 1 )
- Eziﬁ - stu e = R.ILS.
s Sinfa+2Cos a- 1 1
atIge SinZa+3Cos a-3  1-Sec a
Example 12:
Solve the following triangles. (Find unknown clements of the following triangles)
i. AABC, 2C =90°, ZA = 30", a = 6 cm
ii. AABC, 2C =90", ¢ =12 cm, b = 6v/2 em
i. Given Elements:
AABC, 2C =90", 2A = 30", a= 6 cm
Required Elements:
ZB, b, c.
Solution:
In AABC, £ZA + 2B + 2C = 180"
30° + 2B + 90" = 180"
¢B = 180" - 90" - 30"
4B = 60’
sin 0 = Perpendicular
4 Hypotenuse
; . () a
\ sin 30" = E
1 6
2%
c=12cm
In AABC, by Pythagoras theorem, . Make a hopscotch as
et = a2+ b’ g:vcn in thdc
e
12 =6+ bzw 2, r/’\azi“\)tl:::lcm to start
144 = 36 + b*“ hopping and finding
b2 = 144 - 36 answers,

. Unit-06  Trigonometry & Bearing 0
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b’ =108
b=+v108 =6v3cm o
Therefore, required elements are 2B = 60°, b = 6v/3 ¢m, ¢ = 12 cm. N q
ii. Given Elements:
AABC, £C=90° ¢ =12 cm, b =6vZ cm
Required Elements:
LA, ¢B, a
Solution: In AABC, by Pythagoras theorem,
2 =a2+ b2
12° =a? + (6v2)?
144 =2+ 72
a’=144-72
a’=72
a=+72 =6vV2Z em -

Base

B

cos f = ———
Hypotenuse
cos LA =2 -

C

: — A
( b=6v2cm

6V

ks

cos ZA

(’INI

N

.
LA =45"

In AABC, £A + £B + 2C= 180

45" + 2B +90° = 180"

2B=180"-90"-45° =% /B =45"

Therefore, required elements are ZA = 45°, 2B=45°, a=6v2 cm.

Nl T T

EXERCISE 6.4

&
B, Sz
1. Prove the following relations by using basic trigonometric identities.

i (1 - 5in:1)) sec’0 # 1

o 1-sinB
11. :
> 1+sinb

1-cos 6 sin @
111. =
1+cos B i+cosB

sin 0-2sin>0
2cos30~cos B

= (sec = tan0)?

iv. = tan6

V. vsec?0 + cosec?0 = tan 8 + cot O

- 1
vi. —————— =5ecf + tan @
- secf—-tané@

—_ » 4 "m"’*ﬁ
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vil.  §in?0 + cos*0 = sin*0 + cos?6
Vil fan@4sing sech+1
ix.

tan@-sin @ = sech-1
sec?d + cosec?0 = sec’*Ocosec’d

X $in®0 + cos®0 = 1 - 3sin’fcos?0

2. lfxcosO+ysin9-mandxsinO—ycose=n,provcthatxz+y2=m2+n2.

r
3. Find values of 0 for the following equations in the interval 0 < 8 < g

i 2sin’0 = -:- ii.  sinB=cos0 iii. sec’d — 2tan’0 = 0
4. Solve the following right-angled triangles

i. AABC, 2C=90",a=4cm,c=4J2 cm.

ii. APQR, 2Q=90°, 2P = 60", PQ = 4V/3 cm.

iii. APQR, 2R =90°, PR =8 m, RQ =8 m.

iv. AXYZ, £X=90°,YZ=16m, XZ =8 m.

v. ALMN, LM =10 cm, MN =8 cm, NL = 6 cm.
5. Ifx=rcosasinf,y=rcosacospandz=rsin a, then find value of x2+y2+f.

\ngles of Elevation and Depression 4

Line of Sight
If an object P is observed from a point of observation O, then the line OP is called line of sight.
Angle of Elevation P

If O is point of observation, OX is a horizontal
line (ray)and an object P lies above the line OX,

then the angle between the horizontal line and the b Angle of elevation
line of sight to an object above the horizontal line Horizontal line
is called angle of elevation . In the adjoining figure 2XOP is angle of elevation. _

Angle of Depression

" If O is point of observation, OX is a horizontal
line (ray) and an object P lies below the line OX,
then angle between the horizontal line and the line of
sight to an object below the horizontal line is called
angle of depression. In the adjoining figure 2XOP is angle of depression.
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Applications |

Example 13:
A ladder 10 m long leaning against a vertical wall makes an angle of 60° with wall. Find height

of ladder along the wall.

Solution: “
Let AB is a ladder. BC is height of ladder along wall.
AC is along horizontal ground. In triangle ABC, 2C = 90", a '
£B =60 and AB = 10 m. S
cos 60° = 3¢ e o
AB
125
2 10 - C
BC=5m .

So, height of ladder along wall = 10 m.

Example 14:
An aeroplane at an altitude of 900 m finds that two ships are sailing towards it in the same
direction. The angles of depression of ships as observed from plane are 30° and 60°. Find

distance between ships.
Solution:

In the figure O is position of plane. A and B
are two ships. £XOA and £XOB are angles
of depression. As alternate angles of parallel
lines are equal.

So, £A =30° and £B = 60"

Let AC =xand BC = .

In right angled triangle ACO,

tan 30° = 22

1_ %00

N

x=900v3 =1558.85m ;

In right angled triangle BCO, One acute angle ofa

tan 60° = 22° : right triangle is @ .
y Find both acute

V3i=20.,-2_51962m angles if = H

V3 ; sina=cosa. o =

.~

Distance betwcen ships =x —y
= 1558.85 - 519.62
=1039.23 m

'
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{‘ EXERCISE 65 )

1. From a point at a distance of 20 m from a tree, angle of elevation of top of a tree is 30°, Find
height of the tree.

2. The length of shadow of 10 m high pole is 10¥/3 m. Find angle of clevation of thesun.

3. The window of a room is-in the shape of an equilateral triangle. The length of cach side is
1.6m. Find height of the window.

4. The height of a slide in a children park is 5 m. A girl standing at the top of the slide observes
that angle of depression of its bottom is 30°. Find length of the slide.

y 5. Two pillars of equal height stand on either side of a roadway which is 120 m wide. At a point
on the road between pillars, the angles of elevation of the pillars are 60" and 30°. Find height
of each pillar and position of the point.

*6. From the top of a tower of height 120 m, angles of depression of two boats on same side of
tower at water level are 60° and 45°. Find distance between the boats.

7. Two men on opposite sides of a trec are in line with it. They observe that angles of elevation
of top of tree are 30° and 60°, The height of tree is 15 m. Find distance between themen.

8. From the top of a tree, the angles of elevation and depression of the top and bottom of a
building are 30° and 45 respectively. If height of tree is 12 m, find height of building and
distance between tree and building.

9. From a point A on ground at a distance of 200m. angle of elevation of top of a tower is a..
There is another point B 80m nearer to the tower. The angle of elevation of top of tower from

BisB. If tan o = E, find height of tower and value of f3.

10. A boat moving away from a light house 206.6 m high, takes 120 seconds to change the angle
of elevation of top of light house from 60° to 45°. Find the speed of boat.

Unit-06  Trigonometry & Bearing National Book Foundatio®
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When we want to move from one position to another, we need to know not only the distance to
be traveled but also the direction of movement. Direction sense is the ability to know a person's
current location and then find the correct way towards the destination. It helps us in getting clear

picture of bearing. & Ry 4
N4SOW \ N4SOE %“.6 "°“"“"":: I"“"': East’
West East
w % E South Wm'l,'s“u: East
S S45°W . S45°E .
The four cardinal directions are north, east, south and west. These are marked by the initials
N, E, S and W. Starting from north with an angle of zero dégree, east is at right angle to north
and intercardinal direction north-east is at an angle of 45 degrees to north. Similarly south- east
is at angle of 135 degrees to north and so on.
Bearings are the angles measured clockwise from due north and are expressed as three digit

numbers. Bearings are mostly used by sailors and pilots to describe the direction they are
travelling and to navigate from one point to another. N N

B * 4

N
50° D ‘ Q
£ 230
A fig. a C fig. b fig. c S
In fig.a, the bearing of In fig.b, the bearing of In fig.c, the bearing of
point B from point A is 050°. point C from point D is 230" point S from point Q is 128"

Above figures are not drawn upto scale.

_ s < SRLIBVRE . S Wl D e L S e 3 s S eaw bl D

Join all the marked points to O, then find < L
their bearing with the help of protractor. '
Also write the type of angle in each case. W . 5 —E
What is the bearing of north, south, east ? .
and west direction lines? I L
°M
oT
S

—

National Book Foundation

Unit-06 Trigonometry & Bearing

> P P W R R RN




https://fbisesolvedpastpapers.com
Points to ponder!

» Bearing is an angle expressed with three-digit numbers N
measured in clockwise direction from north. ¢

o Ifaisacute, then f = 180"+ a (corresponding angles property)

=a=f-180
This means that bearing of A from B = 180" + bcarmg of B from A
o Exact north has a bearing of 0". N
A
Example 15:
Find the bearing of boat from lighthouse in A
the given figure.
Solution:

For finding the bearing of boat from light
house, first draw the north line at light house,
then draw the line connecting the light house
and the boat. Place your protractor with zero
point north and measure the angle from north
line to the line connecting light house and the
boat. Thus, the bearing of boat from light
house="70"

(The figure is not drawn accurately)

(9

For finding the bearing of light house from boat
draw north line at the boat, then draw the line
connecting the boat and the light house. Measure
the reflex angle to get the required bearing,

U nlt-06 Trigonometry & Bearing @ National Beed v '
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Example lo:
Arsalan travelled at a bearing of 70 for 10km to reach super market. Then, he travelled at a
beanng of 165" for 12km to reach a restaurant. Finally, he travelled at a bearing of 230° for
LSkm to reach his friend’s house, Make a labelled illustration to show his journey.
Solution: N
In the figure, angles are not marked upto scale.

Super{Market

- . Restaurant
We can write bearing of

070" from starting point
to supermarket as N 70°E.

Example 17: Friend’s House

A ship sails from port A to port B at a bearing of 040" for 35 km. Then, it sails at a bearing of

130° for 50 km from port B to port C. Find:

(a) the distance between port A and port C

(b) the bearing of C from A

Solution:

(a) By drawing the path according to given information,
we observe that 8 = 130" — 40°= 90°(since two norths
at A and B are parallel).

Therefore, f = 180" — 90°=90°.
Thus, triangle ABC is right with right angle at B.
In right AABC by using Pythagoras theorem,
mAC =+/(mAB)? + (mBC)?

= J(35)? + (50)2 = V3725 =~ 61.03 km

Unit-06 Trigonomcu-y & Bearing @ National Book Foundation
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First we find a in right AABC,

SRR mAB

20~ 1.4286

35

= a = tan"1(1.4286) = 55

Thus, bearing of C from A = 040°+ 055°= 095"

(Exercissee )

1. Measure three figure bearing of B from A with the he'lp~of prot‘m‘ctAdf‘in each of théf()‘llowing.

B N (ii) N (iii) N
A A
/I | |
B
A

N

A
/ B A

2. School A and school B are marked, find
" the bearing of school A from school B. ®
School B
@

' School A .
'3. Two boats A and B are Skm apart and the bearing of boat B from boat A is 250°. Draw the

diagram showing relative positions of both boats, then fiud the bearing of boat A from boat B.

'4. The positions of three ships A, B and C are such that the bearing of B from A is 045 and ship
C is to the east of A. If bearing of C from B is 180" and mAR = 10km, what is the bearing of
A from C? Also find the distance between ship A and shir C.

'5. Babar Azam walked from point P to point Quat a bearing o 050" for 3km. Then, he walked
from point Q to point R at a bearing of 140°. Find the distance QR, if the distance between P
and R is 5km. Also find the bearing of R from P.

6. Rayyan spots a snake directly north from his location. Sarim is 25m east of Rayyan and spots
the same snake. If the bearing of Sarim from snake is 122° how far is Rayyan from the snake?

7. Bilal traveled 12km on his bike to reach school at a bearing of 060" from his home. Then, he
went to football ground from school at a bearing of 150" If the football ground is at a distance
of 5km from school, find the distance he has to cover to reach home from football ground?

8. A car leaves the arage at a beaing of 040 and travels in a straight line for 13km. How many
kilometres north and how many kilometres east has the car travelled from the garage?
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e There are three systems of measurement of an angle.

i Sexagesimal System or English System
ii. Radian measure or Circular System
iil. Centesimal or French System

e Ifacircle is divided into 360 equal arcs. The central angle of cach arc is of measure 1 degree
(19).

e There are 60 minutes in a degree. Similarly, there are 60 seconds in a minute.

| «  To convert the measure of an angle from degrees to minutes or from minutes to seconds we
multiply its value by 60.

' To convert measure of an angle from seconds to minutes or from minutes to degrees we
divide its value by 60.

' Ratio between length of circular arc and radius is caiica radian.
e  One radian is measure of central angle of an arc whose length is equal ic radius of the circle.

e Maeasure of a complete angle in circular system is 2 radians.

0
e 1 radian= (1—:—0) ~ 57917'45" and 1° = 1—7;6 radians ~ 0.0175 radian.

e Length of a circular arc is product of radius and radian measure of central angle. i.e. /=10
e Two angles having same terminal ray in standard position are called coterminal angles.

e If terminal ray of an angle in standard position coincides with any axis, then it is called
quadrantal angle. Measure of a quadrantal angle is multiple of 90°.

' o A circle whose radius is lunit 1s called a unit circle.

- o Pythagorean Identities:
(i) sin®0+ cos?6 =1 (i) sec?0 —tan B =1
(iii) cosec?0 — cot?0 = 1

.  Bearings are the angles measured clockwise from north line and are written as three digit
numbers.

North is at the bearing of 000?, east is at 090°, south is at 180° , west is 270°.

Unit-06 Trigonomclry & Bcari"g Q Netional Book Foundation
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MISCELLANEOUS
EXERCISE 6

1. Encircle the correct option in each of the following,

(1)  Ifsinx= % what is the value of cos x ?

() -\/—l_i (b -3- (©) ﬁ 15
3 4 4 @7
Y 4
(1) cos 2= 9
: 1
@ 1-5 ® -5 (©) —f%. () Ez_
™ I S
W T TSinG 1+sing
(a) cosec’d (b) 2cosec’d (¢c) sec’d (d) 2sec’d
(iv) =3-3tan’6=?
(a) 3cosec’d (b) —3cosec’d (¢) =3sec’d ) 3sec’d
(v)  If cosx = sinx,then the value of x is |
(@) 30° (b) 45° (c) 60° (d) 90°
(vi)  4cosec’@—4cot’§-4cos0° =?
(a) 0 (b) 1 (c) -1 (d) 4
(vii) Iftanx=%. then sinx=? |
a b
@) = (b) (€) —m b
_ 242 (d)
a’-b Ja*-b Va® +b? W
(viii) 50°30'=?
(a) 50.2° (b) 50.3° (c) 504° (d) 50.5°
(ix) (l—cos20)sec20=?
(a) cosec’d (b) cot’d (c) sec’d (d) tan’@
(x) Inwhich quadrant do the angles between 90° and 180° lie?
(a) st (b) 2nd - (¢) 3rd (d) 4th
(xi) The system in which the angles are measured in radians is called
(a) CGS (b) sexagesimal (c) circular (d) centesimal
(xii) 270°=?
(@) Z b) = © - @ -Z
A 2 2 2
Unit-06 Trigonometry & Bearing @ National Book Foundatio
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(xiii) What is the bearing of south-west direction line?
(a) 45° (b) 135° (c) 225 d) 270°

(xiv) If an automobile travels at the bearing of is 070° from city A to city B , then the bearing
from city B to city A is
(a) 070° (b) 110° (c) 250° (d) 290°
(xv) A boat sails 4km north from point L to M, then it sails 3km west from M to P. What is the

bearing of P from L? Provide your answer to the nearest degree.
(a) 037° (b) 053° (c) 217° (d) 323°

g . -5 n
2. Find sina , tana and seca, if cosa = = where s<a<m.

3. The angle of elevation of a hot air balloon 500 m away, climbing up vertically, changes from
30° to 60° in 100 seconds. What is the upward speed in meters per second?

4. Find the value of a in the following figure.

A

10

5. The area of a right triangle is 50cm®. One of its angles is 45°. Find the lengths of the sides and
hypotenuse of the triangle.

6. If the shadow of a building increases by 12 meters when the angle of elevation of the sun rays
decreases from 60° to 45°, what is the height of that building?

7. From the top of a 100 meters high building, the angle of depression to the bottom of a second
building is 30°. From the same point, the angle of elevation to the top of the second building
is 20°. Calculate the height of the second building.

8. A plane is 119km west and 100km south of an airport. At what b/earing, the pilot wants to fly
directly back to the airport?

Unit-06 Trigonometry & Bearing Q National Book Foundation
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COORDINATE GEOMETRY

In this unit the students will be able to:

1
e Use conventions for coordinates in the Cartesian plane for the derivation of
distance formula.

Represent and identify collinear and non collinear points.

Find distance between two points in the plane.

Derive mid-point formula and calculate mid-point of a line segment.
Apply distance and mid-point formulas to solve real life situations.

Coordinate geometry plays a vital role in our daily
life. The adjoining figure shows a lamp  post
which is equidistant from two homes, so that both
the homes may get light from it equally. To erect
the lamp post at this point, an idea from coordinate
geometry is taken. Coordinate geometry helps us
in analyzing characteristics and properties of two-
dimensional geometrical shapes and develop
mathematical ~ arguments about geometrical
relationships.
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Distance Between Points on a Coordinate | ing

We use the concept of absolute value to define the distance between given points on a coordinate
line.
F3-1]=[1-(-3)|=4 [|6-3|=]3-6/=3
r A— N\ f—L__\
—
-3 -2-1 0 1 2 3 4 5 6 7 8
Fig. (1)
We note that the distance between the points with coordinates 3 and 6, shown in above fig.(i)
equals 3 units. This distance is the difference obtained by subtracting the smaller (left most)
coordinate from the larger (right most) coordinate (6 — 3 = 3).
If we use absolute values, (since |6 — 3| = |3 — 6| = 3), then order of subtraction does not matter.
Let a and b be the coordinates of two points A and B respectively, on a coordinate line. The
distance between A and B, denoted by d (A, B) is defined by
d(A,B)=AB=|b-g4q|
The number d (A , B) is the length of the line AB,
and d(A,B)=d(B,A)
b—al|=|a-b|

So, we have
AB=d(A,B)=d(B,A)=BA
Hence, the formula d (A, B)= |b - a| is true regardless the sign of a and b.

Example 1:

A, B, C, D, E and F have coordinates — 6, —4, — 2, 0, 2 and 5 respectively on a coordinate line as
shown below.

A B C D E F

— e — —t —>
%-5 4 -3 -2-1 0 12 3 4 5 6 7 8

Find (a) d(A,B) (b) d(A,C) (¢) d(B,E)

(d d(D,F) (e) d(A,F)
Solution: By definition we know that

(a) d(A,B)=|b-al,aand b are the co-ordinates of W
points A and Be€spectively. Can the distance be negative |
a=-6,b=~4 between any two points? |
d(A,B)=AB=|-4—(-6)|=|-4+6|=2 B T

Similarly,
(b) d(A,C)=AC= |-2-(-6)|=]-2+6|=4
(c) dB,E)=BE=[2- (-4)|=]2+4|=6
(d) d(D,F)=DF=[5-0|=|5|=5
() dA,F)=AF=|5-(-6)[=[6+5|=11

Unit-07  Coordinate Geometry National Book Foundation

W ——e ———



https://fbisesolvedpastpapers.com

[

Given the two points Py (xy, yy) and Py(xz , y2), the distance between these points is given by the
formula:

d(Py, P3) = PPy = (v, = x, ) +(v, =3, )

Proof If x| # x; and y; # y,, then plot two points Py and
P> with coordinates (v, 1) and (x2, y;) respectively as

illustrated in figure (i1). . PP, = d(P;, P2)
ﬂu Y-axis PP = (PP’
D40, J5) [ P, (x2,y2)
2=yl 2=l
/(10! — _____________L’fz_ffjl____ﬂp3(xz,y,)
Pi(xi, ) L )
X' < o » X—ax1s
' 0 A@.0)  p2-x| BGz,0)
y'v Fig. (ii)

In the above figure P|A and P,B are perpendiculars drawn from two points Pi(x; , y1)

and P»(x2, y2) on x—axis, and P,C and P,D are perpendiculars on y—axis.

The coordinates of the points A, B, C and D are also shown in figure accordingly.

Let the point where P,C meets P,B be P3, with coordinate (xz , y1) so that AP,\P,P; is a right
triangle with right angle at P;.

From figure, we have
d(A 5 B) =AB= P|P3 = |x2 —x||

EroswaRe N, T T

K ey Facts) I
* In general (x, y) # (y, x)

and d(C,D) =CD=d(P;, P3)= P:P3= -y be:l:ausi.g, y)l is an ordered pair and
We next use the Pythagoras Theorem in right g;;z:m oflf :;::z:; THCT
triangle PPP; * (x,y)=(x)

[d(P,, Po)? = [d(P:, P3))* + [d(P2, P3)I? if and only if x =y.
e If(x,y)=(2,3), it means
, ) ) x=2andy=3
P\P," =PP3" + P,P;" . and (2,3) # (3,2).

P1P22 N Ixz—x||2+ |}’2_y||2
P\Ry= \sz _xl)2 +()’2 _}’1)2
So d(P\P,) = P\P; = \/(xl -X )’ .‘.(y2 -y, )’ e \l(xI —xx)’ +(/v| _y,)l

Unit-07  Coordinate Geometry 9 National Book Foundation
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Example 2:

Find the distance between the two points A (—1,3) and B (4, 15).
Solution:
By distance formula distance between two points with coordinates (x1, y1) and(xz, y2) is

d= J(xz =X )2 +()’2 = )2
Let (—1, 3) be denoted by (xy, yy) i.e. x;=-1, y;,=3 and (4,15) be denoted by (x2, y2)
1. xa=4, y,=15
Now put them into the distance formula

AB=d =(4—(~1)2+(15-3)"
d=\(4+1)} +(12) _

\

T Descartes was creative in many
d=v5"+12° fields. But he is best known for his
d=+J25+144 contribution to Mathematics. He had

a habit of lying in bed for extended
d =169 periods. One day, while watching a
d=13 fly crawling on the ceiling, he set

about trying to describe the path of
the fly in mathematical language.
Thus, the study of lines and curves

Find the distance between A (% ’_%) and (2,—-;-) was born.

Chock Poie

Collinear and Non-Collinear Point
A set of points that lie on a same straight line are said to be ccollinear.
If three points A, B and C are collinear then, by distance formula,
we have:
d(A,C)=d(A,B) +d(B,C)
or AC = AB+BC
When three or more points do not lie on the same straight line, they are said to be
non—collinear points.
In the figure, points P, Q and R are non-collinear

Application of Distance Formula

Prove that A (3 2),B(4,4)and C (5, 6) are collinear pomts Try to find the coordinates of

Solution: a) Islamabad |
In first step we find the distance between them. b) Pakistan !
c) your native village J

Unit-07 Coordinatc Geometry National Book Foundation
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By Distance Formula, distance between two points (x1, y1) and (x2, y2) is
2
d= (xz -x) +()’2 _}’l)

d(A,B)=AB= /(4-3) +(4-2) y-is
3
AB= 12 +2* = J1+4 16 C(5.6)
AB =45 ... (i) 5
4
d(B.C)= BC= (5-4) +(6-4) P B(4.4)
BC= V1 +2% = [1+4 2 AG3,2)
L1
BC= 5 ....... (ii) g 4+ px-axis
3 2 -1« 1 2 ] 4 5
d(A,C) =AC=(5-3) +(6-2) v
A= T I
=J4+16 =20 '
=245 ....... (111)

From (i), (ii) and (iii), we find that (i) Line segment AB is denoted by AB
AC =AB+BC (ii) Length of AB is denoted by AB or
25 = J5+5 mAB or |AB|.

(111) Distance between points A and B is
2 =2 L i
5 J§ ) ) denoted by AB or d(A, B) or mAB

Hence, the given points are collinear. —

. or |AB]|.

Example 4:

Prove that the points (3, 4), (3, 1) and (8 , 4) are the vertices of a right triangle.

Solution:

Suppose A (3,4),B (3, 1)and C (8, 4) are the vertices of a triangle.
In first step we find the distance between them.

d(A,B)=AB= (1-47 +(3-3  y-axis

= (_3)2 + 02 TP()

AB=9+0 17 AGH) C(8.4)
AB=3 3
L2

d(B,C)=BC= (4-1) +(8-3)

d(A,C)=AC= (8-3) +(4-4)

Unit-07 Coordinate Gcomclry National Book Foundation
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AC= 2540 =5
In right triangle we know that the greatest length is always the hypotenuse. So, BC is the
hypotenuse. By Pythagoras Theorem,
BC? = AB* + AC?
(V3af = 52432

34=25+9

34=34
Hence; A, B and C form a right triangle.

Prove by distance formula that the points (-2 , 0), (4, 0), (4, 2) and (-2 , 2) are the

vertices of a rectangle.
( EXERCISE 7.1 )

‘l 1. Find the distance between cach pair of points.
i (i) (-2, )and(l,5) (i) (1, Dand(7,9)
| (iii) (0,-5)and (-2, 1) (iv)  (0,-5)and (10, 5)

1

% |

(v)  (4,-1)and(2,0) (vi) (-3,and(-2,-3) |
|

!

(vii) (% 2) and (-2, 1) (vii1) G ll) and (13, %)

} .
: (1x) (—%,—%)and (—%,—%} (x) (2%,5%) and (5, 1)

- B Check by distance formula whether these points are collinear or not. ;
(i) (0,1),(2,3)and (3,4) |
(i) (=5,—4),(1,0)and (6,7) |
(i) (0,—5), (3, 7) and (5, 15) |
(iv) (6, 3),(14,7) and (- 6,-3) !
(v)  (0,15),(2,9), and (7, - 6) |
(viy (1,-2),(7,8)and (-2,-7)
3. Check whether the following points are the vertices of
(a)  an equilateral triangle, (b) an isosceles triangle,
(c)  aright triangle, (d) ascalene triangle. |
(i) (2,3),(5,3)and (2, 1) (i) (0,0),(1, J3) and 2,0) ’
(i) (0,1),(8,4)and (0, 8) (iv) (-3, -5),3, -3)and (0, 6) '
(v) (-1, -1),(-1, 5)and (4, 2) (V) (1,2),(7,2)and (7, 8) i
Also find the perimeter of triangle in each case. ..

Unit-07  Coordinate Geomelry National Book Faundation
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| 4. Showthat A (-4,2),B(1,4),C(3,-1)and D (-2,-3)are the vertices of a square.,
5, Showthat A(-4,-1),B(0,-2),C(6,1)and D (2, 2) are the vertices of a
parallelogram.
6. Show that A (1,2),B(7,2),C(7,8)andD (1, 8) are the vertices of a rectangle. Prove
that its diagonals are also equal in length.
7. Show that A (4,2),B(7,2),C(7,5)and D (4, 5) are the vertices of a square. Also
show that the length of its diagonals is same.
8. AreA(-6,2),B(1,2),C(1,5andD (-6, 5) the vertices of a rectangle? Also plot
them.
9, Prove that the points A (-3, 0), B (3, 0), C (6, 4) and D (0, 4) are the vertices of a
parallelogram.
' 10. Show that A (2,-1),B (8,-1),C(8,3)and D (2, 3) are the vertices of a rectangle and
‘ prove that A ABC and A ABD form right triangles.

Mid-Point of Two given Points in a Coordinate Plane

Suppose, we have two points (2 , 4) and (6 , 10) and we want to find the distance between them.
First, we plot the points on the graph and join them. Then we can draw the lines that form a right
triangle by using these points as two of the corners.

y-axis

ﬁlO «B(6,10)

19 “ |10y

- P(x,M

I Ng——9E (6,

7 \ r 6,y)
5 y-4

4 x—2 6—x

4 A(2,4) D(x,4) C(6,4)
2

b _

<+ 1 t 0 ] 2 3 4 5 6 * >
Fig. (iii)

In the diagram, A ABC is drawn by drawing AC parallel to the x—axis and BC parallel to the
y-axis. The coordinates of C are (6 , 4), where two lines AC and BC intersect.

Let P (x, y) be the mid point of AB. Draw PD parallel to the y-axis and PE parallel to the x—axis.
Then the coordinate of D and E are (x , 4) and (6 , y) and, AAPD and APBE are

congruent by (ASA).

Unit-07  Coordinate Geometry National Book Foundation

Y




We have AD = PEE , PD = BE https://fbisesolvedpastpapers.com

X=2=6-x, y=4=10-y
2x=8 2y = 14
x=4 . y=17

The mid point of ABis P (4, 7).
We can also find the mid point of A (2, 4) and B (6, 10) in this way
p 246 'it’lg]
2 2
=P(4,7)

Mid-Point Formula

In the above figure (iii) if we take A (x) , 1) instead of A (2, 4) and B (x2 , y,) instead of
B (6, 10), then we have:
x—-2=x-x; and 6—x=x—x
Similarly, = y-4=y-y and 10-y=y,—y
We have already proved that

AD =PE ' X PD =BE
X—X|=X—-X ’ Y=I\"p2"Y
2x=x, + X2 , 2y=y1t+y;
_%tx _ Nty
2 ’ d 2

To apply the mid point formula remember that:
the x—coordinate of the midpoint = the average of the x—coordinates
and the y—coordinate of the midpoint = the average of the y—coordinates.

The mid-point P of the line segment from Py (x1, y1) to P2 (x2, y2) is

X+x, nth
P( 2.7 2 ) '
Example 5:

By using mid point formula, prove that the diagonals of a parallelogram with vertices (1, 1),
(2,4),(6,1)and (7, 4) bisect each other.

Solution:
First we plot these vertices on a Cartesian plane as shown in the fig.(iv). In parallelogram ABCD,
AC and BD are its diagonals. y/axis
Let both the diagonals intersect each other at point E(x , y). D(@2,49) C(7,4)
By mid point formula, mid point of AC has the coordinates / W /
as ,

B(6,1)

A(l,1) X
> X-ax1s

N

0
Fig. (1v)

Unit-07  Coordinate Geometry National Book Foundation
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7+13+_1)
2 "2

=(4,25)........ (i)
Ty . i 4
and the coordinates of the mid point of diagonal BD is (2—;2,—;—1)

w(4,235)iim (ii)

From (i) and (ii) both the diagonals have the same mid point, so they bisect each other at point
E(4,2.5).

Example 6:

If (1, 4) is the midpoint of the line segment joining (6 , b) and (a , 2). Find @ and b.

Solution: :

By mid point formula, mid point of the line segment with end points (x; , 1 ) and (x2 , 32) is

(xl+x2 }’1"')’2).

2 2
So, mid point of the line segment joining the end points (6 , ) and (@, 2) is

(6+-a b+2)

’

. 2
By using the given condition, we have
(6 ta ,bﬁ} (1,4
2 2
By the definition of equal ordered pairs,
S+va_, &f S2-4
2 2
6+a=2 and b+2=8
a=2-6 and b=8-2
=-4 and b=6
Hence, a=-4 and b=6
Example 7:

Use AXYZ in the adjoining figure to find the following.

(i)  Midpoint L and M of XY and YZ respectively
(i) d(L,M)andd(X, Z)
(iii)  The relationship between LM and XZ .

Solution:
(i) By mid point formula the coordinates of L
(_2’“5,12*3) " Z,E Y23) M Z(7.4)
2 2 22

Unit-07  Coordinate Geometry @ National Book Foundation
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Coordinates of M are (ﬁ 3*'_4)=(2 Z)
2 '

i = (1_9) (157
i) d(L. M) \/(2 2] +[2 2]

Now, d(X,2) = J(12-4) +(5-7)
= {8 +(-2)
=J64+4 =468 =217

(iii) From part (ii), we observe that
d(X,Z)=2timesd (L, M)

Or XZ=21LM
Or LM= X—Z
2
Hence,

Length of the line which is obtained by joining the mid points of any two sides of a triangle is
half of the length of third side.

( EXERCISE7.2 )

1. Find the mid point of the line segment joining the given points.
(iii) (1.4,-1.5), (2.6, 3.5)

2. Look at the quadrilateral ABCD in the adjoining figure
IfE, F, G and H are the mid points of its sides

. C(2.,6)

as shown in the figure, then

(1) Find the coordinates of E, F, G and H G -
(ii) Draw line segments EF, FG, GH and HE /

by joining the mid points of its sides. D <
(iii) Find the distance of EF, FG, GH and HE (-3, 2ﬁ’\/

(iv) Guess the type of quadrilateral EFGH. A(1,0)

Unit-07 Coordinate Gcomctry @ National Book Foundation
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'3. Check by using the mid point formula whether the diagonals of trapezium PQRS with
vertices at P(1,0) ,Q(6,0),R(7,4), S(-1, 4) bisect each other or not.

4. If vertices of a thombus are A (-3,-1), B (0, 0), C (1, 3) and D (-2, 2)
Show that its diagonals bisect cach other.
Also find the length of cach diagonal. A G, 7)

5. Look attheA ABC in the adjoining figure.
(1) Find the coordinates of the mid points D
and E of AB and AC respectively. B(-4,0) C(4, 0)
(i)  Findd(D,E)andd(B, C).
(i)  Find halfofd (B, C).
(iv)  Compare the length of DE and BC and draw conclusion.

6. Hassan and Ali participated in a race
competition. They both have to start running

from different points on coordinate axes at a Al
distance of 6 units from origin but they must
g . C¢—target
reach at the same target point C, after covering point
an equal distance. If Hassan starting point is on < S
x-axis and Ali’s starting point is on y-axis as A Hassan
shown in the figure, then find the coordinates
of the:
(i) starting points of Hassan and Ali  (ii) target point C
7. Label the missing coordinates of the vertices of the following figures.
(i) Square OLMN (i1) Rectangle ABCD
V-axis y-axis
2 | . A
N M . B(0,2)
, axis € P x-axis
0 L(3,0) T TD (- 4,0 A
v

Unit-07  Coordinate Geometry p National Book Foundatio:
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¢ distance between two points A(xy , y1) and B(xz, y») is given by ‘}

d(A’B)=AB=\K"1_x1)Z+()’2_.V|)2' |

« Distance formula is used for finding the
(a) distance between any two points on a line,
(b) length of the sides of geometrical figures obtained by joining three or more non-
collinear points. e.g. triangles and quadrilaterals (square, rectangle, parallelogram,
rhombus, trapezium, kite etc.).

' o All those points, which lie on a same straight line, are called collinear points.

e The points which do not lie on a same straight line are called non-collinear points. e.g.

vertices of a triangle and of a quadrilateral are non-collinear points.

+x nt) )
? 2
e The mid point of the diagonals of a quadrilateral can be found by using the mid point
formula.
o If two lines bisect each other then, their mid point will be same.

e The mid-point of a line segment with ends A(x; , 1) and B(x; , y») is (

. Encircle the correct option in the following.

(i) If the coordinates of four points are A(% —%) 5 - (3, %), C(3,-2)and P(l, %) , the

relationship between the distance AB and CD 1s:
) AB>CD (b)) AB<CD (¢c) AB=CD (d) AB =%cn

(ii) Ifaand b are any two points on a coordinate line (number line), then its mid
point will be:

\ a+b . (a bj / (a b) 0 (a b)
¢ (h) - -, = =, y =
(a 2 g’ 2 2 « 2

iii)  (5,2), (7, 0), (1, -2)and (-1, 0) are the vertices of a

(a) parallelogram  (b) square (c) trapezium (d) kite
(iv)  The triangle with vertices (1, -3), (3, 2) and (-2, 4) is:
(a) aright triangle (b) an isosceles triangle
(c) arightisosceles triangle (d) an equilateral triangle
Unit-07 Coordinate Geometry @ National Book Foundation
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(v) Mid-point of (¢, - d) and (- d, c) is: https://fbisesolvedpastpapers.com
c d b) -c—-d —d—c]
w (3-5 : 2 2
©) (—d: ¢ ‘ c;d ) (d) (c-d,-d+c)

(vi)  If P(2,3) is the mid point of A (x, 4) and B (- 3, y), then the
coordinates of (x, y) are:

g [ 30 *_‘ELL“) d)(7,2
(a) (?, T) (b) (5,-1) (c)( > 3 d)(7,2)

(vii) If two ordered pairs (4, 5) and (f’zll b —3] , are equal then, the value of @ is:

(@) 4 ® 8 (c) 7 (d 5

(viii) In which quadrant, the point (— 4, — (- 6)) lies?
(@)  first (b)  second (c)  third (d) fourth

(ix) In the adjoining figure of a line: } —t
d(A,C)-d(B,0)= A B C
(a) d(B,A) (b) d(C,B) (c) d(A,B) (d) botha&c
(x)  The abscissa on y—axis is:

(a) 1 (b) «x (¢c)  zero d y
(xi) Minimum number of sides in a polygon is:
(@ 2 (b)) 3 ) 4 d 5
(xii) Ifx<0andy>0,then (-x, y)will lic in quadrant:
(@ I (b) I (c) I d v
(xiii) The point (3, 5) is at minimum distance from:
(a)  x—axis (b)  y-axis ()  origin (d) botha&b

(xiv) If M is the mid point of the line segment LN, then LN : MN is:

(@ 2:1 (b) 1:2 () 1:1 d 1:3
(xv) All the bisectors of a line segment always pass through:
(a)  x-—axis (b)  origin ()  mid-point  (d) y—axis

(xvi) The below figure is a kite, what will be the coordinates of the point of intersection of

both diagonals? AQR3)
@ (0,2 (b (2—;-,0]
D(o.0><]>
© (0,0 (@ (0 B (5,0)
C(2,-3)

Unit-07  Coordinate Geometry @ National Book Foundatio
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(xvi) In the given figure, if S is the mid point of PQ, P(-2,4) s Q@4,4)
then SR is ’ -
@ V2 b £5
(c) 6 (d) 3
R (1,-1)
xviii) If distance between two points A(c, 10) and B (0, —1) is 20 units, then the value of ¢ is:
@ 279 ®) 331 © 3 (@ 40

xix) The length of the hypotenuse of A XYZ whose vertices are (7, 4), (7, 1) and (-3, 1) is:
@) 3 ®) 10 © V109 @ o1
xx) The mid point of the hypotenuse of a right triangle with vertices (4, 0), (2, 1) and (-1, — 5) st

1 1 3 5 35
2, — ~, -2 =, A2 =, =
(a) ( ,2) (b) (2 ) (©) (2 2) (d) (2 2)
xxi) If end points of a diameter of the circle are (4, 5) and (6, 9), then coordinates of its center

will be:
@ (7595 ® (1,2 © G671 @ (0,0

xxii) If two points (2, 3) and (4, 5) are at equal distance from (3, t) then, the value of t is:
(@ 3 (b)) 4 () 3 @ 7

wxiii) A point P(x, y) is at equal distance from both the axes and lies in the third quadrant. If it
is at a distance of 4 units from y—axis, then its coordinates are:

@ 44 (b) (4.-4) © &4 @ 4-9

xiv) A line AB intersects x—axis at C with a distance of 3 units from origin and y-axis at D
with a distance of 6 units from origin, then d (C, D) is:

@ 35 b) 33 © 3 d) 45

The consecutive vertices of a quadrilateral are A (0, 0), B (0, 5), C(4, 7) and D(4, 2).
Show that quadrilateral is a parallelogram.

Show that the four points (5, 8), (7, 5), (3, 5) and (5, 2) are the vertices of a thombus.

A (3, 4), B(-1, 7) and C (x, y) are three collinear points such that B is midpoint of AC.
Find values of x and y.

t-07  Coordinate Geometry @ National Book Foundation
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GEOMETRY OF
STRAIGHT LINES

Int this unit Ihc ludcn'L,s_ v_vlillbrc sib’lg “.’f |

¢ Find the gradient of straight line when coordinates of two points in a plane are
given.

o Find the gradient of parallel and perpendicular lines.

e Derive equations of straight line in slope-intercept form, point-slope form, two |
points form, intercepts-form, symmetric form and normal form. '
Show that the linear equation in two variables represents a straight line.

o Reduce the general form of the equation of a straight line to other standard
forms.

Find the angle between two coplanar intersecting lines.

e  Find the equation of family of lines passing through the point of intersection of
two given lines. ‘
Calculate angles of triangles when the slopes of sides are given.

e Apply concepts of coordinate gecometry to real world problems.

e &

To go from one floor to another at a library, you can take cither the
stairs or the escalator. You can climb stairs at arate of 1.75 feet per
second, and the escalator rises at a rate of 2 feet per second. You
have to travel vertical distance of 28 feet. The equations showing
the vertical distance d (in feet) traveled after /seconds are:

Stairs: d=-1.751+28 Escalator: d=-21+28

a. Graph the equations in the same coordinate plane.

b. How much time do you save by taking the escalator?
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Gradient (Slope) of Steaight Line

Inclination of Straight Line
The inclination of a straight line is the angle @ which the linec makes
with positive x-axis measured in anti-clockwise direction.

y
‘ o !ny line parallel to x-axis is called horizontal line. "
e Any line parallel to y-axis is called vertical linc. &
Line which is neither horizontal nor vertical is } ,,_Q
called oblique line. 0 e > x
A

¢ Inclination of horizontal line is 0°.
Inclination of vertical line is 90°.

Gradient

When a car rides up a hill, its speed reduces. The steeper

the hill, the harder it is to climb.

The measure of the steepness of hill is called r«clicnt (slope).
Gradient is ratio of the vertical distance to the horizontal

distance. ‘
vertical distance _rise

Gradient = horizontal distance run 2m
_ 2 _ 1 — ¢ 0 6
~ 50 25 on 50 m

Where the angle 6 is inclination.

coy Fact DERMIEE |

The gradient of a straight line is the tangent of the angle which the line makes with the

positive direction of the x-axis. . M
L W

y-axis
A

Gradient of Straight Line

The gradient of straight line is defined as: B(8,9)
B rise
- run . . . .
In the figure line AB is inclined at an angle 6 with x-axis.
X ; rise
Gradient of line AB = —
run
__ difference in y—coordinates of AB
difference in x—coordinates of AB (5 » X-pXis
9-2 7
8-4 4 .
2—-9 -7 7
Alternativel 1 =—=— ==
rnatively, gradient of AB =f ~¢ 4
National Book Foundation
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Generally, gradient of a straight line is denoted by m.
Therefore, m =tan@

Example 1:

(1) Find the gradient (slope) of line whose inclination is 45°.
(i)  Find inclination of line whose gradient is 1.732."
Solution:

(i)  Here 6=45°
.. Gradient = tan 45° = |
(i)  Gradient =tan § = 1.732
.. Inclination = @ = tan™'(1.732) = 60°

Formula of Gradient

y-axis

If A(x1, y1) and B(x,, y,) are two points on a line AB, 4 Bt
then gradient of AB is: ; X2, Y2

_Y2=V1 _n1—Y2
m = =

Xy — Xy X1 — X3
Gradient of AB can not be 2222 or 2231 C(x2, y1)
2T & 0 » X-axis

e Ifthe line is parallel to x-axis, then 8 = 0°, and we have m = tan 0° = 0. Thus, gradient
of horizontal line is 0. ;
o Ifthe line is perpendicular to x-axis, then 8 = 90°, and we have m = tan 90° which is 1
undefined. Thus, gradient of vertical line is undefined.

y-axis y-axis
A A
m = undefined
Vertical line
m=0
Horizontal line
0 —> X-axis o 0 » Xx-axis
Unit-08  Geometry of Straight Lines "_@ National Book Foundatio::
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Sign of Gradient

y-axis y-nxin
B A
I v

’ g
» X-0Xis N

o /A 0 L\
Figure, 1 Figure 2

e In the figurc 1, line AB makes an angle a (0° < a < 90°) with the positive x-axis. As the
value of tan a is positive in first quadrant, thercfore gradient of line AB is positive for
0° < a <90°.

e In the figure 2, line LM makes an angle 8 (90° < # < 180°) with the positive x-axis. As the
value of tan £ is negative in seccond quadrant, therefore gradient of line LM is negative for
90° < B < 180°.

B s ko Rt

Key Fact

» X-u%i%

TN AT
RS

D el iy
'llﬁ-!"}il‘a u,‘ﬁjﬂ‘) e A

Gradients can be positive or negative but are always observed from left to right.

Positive Gradients Negative Gradients
y y=2x| |y=x (T I T T,
A 1A ‘;_,h_l__!,jt: AN T 50789
6} - B 2 ANNG
P e BN - £
3 | L 3 r5~[t-- \\ ]
oA YA L L AT o+ 1 N
l ~ Ak [‘7ri i" T l_, r\_} 4
| x l
123456789 , yy=—2x =
Gradient of Parallel and Perpendicular Lines o
y-axis y-axis
4 II lz A
P2
P
o 6
P X-aXis » X-axis
o / Figure 1 /
National Book Foundation
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Figure 1 shows two parallel lines /; and /; making angle a with positive x-axis.
If gradients of /; and /; are m, and m; respectively then:
ny = nmp
Figure 2 shows two perpendicular lines py and p, making angles a and # with positive x-axis
respectively. If gradients of py and p, are my and m; respectively then:

e If two non-vertical lines are parallel, there gradients are equal.
If two lines have same gradients, they are parallel.
e If m; and m; are gradients of two perpendicular lines, then:
mpXmy=-1
e Three points A, B and C are collinear if gradients of AB, BC and AC are equal.

Example 2:

Find gradients of lines joining: (1) A(1,4), B(3,6) (i) C(-3,5),D(0, 3)
Solution:

(1) GradientofAB=yz_y’=6_4

=1
Xy — X1 3-1
-y1_ 3-5 =2

. . _)2
(11) Gradient of CD = Xp—% 0-(-3) 3

Example 3:
Prove that lines AB and CD are parallel where A(3, 5), B(4, 6), C(7, 11), D(9, 13).
Solution:

Gradient of AB = =22=91=-275 _ o ey e

X2 —X1 4-3
|
: _ o _13-11 2 _ Slope of line PQ is 5. Find
Gradient of CD = m2 7 g 1 the slope of life

As, m=m: perpendicular to PQ.
Therefore, AB and CD are parallel lines.

Example 4:
Lines AB and CD with coordinates A(0, 3), B(2, 8), C(3, 10), D(8, k) are perpendicular. Find k.

Solution:
! 8-3 5
Gradient of AB=m=—— =—
2-0 2
. k-10 k-10
Gradient of CD =m2 = =
8—-3 S

Unit-08  Geometry of Straight Lines National Book Fownsdamon
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As, AB and CD are perpendicular,
Therefore, m X om ] -

5 k=10 Line segments joining mid point of
- rr uny side of'a triangle with opposite g
51 o D vertex is called median of triangle. &
] -
= - | A D 1
= 5k-50 = -10 = Sk = — 10+ 50
= S5k = 40 =5 k= 8§

S e N
( EXERCISE 8.?)

I Find the gradient (slope) of line whose inclination is:
(i) 0° (i) 30° (iii)  60° (iv) 90°
(v) 120° (vi) 150° (vii) 170° (viii) 45.5°

tJ

Find inclination of the line whose slope is:
(i) 0 (ii) 0.577 (iii) - 1.732 (iv) —0.364

Find gradient and inclination of lines joining:
() A(2,6),B(5,8) (1) C(-2,4),D(1,-3) (iii) E(5,-2), F(-2,-3)

129

If A(-2, 6) and B(7, -3), find the slope of line:

4

(1) parallel to AB. (11) perpendicular to AB.

S. Find x if the slope of line passing through A(3, x), B(5, 8) is 4.

6. Find kif lines passing through A(k, 2), B(3, 5) and C(5, —1), D(8, 7) are parallel.

Find k if lines passing through P(-1, 2), Q(4, 7) and R(2, k), S(7, 10) are perpendicular.

5. Using slopes, prove that points X(0, -3), Y(4, 7) and Z(6, 12) are collinear.

9. Find value of y if points P(4, y), Q(5, 2) and R(6, 2y + 1) are collinear.

10. Prove by using slopes that points A(3, -1), B(-5, -5) and C(1, 3) are vertices of a right
angled triangle.

'1. Using slope, prove that A(-2, 1), B(6, 3), C(10, 5) and D(2, 3) are vertices of
parallelogram.

12, P(x,), Q(-2,2), R(1, 4) and S(10, 1) are vertices of a parallelogram. Find P(x, y).

I3, Three vertices of a rhombus are A(2, —1), B(3, 4) and C(-2, 3). Find fourth vertex.

14. 1£(5,0), (0, 5) and (8, 8) are vertices of a triangle, find:
(i) slopes of sides. (ii) slopes of medians. (iii) slopes of altitudes.

Unit-08 Geometry of Straight Lincs @ National Book Foundation
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iﬂpbmtsonﬂle line satisfy the equation:
y=b

If b >0, then the line is above the x-axis (line /).

. If b <0, then the line is below the x-axis (line m).

e If b =0, then the line becomes x-axis and equation of x-axis become y = 0.

Equation of Straight Line Parallel to Y- axis
In the figure, all the points on the line parallel to y-axis
remain at a constant distance a from y-axis.

Therefore, all points on the line satisfy the equation:

X=4a

e Ifa> 0, then the line is on the right of the y-axis (line /).

e Ifa <0, then the line is on the left of the y-axis (line m).

e If a=0, then the line becomes y-axis and equation of y-axis become x = 0.

Intercepts

If a line AB intersects x-axis at (a, 0), then a is
called x-intcrcept of the line AB.

If a line AB intersects y-axis at (0, b), then b is
called v-iniercept of the line AB.

&
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Derivations of Standard Forms of Equations of Straight Lines

1. Slope Intercept Form
Theorem: Equation of straight line (non-vertical) with slope (gradient) m and y-intercept ¢
I8!

y=mx+tc

Proof:
Let P(x, y) be any point on the straight line / with slope m and y-intercept c.
y-intercept ¢ means that line intersects y-axis at point A(0, ¢).
As P(x, y) and A(0, ¢) lic on the line /, therefore slope of line

is: ’
_y-c
= y—c=mx /

y-axis /

= y=mx+c P(x,y) c
Which is equation of line / in slope intercept form. P
If ¢ = 0, then the line y = mx passes through origin. /4 5 » X-axis

2. Point Slope Form
Theorem: Equation of non-vertical straight line passing through point B(xy, y1)

with slope m is:
y—y1=m(x—x)

Proof: v
Let P(x, ) be any point on the straight line / with slope m 4 ;
and passing through point B(xy, y1). B
As P(x, y) and B(x), y1) lic on the line /, therefor slope m S P(x, y)
of the line is: y-n ‘ '

m= xX— Xq B (xhyl)/.

= y—y1 = m(x —x1) \0

—3 X-axis

Which is equation of line / in point slope form. =

3. Two-Point Form
Theorem: Equation of non-vertical straight line passing through two points A(xi, y1) and

B(xz, y2) Is:
Y2-W1 Y2-V1
yty = oy Gmx) oty = e )

Unit-08  Geometry of Straight Lines National Book Foundation
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Proof:

Let P(x, ») be any point on the straight line / passing y-axis
through points A(xy, v1) and B(xy, 2). B (x2, y2)
As A(x), ) and B(xa, 2) lic on the line /, therefor slope m

of the line 1s; P(x, y)

4 A(xlayl)./
Now using point slope form of line, we have:

V2
X2

0
seren (x=x1) ", 0

» X-axis

y=p1==

Y- X— X,
or =
Y2—Y1 X—Xq

Which is equation of line / in two-point form.

Theorem: Equation of straight line having x-intercept a and y-intercept b is:

X
a b y-axis

A
Proof:
Let P(x, y) be any point on the straight line / with
x-intercept a and y-intercept b.
Obviously, A(a, 0) and B(0, b) lie on the line /.
Therefor slope m of line is: b “'\P(x’ ¥)

\
b-0 A (a, 0)

= 0 . ‘-»
0-a a AW X-axis

B0, b)

m
Now using point slope form of line, we have:
b-0
y=b=5—_(&-0)

= —ay+tab=bx

= bxt+ay=ab

= =+ =1 (dividing both sides by ab)

Which is equation of line / in 2 intercept form.

Unit-08 Gcomctry of Str a'gh‘ Lines @ National Book Foundation
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5. Symmetric Form y-axis
If @ is inclination of a line /, then slope of line is: t B
m = tana
= tana = M
X = X4

sina -
= 2=

cosa X —X, &

xX—-x - P X-axis

cosa sina
Which is symmetric form of equation.

6. Normal Form
Theorem: If p is perpendicular from line / to the origin and « is the inclination of this

perpendicular then:
x cosa +y sina =p
Proof: : ‘ Y“'j‘:‘is
Let the line / intersects x-axis and y-axis at points [
A and B respectively. Let P(x, y) be any point on the - | B
line / and OC be perpendicular to line from origin, ! ,
then OC =p N C
From right angled triangle OCA: .S
oC_ p /P o F5 )
cos@a=——"= -
OA OA a o +
p Y A X-axis
or OA =
cosx
From right angled triangle OCB:
Cos (90°- @) == = 2
0s (00"~ @) =55 ~ 0B
P =P
sina = op OB Sing

As, OA and OB are x-intercept and y-intercept of AB, therefore using two-intercept form,

we have:
x y x y X
+ =1= 3 =] = + =
B e—— o x cosa +y sina =p

Which is normal form of equation of line /.
Example 4:
Find the equation of straight line with the following information:
(i) slope =35, y-intercept =3 (11) through (5, 0) with slope —3
(iii) through (2, 4) and (-1, —4) (iv) X-intercept =6, y-intercept = —4

Unit-08  Geometry of Straight Lines
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(i) Slope=m =35, y-intercept = ¢ =3

Equation of line in slope intercept formis:  y=mx+c¢
= y=5x+3or Sx-y+3=0
(i) (i y)=(50),m=-3
Equation of linc in point slope form is: y —y; = m(x - x)
Substituting for (xy, y1) and m, we have:

y—=0==-3(x-5) = y=-3x+15 or 3x+y-15=0
(1) (xi, 1) =(2,4), (x2,y2)=(-1,-4)

Equation of line in two-point form is:

Yy=Y1 _ X— X

Y2—=Y1 X2— X4
Substituting the values, we have:
y-4 x-2 y—-4 x-2

=
—4-4 -1-2 -8 -3

-3(y-4)=-8(x-2) = -3y+I12=-8x+16

=8x—3y-4=0 N
(iv) x-intercept=a =6, y-intercept=h=-4- E@@fiﬂ@ﬁ) e 3

Equation of line in two-intercepts form is: 1. Find equation of line with
x y slope =2, passing through (3, 0).
a 25 I 2. Find equation of line passing
Substituting the values, we have: tarough{0, £) and (450
24X 5 —ax+6p=-24
6 -4

or 2x—-3y-12=0

Example 5:
Find the equation of straight line:
(i)  through (3, —2) and perpendicular to the linc with slope 3.
(1) having y-intercept = =7 and parallel to the line with slope 4.
(111) through (=5, 1) and perpendicular to the line passing through (0, 9) and (-2, 6).
(iv) if length of perpendicular from the origin is 6 units inclined at 60°.
Solution:
(i)  CLy)=0G,-2)

Slope of given line =3

As, the required line is perpendicular to the given line, therefore, slope of required line is:

Unit-08  Geometry of Straight | ine: ’ﬁ National Book Foundat®
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m=—=
- 3

~. Equation of required line is:
1
yroim-— 3(x=3) (point-slope form)

= Jy+6=—x+3 = x+3y+9=0
(1)  y-intercept = =7
Slope of given line = 4

As, the required line is parallel to the given line, therefore, slope of required line is:
m=4

. Equation of required line is:
y=4x—17 (slope intercept form)
= 4x-y—-7=0
(1i1)  (x1,31) = (=5, 1) and perpendicular the line passing through (0, 9) and (-2, 6).

" . _6-9 -3 3
Slope of given line = gl S
As, the required line is perpendicular to the given line, therefore, slope of required
line is:
2
m=—-—
3

.. Equation of required line is:

p=1l== g(x +95) (point-slope form)
= 3y-3=-2%x-10 = 2u&+3y+7=0
(iv) p=6 and 6 =60°
Equation of line in normal form is:
x cos 60° + y sin 60° =6
V3

1
= XX =+yx — =6
2 2

= x+V3y =12 or x +V/3y—12=0

R TN a0 A R D NIRRT L 2 Pa A
@ GeéncralEormiofEq uatiomotStraig! _f Pines

WNasy

General form of a linear equation in two variables x and y is:

ax+by+c=0

where a, b and c are real numbers and, @ and b cannot be both zero.

National Book Foundation
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Theorem: , )
A linear equation ax + by + ¢ = 0, in two variables x and y represents a straight line. Here a, b, c

are constants, and a and b are not simultancously zcro.

Proof:
ax+by+c=0 (1)
Case |1 When a = 0 and b # 0 then equation (1) takes the form.
bytc=0 or y= —%

which represents equation of line parallel to x-axis.
Case 2: When a # 0 and b = 0 then equation (1) takes the form.
c

ax+c=0 or X =—-
a

which represents equation of line parallel to y-axis.
Case 3: When a # 0 and b # 0 then equation (1) takes the form.
a ¢ a ¢
TpF T 0T )
which represents slope-intercept form of equation of line with:

by=—ax—c=0 or y=

a ) c
slope = - 5 and y-intercept = — N

[ Key Eact /S +
From case 3, we can have a rule for finding slope of equation of line ax + by + ¢ =0
as follows:

a coefficient of x

slope=——= - —
b coefficient of y

' 4 4 & E J i
) Jther dStandardad

We know that general form of equation of straight line in two variable is:
) ax+by+c=0 (1
We can reduce equation (1) into various standard forms as follows:

]. Slope-Intercept Form

From equation (1) we can write.

a ¢ a c
by=—ax—c=0 or y==x b_(_gx)+(_3)

which represents slope-intercept form of equation of line with:

a . Cc
slope=—— and y-intercept=—— e
b b oD
- =
2. Point-Slope-korm Find equation of sides of triangle
with vertices P(1, 2), Q(5, 6) and

a
Slope of equation (1) 1Ism=——
b R(11, 12).

Unit-08  Geometry of Straight Lines @ National Book Foundation
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A point on equation (1) is (x1, y1) = (0, = 3)

. Equation of line in point-slope form becomes:

3. Two-Pomt Form
Two points on equation (1) can be taken as (x1, y1) = (0, —-) and (x2, y2) = (--a£ , 0),

- Equation of line in two-point form is:

C
}"3= x-0
C (o
0—'5 ;—0

c a
or y- ——;(x—O)

4. Two-Intercept Form

From equation (1)
ax by X + Y - 1

+ = — — = =
ax + by é or _C+ = 1 or =k Zc/b

which is equation in two-intercept form with:

" c ;
x-intercept = — . and y-intercept= ——

5. Symmetric Form

Slope of equation (1) is m = tand = —% B

v
Sing = a d b 1 XY -
1n@ = 2152 and Cos8 = _—W /L\/,/ "
A point on equation (1) is (x1, y1) = (0, — = ) Y
.. Equation of line in symmetric form is: h
X=Xy Y=Y x=0 y+3
Cosé sine O _B_ &
VaZ+b2? va2+h?
6. Normal Form
Equation in normal form is:
xcos@ + ysind = p (2)
From equation (1), we have:
ax+by=-c 3)
Equations (2) and (3) are identical, therefore:
a b _-c
cosa  sina p
= p _ cos@ sin@ Vcos?6+sin?0 1
~-C a b tvVa?+b? +Va?+b?
€
—J p = ————
tVa?+b?
Unit-08  Geometry of Straight Lines @ National Book Foundation
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ax 4 by -C XA"
= e— 1
+Va?+b? = VaZ+b? +VaZ+b2 o a
a b -c 4
- () +ehem) -
+Va?+b? +Vaz+b? +Va2+b? b

Which is required normal form of equation of line.

The sign of radical is choosen in this way that right hand side becomes positive.

Example 6:
Reduce the equation 6x — 5y + 15 = 0 into:

(1) slope-intercept form (i) two-intercept form (iii) point-slope form
(iv) two-point form (v) normal form (vi) symmetric form
Solution:

(1) 6x-5y+15=0 = Sy=6x+15 = y=§x+3

6
where m=-§ and ¢=3

(11) 6x—5y+15:0 = 6x-5y= ~15

- ()21 - e
~15 -15 ~15/6  15/5

x A 5 .
> ——+2=1 where x-intercept = - - and y-intercept = 3
-5/2 3 2

(111) A point on the line is (xy, y1) = (0, 3). Also slope of lineis=m =_— (—(1-) =

nia

: : . 6
Equation of line can be written as y -3 = § (x-0)

- -5
(iv) Two points on the line are (xy, y1) = (0, 3) and (x2, y2 ) = (_2, 0)

Equation of line passing through both points is:
y-3 x-0

2

0-3 Zé‘i -0
(V) Given equation can be written as 6x — S5y =—15

Or -6x+5y=15 (Make right side positive)

Dividing both sides of — 6x + Sy =15 by i/(—6)% + 52 =36 + 25 =61

60 L3 _15 (_:g)+(5)_15
= C @ UU\EtE
Which is normal from of equation.

(vi) Given equation is 6x — 5y + 15 =0. ‘ ~

6 . ) , 6 5
m = tanf == which implies sin@ = — and cosf = —
5 P V61 V61

Unit-08  Geometry of Straight [.in. - @

National Book Founl



(]

W

()}

(@)}

7.
&.
9.

10.

11.

Unit-08

A point on the line is (x1, y1) = (0, 3).
Thus equation in symmetric form is:

https://fbisesolvedpastpapers.com

x-0 y-3
I
Vo1 V61

— NN NN e NN, .
( EXERCISE 8.2

Find the equation of horizontal line passing through:

. y o e .. (=3 =5
M @3 ) @0 (it}) (-5,-9) v (5.5)
Find the equation of vertical line passing through:
_ " . 1 3
0 (1,5 (i) (9,6) (ifi) (~4,-7) @ (3 3)
Find equation of the line with the following information:
(i) slope =2, y-intercept = -3 (i1)  through (-5, 7) with slope 4
(iii) through (4, —5) with slope 0 (iv) through (=2, 9) with slope undefined
(v) through (-6, 1) and (2, 4) (vi) through (2,—4) and (8, 4) \

(vil) x-intercept = —6, y-intercept =5 (viii) slope =—1, x-intercept =11
Find equation of line in symmetric form when:

A 3 i3
() ,»)=(42)andtanf == (i) (x1,1)=(6,~6)and 6= 30°
Find equation of line in normal form when:
(i) p=5 and 6 =120° (i) p=10 and tan@ =1
Find the equation of straight line: |
(i) through (—4, —4) and parallel to the line with slope —S5.

(i) through (5, —1) and perpendicular to the line with slope %

(iii) having y-intercept = 4 and parallel to the line with slope %

(iv) having x-intercept = —2 and perpendicular to the line with slope 4.
(v) through (—1, 4) and perpendicular to the line passing through (3, 0) and (1, —2).
(vi) through (6, —4) and parallel to the linc passing through (=5, 2) and (3, 6).
Find equation of the line through (3, 7) and parallel to the line 4x -3y + 1 =0.
Find equation of the line through (=2, —1) and perpendicular to the line x — 2y = 0.
Find equation of perpendicular bisector of line segment joining (0, 6) and (2, —2).
Find equation of medians and altitudes of triangle with vertices

A(0, 4), B(4, 6) and C(-2, -2).
Reduce the equations (a) 6x+8y—-11=0 (b) 4x-3y+9:=0 into:

(i) slope-intercept form (i) two-intercept form (i) point-slope form
(iv) two-point form (v) normal form (vi) symmetric form

Geometry of Straight Lines National Book Foundation
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Angle Botween ‘I'wo Coplangr Interseeting 1ines

Lot Ly nnd £y b two non-vertion non: perpendioulnr coplanar lines making angles o and f3 »ite
posltive el reapectively nd shown in figure, v "A""

ey e iy e the slopes of 1 and 1, I,
wiively, then the ungle O from £y 1o /s,
rewpectively, then the angle 0 Trom £y 1o 1) 18 ,’
v
My
(AN) = s w oo
I ¢ mymy G
P
I AABC, [ and 0 are two interior 4
angles and a s non adjncent exterior angle, a
v &
N oa = . 1. >
A () 7

Y 0 - a [

. rain
— A ‘
o tn 0 = tan(a f)) W

tana ~ tan ff

= tnf) - o If 1l 11y thentan ) =0
Ly tanu tan ff My, = 1My
——) = my= My
Astan @ = my and tan [f = my , 14 1y my
My = m o Ifl; L1, then tan ) = tan Wy = &
S tan 0 S m, = m
14 my m, s Z L =co
14 mymy

Ioxample 7:
Find the measure of angle from [y 1o [, =» 14mm=0 = e Ny s_:l,
, ‘ , ' s Angles are measured from positive x-zxis i
if: slope of [y =~ | and slope of I, -~ 2 counter clock-wise direction.
Solution:
slope of [y = my =~ 1 and slope of [, = my 2
If 0 be the angle from [y to [ then:

my = m; 2-") /
- 1+mym; 142(=1)

0= tan’ (- 3)~ 108,43

Example 8:
Find the interior angles of triangle whose vertices are A(-2, 0), B(3, 0) znd C(6, 5).
Solution:

Let the slopes of sides AB, BC and AC be denoted by my, m; and m; respectively.

tan 0

" 0-0 0 5-0 5 5-0 5
" L5 em— m :...—-—-'.:—, m S ee— T
YR ‘763 3 *"e42 8

Let «, f# and y be interior angles of AABC at vertex A, B and C respectively, then:
Angle is measured from AB to AC.,

Unit-08  Geometry of Straight Lincs Nz Bork Feamdanent



https://fbisesolvedpastpapers.com

s %5
My=m = )
mnu'-l—";-n-—';l--v—ﬁ(”-—u b
allly 14 li)“” ]} ‘
f 7
=~ lan ! (*) = 320 el
b AG2,0) Sope e 3,0y
A
my=m, 0-2 4

tan [ = ‘s -
/ 14mym, 1+(U)Gr) .

ﬁ/!"lnn'(~--1(-)(;)r—~l2l" m

-

5o 20 It is better to find third angle of
tan y = —2—8. o 7 triangle by subtracting sum of
memy  14+(3)3) 7 4 measures of first two angles from
. ' ' “U‘l

9
=y tan ' ( ;)‘:27"

Point of Intersection of Two Straight Lines

Let £y and 1) be two non-parallel straight lines such that:
licaw vV by dep =0 and  Liax Yy b ey ()
where @by aby # 0 otherwise 1 || /.

Let P(xy, yy) be the point of intersection of 1y and /1, then:

axy by ey 0 (1) N
a h ' a /
apy + by F ey 0 (2) l v L A "t
\ \‘ 7
Solving (1) and (2) simultancously, we get: d ",‘ / ‘-‘ /
a; by s ) b, 2
X _ M . 1
b|C2—'b2C| AypCy=—U, Cy albz—'uz’h
bycy,=byc aCy—ay1Cy
ayby—azh, ayby~ay,b,

byc,=b,c UpCy =y Cy
ayhy—ua,by " ayhy—ayb,

Therefore, ( ) is required point of intersection,

kxample 9: —
LR i
Find point of intersection of following lines. Koy Fact
x+2y=3 (1) e Solution of two parallcl lines does
o] not exist,
3x-y=2 (in e Two non-parallel lines intersect at

onc and only one point.
o D BN  Infinite number of lines can pass
Multiplying equation (ii) by 2 we get: through a point.

Solution:

Natlonal Book Foundation
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6x-2y=4 (ii1)

Adding (1) and (iii), we have:
Tx=7 or x=1

Substituting x = 1, in equation (i), we get:
1+2y=3 = 2y=2 or y=1

", Required point of intersection is (1, 1).

Equation of Family of Lines:

Let /, and /; be two non-parallel straight lines:
11201x+b1}1+C]=0 (l)

L:ayx+by+c=0 (11)

) byca—b,c1 azcl—alcz)
i i i n)= where a1b2 — a2b1 # 0.
with point of intersection P(x1, y1) P(a1 ba—ayb, * 816,78,y here a1 261 #

We can find a family of lines through the point of intersection P.
For a non-zero k, the equation:
a)x + by +c; +k(ax + by +c¢)=0 (1ii)
is also linear and represents a straight line.
Equation (iii) represents infinite number of lines for different values of k and therefore it is
known as
It can be easily proved that if (x;, 1) is point of intersection of (i) and (ii), then equation (iii) also
passes through (xi, y1).
Thus equation (ii) is the required family of lines passing through point of intersection of
equations (1) and (i1). As mentioned above that equation (iii) represents infinite number of lines
by changing values of k. For particular value of k, a particular line of family from (iii) can be
determined by imposing one more condition.
Example 10:
Find equation of line passing through point of intersection of lines x+2y=0,x—y =3
(a) passing through point (1, 1) (b) parallelto 3x -4y +7=0
Solution:
w2y =0 (1)
x-y-3=0 (ii)

A family of lines through the point of intersection of lines (i) and (ii) is:

Unit-08  Geometry of Straight Lines @ National Book Foundation
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x4 2yt kix—y~3)=0

oy (1 ke +(2-ky - 3k=0 (iih)
(1) As cquation (i11) passes through (1, 1), therefore;
(k) (2 k)(l)y 3k=0
=3 l+k+2-k=3k=0 = 3-3k=() = k=]

Substituting the value of k in equation (iii), we get the required line as follows:
(T4 I (2 1y 3210 = 2xty-3+0

(b) Slope of line (iii) 14

- (&)
i 2=l
dx 4y 70 (iv)

Slope of line (iv) i

( 4 g
mp — -
44) 4

Itig given that lines (n) and (iv) are parallel, therefore:

(Hk) 4 <1~k 3 -1~k 3
2-k) 4T a4 24k 4

A=1~k)y H=2+4k)y = 4 4k 6+ 3k

Tk 2 or k
Substituting the valuc of k inx + 2y t k(x y 3) 0.
xfzys;u yo3) 0 > Txd lAy+2x-2y-6=0

= Ox+ 12y 6 )

Which 18 required line,

EXERCISE 8, 83

| Find the measure of angle from /) to /5 if:
(1) slopeof fy = Oand slope of £, 1 (1) slopeof [y = 0.5 and slopc of [, = 4,5
(1) slope of 1y - 1an4a5" and slope of 1, tan135°

2 Find the measure of angle from [y to [, if;
(i) ly: joining (2, 0) and (5, 0) l: joining (2, 0) and (5, 5)
(11) [y joining (-2, 1yand (3, 4) l;: Joining (-1, 3) and (4, 8)
(i) hgjoming (45, 4)and (5, 1) [: joining (-3, 2) and (0, 5)
(v) L joming (2, 6)and (5, 9) [y joining (5, -5) and (~10, -5)

=
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(v)  :joining (0, -3) and (7, -9) I, joining (2, -2) and (-8, -12)

3. Find the interior angles of triangle ABC when:
(1) Slope of AB = 0, Slope of BC =—1, Slope of AC =1
(1) Slope of AB = 0.25, Slope of BC=1.25,  Slope of AC =1
(1) Slope of AB = 0.4, Slope of BC=—1.5,  Slope of AC=1.667
(Iv)  Slope of AB= —1, Slope of BC = 0.8, Slope of AC= 0
4. Find angle between lines:
(1) x+2y+5=0 and 2x-3y+8=0

() x+2y-6=0 and 2x—4y+9=0
(m) 6x-y+1=0 and x-7y+12=0
5. Find the interior angles of triangle XYZ whose vertices are:
(1) X(=2,3),Y(-3,-4),2(5,2) U X(-3,2), Y(0,-1), Z(3,3)
(i) X(=2,0), Y(1, - 4), Z(6, 6) (iv)  X(-4, 1), Y(0,-3), Z(4,3)

6. Find the point of intersection of lines:

(i) 2x+y+1=0 and x-y-4=0

(i1) x+ty+3=0 and 2x-5y+8=0

(111) 2x+5y+3=0 and 3x-4y-5=0

Find equation of line passing through point of intersection of lines

3x+2y+1=0,x-2y+3=0and

(2) passing through point (-1, 0). o) parallel to 3x -4y +3 =0.

8. Find the equation of family of lines passing through point of intersection of
6x+5y+3 =0 and 2x-5y+ 13 =0 withslope 3.

9. Find equation of line passing through point of intersection of lines
2x—5y+4=0,6x—4y+5=0and
(4) parallel to x-axis. (b)  parallel to y-axis.

10. Find equation of line passing through point of intersection of lines
2x—-y+2=0,x-2y+1=0and
(2) paralleltox—2y+11=0 (b) perpendicularto 2x+ Sy+2=0.

I'1. Find equation of line passing through point of intersection of lines
x-2y+4=0,3x-y-3=0and
(a)  parallel to line passing through (2, -3) and (0, 4).
(b) perpendicular to line passing through (2, -3) and (0, 4).

V. A s e ——— — e -
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Real AN orld Probldms of Coordinate Coeometry

Example 11: In the linear equation y = 1.12x + 8 if “x” represents the number of kilometers
and “y" represents the cost of the bus fare.
1) What will be the cost of bus fare after travelling 50 km?
(1) Asif paid a bus fare of Rs. 480 in a journey. Find number of kilometers travelled by him?
Solution:
Given: y=1.12x+8 ....... (1)
Substituting x = 50 in equation (i), we have:
y=1.12x50+8 =64
.. Cost of bus fare = Rs.64
(1) Substituting y = 480 in equation (i), we have:
480=1.12x+8 = 1.12x=480-8=472
x=472+1.12=421.43
. Numbers of kilometers = 421.43
Example 12:
Saadia buys mangoes @ Rs. 150 per kilogram and melon @ Rs. 80 per kil_ogram. She has Rs. 620
to spend on fruit. Write an equation in standard form that describes the situation. If she buys 2
kilograms of mangoes, how many kilograms of melon can she buy?
Solution:
Suppose x denotes number of kilograms of mangoes and y denotes number of kilograms of
melon.
' The equation that describes this situation is:
150 x + 80 y = 620 (1)
As she buys 2 kilograms of oranges, substituting x = 2 into the equation (i) we get:
150(2) + 80 y =620 or 300+ 80y=620
= 80y=620-300=320 = y=320+80=4
. Saadia can buy 4 kilograms of melon.
Example 13:

The pollution index in a large city increases in an approximately linear fashion from 8 am until

Unit-08  Geometry of Straight Lines @ National Book Foundation
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3 pm in autumn season. On 24" November, the reading at 10:00 hours is around 80 parts per
million (ppm) and at 14:00 hours, the reading is 110 ppm.

(a) Write an cquation for this situation.

(b) What does the gradient (slope) mean in terms of pollution?

(¢) What does the y-intercept mean in terms of pollution?

(d) What will be the pollution index at 12 pm?

Solution:

(a) Iftdenotes time and p denotes pollution index then:
(t1, p1) =(10, 80) and (t2, p2) = (14, 110)
Using equation of line in two-point form, we have:

t-t, _ P~P1

ta-t1 P21

Substituting the values, we have:

t-10 _ p-80 t-10 _p-80
14-10 110-80 4 30

= 30(t—10)=4(p-80) = 30t—300=4p-320
= 30t—-4p+20=0 = 15t-2p+10=0 ...... (1)

Which is required equation.
(b) From (i), we have:
2p=15t+10 = p=75t+5 ...... (ii)
= m=75andc=5
Here the gradient 7.5 means that pollution index is increasing @ 7.5 ppm per hour.
(c) y-intercept=c= 5 means that pollution index at 00:00 hours (12am) is 5 ppm.
You can plot graph to understand in a better way.
(d) Substituting t =12 in equation (ii), we get:
p=75%12+5 =95 ppm

( EXERCISE 8.4 )

|. Nasir sold ‘fruiters’ @ Rs.120 per dozen and ‘Shakri Malta’ @ Rs.150 per dozen and earned
Rs. 1200. Write an equation in standard form that describes the situation. If he sold 4 dozen

of ‘Shakri Malta’, how many dozens of ‘fruiters’ he sold?

National Book Foundation
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The linecar equation y = 1450 x + 2000 describes the total cost For staying in a hotel

for one day, where Rs. 2000 is the rent of room for maximum 8 people and
Rs.1450is the food cost per person.

(1) Find the cost paid to hotel if a group of 7 people stays for one day.

(i)  How many people can stay in the hotel for Rs. 13,600 for one day?

If one company provides Rs. 5500 per week along with extra bonus of Rs. 700 and
the other offers Rs. 800 per day. Convert the data into linear equations and tell
which is better deal for two weeks?

A man earns Rs. 120 per hour. He has Rs. 500 in addition with him.

(i) Write a linear equation for the situation and tell how much will he get after 12 hours?
(i What does slope show in this situation?

(111)  What does y-intercept represent here?

Ali shifted in a rented house on first September. The electric meter of house was showing 44
units on that day. If the average electricity consumed is 18 units per day:

(1) Represent the situation through linear equation.

(ii) How many units are consumed till 30 September?

(iii)  What will be the bill after one month @ Rs. 20 per unit?

(iv)  After how many days, the meter shows 404 units?

Alia hired a taxi with a fixed charge of Rs. 1500 plus Rs. 450 per 30 minutes.

(1) Represent the relation as a linear equation.

(ii)  What will be the cost of taxi fare after 5 hours?

(iii)  What is the slope of equation in the case?

(1) Derive the relation between Fahrenheit and Celsius scales in slope-intercept form.
(i) ~ What does y-intercept and slope show in the equation?

(iii)  What is temperature in Fahrenheit when temperature in Celsius is 5°C?

A cricket team scores 96 runs in 16 overs and 180 runs in 30 overs.

(i) Write an equation of line for this situation.

(i1) What does the gradient mean in terms of scores?

(iii)  What does the y-intercept mean in terms of scores?

(iv)  What will be the predicted score after 45 overs?
(v) After how many overs, the predicted score will be 240?

Unit-08  Geometry of Straight Lines @ National Book Foundation
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9. Abdullah rented a truck for one day. The truck company charged Rs. 5000 per day and some
additional money per kilometre. He drives 125 kilometres and paid Rs. 30,000.
() Write an equation in point-slope form that describes this situation.
(1) Find the amount per kilometre the truck rental company charges and relate it with
slope.
(i) How much would it cost if Abdullah drove 180 km?

- 10. A ship starts travelling from Karachi with latitude of 25° N and longitude 67° E. If the ship
travels in a straight line and reaches a destination with latitude of 32° N and longitude 54° E,
then derive the equation of line in point-slope form. If the ship moves to another location
with a latitude of 39° N, what is longitude of that location?

I1. Length and width of a plot are in the ratio 2 : 1.
(1) Write equation of line and find the length of plot if the width of plot is 30 feet.

(1)  What is slope in this case and what does it mean?

e Line which is neither horizontal nor vertical is called an oblique line.

| The gradient of a straight line is the tangent of the angle which the line makes with the

| positive direction of the x-axis.

. e Gradient of horizontal line is 0 and that of vertical line is undefined.

e Iftwo lines have same gradients, they are parallel.

' e Ifm, and m, are gradients of two perpendicular lines, then:

mpx m;=-— 1

e Three points A, B and C are collinear if gradients of AB, BC and AC are equal.

e Iny=b,if b >0, then the line is above the x-axis, if b <0, then the line is below the
x-axis and b = 0, then the line becomes x-axis.

e Inx=ga,if a >0, then the line is on the right of the y-axis, if a <0, then the line is on
the left of the y-axis and if a = 0, then the line becomes y-axis.

T measured in anti-clockwise direction.

| o Ifaline AB intersects x-axis at (a, 0), then a is called x-intercept of the line AB and if

" a'line AB intersects y-axis at (0, b), then b is called y-intercept of the line AB.

Unit-08  Geometry of Straight Lines @ ' National Book Foundation




e https://fbisesolvedpastpapers.com
o Equation of straight line with slope m and y-intercept c is y = mx + c.
e Equation of straight line passing through point B(x;, y;) with slope mis y — y; = m(x = x;).

e Equation of straight line passing through two points A(x1, y1) and B(x2, y2) is: }
Y2 |

y=n= . (x—=x1)
e Equation of straight-line having x-intercept a and y-intercept b is:
a b

e If pis perpendicular from line / to the origin and «a is the inclination of this
perpendicular then x cosa +y sina = p |

e A linear equation ax + by + ¢ = 0, in two variables x and y represents a straight line |

where g, b, c are constants, and a and b are not simultaneously zero.

e Angle between two lines with slopes m; and m, is defined by:
| my; —my
tanf = ———

1+ mqim,

: e For a non-zero k, the equation a\x + byy + ¢; + k(axx + byy + ¢3) =0 is also linear and

represents family of lines passing through (xi, y;).

I Encircle the correct option in the following.
(i) Slope of two lies are 0 and co. What is angle between both lines?

(a) 0° (b) 60° (c) 90° (d) 180°
(i) One angle of right triangle ABC is determined by the line joining A(1, 2) and B(2, 3).

Find the third angle.

(a) 30° (h) 45° (c) 60° (d) 80°
(iiiy  Slope of (-1, 6) and (1, y) is 3. What is y?

(a) 10 (by 11 (c) —12 (d) 12
(iv)  Theline 5Sx —ky - 3 =0 passes through (1, 2). What is k?

(a) 1 (b)y -1 (¢) -2 d) 2
(v)  The line 5x — 6 = 0 represents a line:

(a) parallel to x-axis (b) parallel to y-axis

(b) passing through origin (d) touching both axis

(vi)  Line y = ( represents:

(a) X-axis (b) y-axis (c) aplane (d) a point

Unit-08  Geometry of Straight Lines
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(vii)

(viii)

(ix)

(X)

(xi)
(xi1)
(xiii)

(xiv)
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The line y = b, is above the x-axis, if

@ b=0 (b)) b<0 © b>0 (d) b#0
The line x = a, is left to the y-axis, if
(@ a=0 (b) a#0 (€) a>0 (d) a<0

Slope of a line / is — 4. What is slope of a line perpendicular to /?
1 1
@ 7 ) -7 (©) 4 () -4
2
Whichof the following line has slope 3 ?
(@) 2x+3y=0 (b) 2x—-3y=2 (¢) 3x-2y=1 (d) 3x+2y=3

The line y = 5x — 3 is written in the form:
(a) point-slope (b) two-intercept (c) slope-intercept (d) two-point
x-intercept of the linex + y =5 is:

@ 1 (b) -1 () 5 (d) -5

A line intersects both axis at (2, 0) and (0, 7) respectively. Its y-intercept is:
(@) -2 (b) 2 (¢) =7 (d) 7

Point of intersection of lines 9x — 7y =0 and 8x — 11y =0, is:

(a) (0,0) (b) (0,7) (c) (9,0) (d) (7,9

2, Prove that A(3, —10), B(1, 4) and C(2, —3) are collinear points.
3. x-intercept of a line is double of y-intercept. Find equation of line if it passes
through (2, 1).

4. Reduce 5x — 2y + 1= 0 into slope intercept form and two intercept form.
5 (i) Reduce x — 3y = 3 into intercept form and find x- and y-intér.cepts.
(ii) Find its slope and transform the equation into point slope form.
6. Normal form of an equation of line is x cos150° + y sin150° = 10. Transform the

equation into slope-intercept form and find its slope and y-intercept.

7 (i) Find vertices of triangle ABC.
(ii) Calculate slopes of its sides.
(iii) Find interior angles of triangle.
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8. Two points P(4, —1) and Q(8, 3) lic on a line. Find:

(1) coordinates of mid-point M of PQ.

(11) slope of PM.

(i11) the equation of line parallel to PQ through (-2, 2).

(1v) the equation of line perpendicular to PQ through (-2, 2).
Q. Two points A(2, —2) and B(4, 6) lic on a line. Find:

(1) length of AB. (i1) slope of BA.

(111) values of a and b when the line AB is ax + by — 10 = 0.

(1v) the equation of line parallel to AB passing through (0, 3).
10.  Find equation of line passing through mid-point of (4, 4) and (8, 0) parallel to the line

having slope g

11. Lines OC and AB are shown in the graph. Find
(1) coordinates of end points of
OC and AB.
(i1) slopes of both lines.
(iii) equations of both lines.
(1v) coordinates of point of intersection
of both lines.

12.  Locate two points on the coordinate plane that satisfy the equation x — 2y = 2. Find :
(i) the slope of segment / connecting two points.
(ii) slope of segment p perpendicular to /.
(iii) mid-point of the segment /. '
(iv) equation of line passing through mid-point of segment / and slope of p.
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GEOMETRY AND POLYGONS

In thiSunit theStudents Will be able to:s

e Differentiate between mathematical statement and its proof.

e Differentiate between an axiom, conjecture and theorem.

e  Formulate simple deductive proofs (algebraic proofs that require showing LHS
equal to RHS e.g. (x—3)*+5=x"—6x+ 14
Identify similarity of polygons and area and volume of similar figures.

° Solve problems using relationship between areas of similar figures and volumes
of similar solids.

e  Solve real life problems that involve the properties of regular polygons,
triangles and parallelograms.

o Solve real life problems using the following loci and the method of intersecting
loci for sets of points in two dimensions which are:
= at a given distance from a given point.
= ata given distance from a given straight line.
= equidistant from two given points.
= equidistant from two given intersecting straight lines. o

—

Geometry has many uses. It is used whenever we
ask questions about the size, shape, volume, or
position of an object. As a school subject, it helps
to develop logical reasoning. Architects and
engineers use geometry in planning buildings,
bridges, and roads.

Geometry is used by navigators to guide boats,
planes, and even space ships. Military personnel
use geometry to guide vessels and aim guns and

missiles. Almost everything you do in your daily life involves geometry in some way. We
observe many geometrical shapes used in the construction of buildings like masjids, forts and in

other buildings.
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TR A Daneh of goometry in which geometrical statements are proved through logical reasoning,
T roasons can de taken fhom given information, basic assumptions or already proved results
and thair conolianes o,

Raoasoning
Raasonmg 1 a way of proving results. The statements without logical reasoning are not
axncpabdle. Mitterent forms of reasoning are aceepted in different cases. There are two types of
Rasonmng.

\ Inductive reasomng il Deductive reasoning

L lnductive Reasoning

In inductive reasoning we work from some specific observations to a general result,

For example, 11 vour school starts at 8:00 am daily and you left your home at 7:15 am for school
Taday, you amvad at school on time, So, to arrive at school on time you should leave your home
43 munutes before the school time daily.

Inductive reasoning 1s commonly used in science. It is not always valid logically because it is not
alwayy aocunate o assume a general principle to be correct. In above example, perhaps ‘today’
there was less traffic, and if you leave the house at 7:15 am. On any other day, it might take
longer and you might be late for school due to heavy traffic.

il. Deductive Reasoning

In deductive reasoning we work from some general result to a specific conclusion.

For example, if your school starts at 8:00 am and you leave your home at 7:15 am daily for
school, you arrive at school on time. So, to arrive at school on time today you should leave your
home 43 minutes before the school time.
Example :

Prove that 3x+9 =3 +3)

Solution:

Letx=1

LHS=3(1)+9=12, RHS=3(1+3)=34=12

Similarly, the statement is true for all real numbers.

I ST
UhvaldPofn
Tell whether the following
statement follows inductive
or deductive approach?

l:lcnce P“‘:’L‘d Statement: If a line segment
b.‘\ump(l): e AB passes through point O,
Find (102)" =7 then the line AB (or ray AB)
Solution: . e

E a N . will also pass throu int
General: (@ + b)" =a”+ b™+ 2ab 0 .P s
Unit-09 Groxetryand Polygons National Book Foundation
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Particular: (100 +2)% = 100> + 2%+ 2 x 100 x 2

= 10000 + 4 + 400 = 10404
Applicability of Deductive Approach
Deductive approach is suitable for giving practice to the student in applying the formula or
principles or generalization which has been already arrived at. This method is very useful for
fixation and retention of facts and rules as it provides adequate drill and practice.

MathematicaliStatementi i

When we solve any problem in mathematics, our solution is either right or wrong. There 1s no
midway to solve the problems.

A mathematical statement is a meaningful composition of words that can be either true
or false. It may contain words and symbols.

Examples:
I.  Look at the following sentences:
(1) Sumof2and Sis 7.

(i1) Square root of 36 is 6. R ——
(iii)  No line can pass through a point. @'{f’ ﬁifjp" : ‘-‘D
- . . ‘.‘ FIN NN

Here the first two sentences are true and third one 1s Which of the mathemation
false. , ' statements are true?

. Above are mathematical statements. (a) Square of 12 is 144.

2. 2x+4=2x+2) (b)Product of 4, 5 and 8 is

This is a mathematical statement since both sides of the © 11‘?)5- Vg

sentence are equal when any real number is substituted (d)28 E 12

for x.

3. Now observe the following sentence.

(i) Product of numbers x and y is 10.
We are not sure the statement is true or false as the values of x and y are not known to us.

The above statement is an open sentence.
(ii) If we write the sentence as follows:
‘Product of numbers x and y when x=5and y =2, is 10’.
Then the sentence is a mathematical statement (being true).
(iii) Again, if we write the sentence as follows:
‘Product of numbers x and y when x =4 and y = 3, is 10°.
Then the sentence is again a mathematical statement (being false).

Unlj-ﬁ‘) Gcomcu—y and Polygons National Book Foundation
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Proposition
A statement which may or may not be true is ealled o proposition,
There are three parts of proposition,
(1) The premise
1t is an assumption that something is true.
(i) The argument
The logical cham of reasoming that leads from the premises to the conclusion is known
as an argument,
(ii1) The conclusion
The result obtained after giving argument to the premises is called conclusion,
The conclusion must be true if the premises are true and the argument is valid,

TR TN
» . e d
t . .
e e e,

A mathematical statement consists of two parts, First is the hypothesis or assumptions and the
second 1s the conclusion.

Fundamental Assumptions
Fundamental assumptions are statements which are regarded true without any proof.
These assumptions play an important role in geometry.,

1. Axiom
The word *Axiom’ is derived from the Greek word *Axioma’ which mean ‘true without any

proof’. Thus, an axiom is a mathematical statement which is assumed to be true without any

proof. Axioms are truths that have been derived on the basis of everyday experience and form

the basis for all other derivations. Axioms deal with numbers and their relations.

For example: ——

(1) A number is always equal to itself (reflexive property). W
i.e. if x 1s any real number then x = x. .

Axioms are also known as
properties and first seven
axioms are called properties
of equations.

In geometry we can say that if AB is any linc scgment
then AB = AB.

(ii) Ifa = band b = ¢ thena = ¢ (Transitive property)
Or in geometry, if ZA = 2B and £B = £C, then £A = £C.

2. Postulate
Axioms related to geometry are called postulates.
Some postulates of geometry are given below.
(1) Infinite number of lines can pass through a point.

National Book Foundation
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(1)  Through two different points one and only one line can pass. I
(i11)  If two points of a line lie in a plane, then whole line lies in that plane.

3. Conjecture
A statement that is believed to be true but its truth has not been proved is called a conjecture. In
other words, it is a true statement that needs proof.
For example, observe the following pattern of numbers:
4,8,12,16, .
If we are asked, ‘what 1s next number in the pattern?’. We observe that each next number is 4
more than previous one. So, the answer is 20.
. One of the conjectures is that, ‘the next number s 16 + 4 207,
Another conjecture could be ‘the next number is 16 +5 1+ 20",
None of the two has a proof but both conjectures follow simple mathematical rules and axioms.

F,_w___._.i_,_i___., s o S P T
Sl S W

Conjectures play a very important role in problem -solving in all branches of mathematics
including Geometry, where the solution is not always apparent and is generated by
following a series of steps. Each of these steps is a ‘conjecture’ over the previous step’.

Proof

A proof is a series of conjectures and axioms (postulates) and proved theorems that combine
together to give a true result.

No assumptions can be made in a mathematical proof. Every step must be proved in the logical
sequence. Mathematical proofs use deductive reasoning where a conclusion is drawn from
multiple premises. The premises in the proof are called statements.

Theorem

The word theorem is derived from Greek word '(/,corien” which means “behold, contemplate or
consider.”

A mathematical statement which can be proved or supposed provable through logical reasons is
called a theorem.

Important Steps of Proof of a Theorem

i. Statement

A description of a geometrical theorem in words should be written first. It is called statement of
the theorem.

ii. Figure

After writing the statement a neat figure should be drawn to explain or understand the given
information and the result to be proved.

Unit-09  Geometry and Polygons National Book Foundation
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iii. Given
In this step only given information should be written symbolically so that it becomes ensy 1o une
in the proof.
iv. Required to Prove
After given information it is necessary to write the result symbolically which is to be proved so
that our attention does not divert from the main objective at any stage.
v. Construction
The necessary addition in the figure can be done to prove the theorem casily, This addition in the
figure is called construction.
vi. Proof
It is the most important step. It consists of statements and facts along with their reasons through
which we obtain the required results.
LCorollary
Some results which can be deduced directly from thecorems are called corollaries.

PR LTS

CLOnverse o

If given and to prove of a theorem are interchanged, the new statement is called converse of a
theorem. It is not necessary that converse of a thcorem is also a theorem.

IXERCISES.1+)

What is the difference between axiom and conjecture?
7. Which of the following are mathematical statements?

(1) Difference of 19 and 12is7. (1) -2+7-3=2
(i) 34+16+50 (V) a+b=9
(V) (a+b)2=az+2ab+b2 (vi) 24+2x2=6

(vil)  The product of x and y is smaller than 5.
(vii1) Ifxisreal then eitherx <Qorx>0orx=0.
(ix) Ifa>bandb>cthena<c
(x) xp+z=12 (x1) s—t=4ifs=4andt=0
5. The sum of @ and 4 is equal to 0.
Is this sentence a mathematical statement? If no! How can we make it a mathematical
statement?
Prove (x + 1)+ 5=x* +2x + 6 by taking x =2, 5 and 10.
Find the next number in the pattern using conjecture.
1,3,7,15,31,

State the conjecture used.
6. Which of the following are axioms? How many of the axioms are postulates?
(i) Ifa=bthenb=a (11) 2 plus 2 make 4.

(1) One and only one line can pass through two points.
(iv)  Iftwo sides of a triangle are equal then opposite angles are also equal.

Unit-09  Geometry and Polygons & .-il y National Book Foundation
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! (v)  Product of two negative real numbers is always greater than zero.
(vi)  Allright angles are equal to one another.

| (vii)  The whole is greater than its part.

i (viii) Ifa>bandc >dthena+c>b+d
(ix)  Itis possible to extend a line segment continuously in both directions.

I (x)  When we add three consecutive even numbers, their sum is even.

- 7. Explain all the steps of geometrical proof.

L

Similar Figures
Two or more figures that have the same shape but not the same size are called similar figures.
Figures (i) and (ii) below represent the pairs of similar figures.

Fig. (i) Fig. (ii) Q

The symbol for similarity is ‘~’. Thus, if two figures A and B are similar, then we write A ~ B.
Example 3: Are the following pairs of figures similar? Explain.

A
Fig.(a) Fig.(b) &

Solution:

In Fig.(a), two quadrilaterals do not have the same shape. Hence, they are not similar.

In Fig.(b), two circles have the same shape but not the same size, therefore they are similar.
Class Activity 1:

Look at the following triangles ABC and DEF. They have the same shape but not the same size.
Therefore AABC and ADEF are similar.

Now measure corresponding angles of both the triangles.

You will see that: ZA = /D /ZB=/E and ZC=ZF.

A

B C E F

National Book Foundation
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H .hnm&-mmm.mum‘ angles
| mErazm amd Ve Verss, T

P coc o T R 7>

D Hmomzies ARC and DEF are similar than, we wiite
AARC ~ ADEF and road 3 38 "AABC is similar o A DEF™,
@ hicadowigeeifcd=2D 28=2Ftha 2C=2Fas
S S of massares of angles of Tanglke 180,

hsss Actvigy 2 Do he Sollowing fgures.

N_R_ R_J o P
XY YZ Xz ‘

~‘- .\“_
LS QorrSSpondERy adas s proparaansal.
Heaoe APQR -~ AXOYZ
E two or more figurss are Smiler then ratios of commesponding sides are
agual aad vioe versa

Cless Acoviny 3:

- a . - - .
= Y&

'
If in @ cormespondence of two triangles ratios of two pairs of corresponding
] sides and one pair of corresponding angles are equal then triangles are similar.

X - _aEls s
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Fxample 4
Cheek whether the following I above figure, measure (£C, £F), ( ZF, B) |
figures are similar, and

BC ' ,
TR What do you notice? !
All measurements are in centimetres,

)
h | JOOR—— I G
L L
Fathl J
A R Ly ”
: ‘ 45 5
Solution: I i
AC  BC | .
() DF - oF =-?: and  £C = ZF

So AABC ~ ADEF
(i) Inquadrilaterals ABCD and EFGH
ZA=LE | ZB=4LF, ZC=ZG and thus ZD=«£H
Therefore, both quadrilaterals are similar.

Ioxample 5: In the figure below ALMN ~ AXYZ . Find values of x and y.

\

7
le————————— — M

37 ; by Two triangles are similar if two
sides of one triangle are
.4 g 8.4 proportional to the corresponding
3J 2 y 2 two sides of the second triangle
6 and angles between the
x=2x3 and ; =2 proportional sides are congruent.
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N =0 b oy

() amd v oo

W) AR D0 R thens B s D amd & = A

GO orenponing angles i AABC and DI e equal,
N0, the mangles e ximilar,

G IEARC s wosvelos or equitateral s e AADK

N ake AR AR AD DI AN
: Ao B =R W T e T AC

Euample o0l the figure height of pole is 7.5 m, ‘“..;1.;5
tind the heght ot wall, BT
Solution: ‘_." ;.:'ILILI
. . . "‘ V‘II.IV will
Let hewght ot wall = €D =y W, i e
Join A w0 & and D iy
T T S Pole] 1A m Lk
Here BE || CD ncthe AACD Lyt
A8 BE PR R /JNN | SO
S e o « NS ety (¢
15 73
45w
1S5y 45N 758
v :in 75 205
‘ 15

So. height of wall = 22.5m
Example 7:
In AABC, AB - 10 em, AC - Sem, Take D and I on AR

and AC respectively such that A0 4 comand Al 2 em,
Is DE 1/ BC ?

Solution: As 1‘2 v ﬂ i z [As BD = AB — AD] ... (i)

DB 6 3
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And "g -% [As EC = AC - AE] ....if)

From (1) and (i1)

AD _AE
DB EC’
which shows that DE intersects AB and AC in the same ratio.
DE // BC
EXERCISE 9.2
1. Which of the following pairs of figures are similar?
3 3
@) (i) 2 2 X
2
30° 60° 3
- ) [F
.4

(iv)

(v)

(vi)

T

(vii)

30(r
30\] |
|

9
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2

6 m = )
o 4m 1
In the figure, OA is object lyingin 'T\\J "\
front of a convex lens at a distance of TH :

10 cm. Find the distanice of image from ‘/ 1
the lens if its size is twice that of the object.




In the following figure, find the measure of ~C
and ZAED.ISED | CB? [ﬁ/[‘f

10. In the figure, AXYZ is an equilateral triangle ’
and LM II YZ . Find measure of a and b.
What type of triangle is XLM with respect -
| to sides and angles?

. /‘7“
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Area of Similar Figures
I In the figure, AABC and ADEF are similar because: &
D

AB BC CA 1
”~
A
5%
If A, and A; denote the arcas B dem g

DE EF FD 2
of AABC and ADEF respectively, then:

10cm

1 3 1
Ap=3x4x3=6em’ and A;tEXSX6=24cmz
Now AB_BC_a 1 . 41_6_1_(_1_)2

OV DE EF D 2 n A, 24 4 \2
! (AB)Z Ay (BC)Z o M (CA)Z
R (ML c— et B o g
eretore: .~ \oE A, \EF 4, \FD
We notice that:

o of areas of two

1s equal to the square of the u
ides’o Lo

1 <.

: L /- E

2cm 4cm

z N al
If A, m%A?motc the areas B - p O
of ABCD and EFGH respectively, then:
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Ay = 2 X3 =06em and Ay = 4% 6= 24cm? https://fbisesolvedpastpapers.com

AR BD 1 Ay 6 1 [1\2
P — - und — D — e = [ -
Now ¥R %2 A, 24 4 (2)
fore: M (AB)Z A, (m))2
A IV E) ME, = = _— or — ——
Theretore: 27 =/ o %, \rc

The same can be proved for other types of quadrilaterals. Thus:

Ratio of areas of two quadrilaterals is equal to the square of the ratios of any
two corresponding sides of quadrilaterals.

4

3. Figure shows two similar circles with radii 2cm and 3cm respectively.

If r; = 2cm and r, = 3cm, then:

LB 2

T 3
If A, and A, denote the areas

of circles with radii r; and r; respectively, then:

7
A1=7r><22=47rcm‘ and A2=1r><32=91tcm2
2
rn 2 Ay 4m 4 2
Now —=-— and == ERg = | -
r2 3 A, 9m 9 3
. Aq T 20
Therefore: —=|— T
Az r2
Thus:

Ratio of areas of two circles is equal to the square of the ratios of radii of both
circles.

AN
/
|
/

The ratio of areas of two similar figures is equal to the square of ratios of any
two corresponding lengths of the figures.
If Ay and A; denote the areas of two similar figures and, a and b denote the

corresponding lengths of the figures, then:

- G)-#

Unit-09  Geometry and Polygons @ National Book Foundation
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Example §: A https://fbisesolvedpastpapers.com
Triangles ABC and ADC with bases 3em and 7em respectively — /

have common height 6 cm. /e
Prove that the ratio of their arcas is equal to ratio of bases
of both triangles. B 3 C 7 D
o 4 - 1 L I o 2
Arca of AABC = 5‘ x3x6=9m Ratio ofareas of two manglcs
i . with common height is equal
Area of AADC g, & 7x6=2lcm" to the ratio of bases of the two
triangles.
Areaof AABC 9 3 Base of AABC Ay by

Area of AADC 21 7 BaseofAADC A, b,
Example 9:

The ratio of the areas of the bases of two similar cylinders is 9 : 4.

The area of the base of the smaller cylinder is 240cm’.
(i) What is the area of base of larger cylinder?

(i) Write the ratio of heights of both cylinders.

Solution:
(i) IfA;and A, are areas of bases of larger and smaller cylinders respectively, then:

A 9 A 9
1 = 1

(i1) Again, if hy and h; are heights of larger and smaller cylinders respectively, then:

(ﬁ)z _ A (hl)z_ 540 9
h2 A; hz 240 4

Example 10:
In the figure, BC || DE. Find:

E ~ Areaof AADE

W 5 () Area of AABC

(iii)  find the area of AADE if area of AABC is 256cm’.

(iv) area of trapezium DBCE.

C

Unit-09 Gcomclry and P°|yg0n“' National Bovok Foundation
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DE _AD _s -
) a8~ a5 8 ;
\ Y 4 ‘
Area of AADE (5 2 5
{ Area of AABC \g 64

Area of AADE _ 25 28

(1)
= Ar =
Area of AADE = X 256 cm® = 100 cm?

(iv)  Area of trapezium DBCE = Area of AABC — Area of AABC
=256 - 100 = 156 cm’

[ EXERCISE 9.3

| Following pairs of shapes are similar. Find unknown area in each case. All measurements
are in cm and cm”’.

Unit-09 Geometry and Polygons National Book Foundation
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T E—

2. Following pairs of shapes are similar, Find unknown length x in cach case. All
measurements are in em and em’,

(1)

(i) /
5()
A= 5( / A; =200 10

(111) < 1)
A, = 900 A, = 100

(iv)

»

/ : ,
( A, 18Y)

lh n‘\l ] 2“ > \ ; /c
’

/
~ -
- -

h
3. Radii of two spheres are 6¢cm and 8cm l'cspccliv:Iy. Find:
(1) the ratio of areas of both spheres.
(ii) area of larger sphere if arca of smaller sphere 1s 360cm’.
(iii) area of smaller sphere if area of larger sphere is 1600cm”,
4. Ratio of areas of two regular pentagons is 16 : 25. Find the ratio of sides of pentagons. Also
find length of side of second pentagon if length of side of first pentagon is 8cm.
5. In the figure, AB || YZ. If arcas of triangles XAB X
and XYZ are in the ratio

AB
25 : 36, find L and —,
X7 YZ

B
Are the ratios equal?
6. In a map, length of a 10m wall is shown by 5cm. z
If area of wall shown on the map is 1400cm’, find the area of actual wall. ' |
7. Two cuboids are similar. Height of smaller cuboid is one-third of bigger one.
(1) Find the ratio of surface area of larger cuboid to that of smaller one.

(i)  Find the surface area of bigger cuboid if surface area of smaller cuboid is 350cm’.

8. In the figure, BC || DE. Find: A

_ BC 1 AB Gi Area of AABC Sem
1 —=and ——— e T
) o 2E ¥ 40 ") ‘Area of AADE B c
Sem
D E
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(1) the area of AABC if area of AADE is 507¢m?. https://fbisesolvedpastpapers.com
(V) area of quadrilateral BDEC.
What type of the quadrilateral is?

) VolumeurSiilirSolids 4

Two solids are said to be similar if they have same shape. The ratio of corresponding lengths
(sides etc.) of two similar solids is constant called the scale factor of the solids.
I In the figure two cuboids are similar. Therefore:

- k . f
A -

= a=dk,b=ck,c=fk : ¢
a ’ d

Now if Vy is volume of cuboid A and V3 is the volume of cuboid B, then

Vi _ abc _ dkekfk _ _
e de - der =K = V=KV

b

ala
~In

If two cuboids are similar then volume of one cuboid is /° times the
volume of the other cuboid.

2. In the figure two cylinders P and Q are similar. Thercfore:

inzk H Q
R H
= r=Rk and h=Hk R

Now if V| is volume of cylinder P and V is the volume of cylinder Q, then

V1_1rr2h_rzh__R2k2Hk_Ig - V"/("V
- - - 1 2

V, TmR*H  RH R%H

If two cylinders are similar then volume of one cylinder is i times the
volume of the other cylinder.

If /, and /; are any two corresponding lengths of two similar figures then

the ratio of corresponding volumes is:

3

V. [ l
L gy (—’) Wit ik
V2 I I

If both solids are made from the same material or have the same density,

the ratio of their masses is given by:
my

== ()

National Book Foundation
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Example 11: Cheek whether the prisms are similar or not?

4.5 75
3 5
4 0
Solution:
Leta=4,b=3,c=5andd=06,¢=4.5,/=175.
e b_3 30 2 c 5 50 2
n Xl % SRE= e SRS — — T — -
Thcd6,3 e 45 45 3 f 15 715 3

Therefore, the two prisms are similar,
Example 12:

Find a2 it the following solids are similar. Also find the ratio of volumes of both. How many times
is the volume of larger solid than smaller one?

Solution:
Let iy =2em, hy = 4em, ay = 4em, ax; ="

As the figures are similar, therefore: ,{xﬁa@,}a

|
|

hy @ ahy _4x4_ If two solids are similar, what
—_—— =) = — = —— = N . . .
N a n 5 < 15 the ratio of their surface

arcas, and what is the ratio of

v ()3 .
Now, — = (—) their volumes?
V2 hy

Il
T
RS
S—”’

w
Il
@ | =
[
|
L

= Vz = 8V1
Hence, volume of larger solid is 8 times the volume of smaller one.
Example 13:

In the figure two geometrically similar cylinders are shown. Find:

(1)  the ratio of volume of smaller Q
cylinder to larger cylinder.
Sem
Jem
Unit-09  Geometry and Polygons ’@ National Book Fosssion
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(1) curved surface arca of smaller cylinder if that of larger one is 250cm’,
(i) volume of larger cylinder if volume of smaller one is 162¢cm”,

Solution:
If V), and V; are volumes of smaller and larger cylinders respectively, then:

v, (3)3 Lo h_ 2

V; \5 V, 125

(1) If Ay and A; are areas of smaller and larger cylinders respectively, then:

2
A 3 A 9
5 250 25

(1)

The ratio of volumes of two similar

9
= Ay = — %250 = 90cm’
1" 25 solids is equal to the cube of the
3 ratio of any two corresponding
G it (3) _; lez_ 27 lengths of the two solids.
Vs 5 V, 125

=27 %V, =162 125 =V, = =2 = 750cn’

( EXERCISE 9.4 ’

S ]

1. Determine whether the solids are similar or not.

(1)

10cm

S5cm

‘6cm

(11)

12mm

Unit-09 Geometry and Polygons Q National Book Foundation
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6 L65M

10 ft

()

20m

2. Solids are similar. Find the values of unknowns. Also find the ratios of volume

of solids.

(1) (11)

3. Solids are similar. Find the unknown volume.

(i) (ii) '

-
'''''
0

2lmm e

21 mm

V= 9000mm’ V=" V=9 V, = 360ft°

e ———————

Unit-09  Geometry and Polygons National Book Foundation
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(111) -

6cm

V,=? Vy= 4600“] V,= 288m 2
4. Find the ratio of scale factors of the following pairs of sumlaﬂoh

V=512 m’ V=1728 m’

5. Two swimming pools are similar with a scale factor of 4 : 5. The amount of chlorine mixture to
be added is proportional to the volume of water in the pool. andl
If three cups of chlorine mixture are needed for the smaller pool, how much of the chlorin
mixture is needed for the larger pool?

6. A model bus is built with a scale of 1 : 10. The model bus has a volume of 30 m’. 3
What is the volume of the actual bus?

7. Solid A shown below is similar to solid B (not shown)
with a scale factor of 2 : 3. Find the surface area and
volume of solid B if surface area and volume of solid A
are 130 cm? and 2807 cm® respectively.

% Solid I is similar to Solid II. Find the scale factor of solid I
to solid II. o

V = 125nft}

Unit-09  Geometry and Polygons @ National Book Foundation
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o Solid A and solid B are mathematically similar. The volume of solid A is
32 em”. The volume of solid B is 108 ¢cm’. The height of solid Ais 10 cm.
Find the height of solid B.
10 Pand Q are two similar solids. Solid P has surface area and volume 108cm” and

135cm’ respectively. Find volume of solid Q if Q has surface area 300cm’.
|1 XandY are two similar cylinders such that:

basc arca of X : basc arca of Y = 16 : 25. Find:

(11 ratio of heights of both cylinders.

(1) Ratio of areas of curved surface of cylinders.

(111) Ratio of volumes of cylinders.

' The volume of one right circular cone is 8 times the other one. If the radius of larger cone =
12cm, find the radius of the smaller one.
| 1. Masses of two similar objects are 8kg and 27kg respectively. If the height of first object i

2m, what is the height of second object?

LT TN T B ey v - —
1}
-

SR ROTIORS T

LTS DR Y

Polygon

se ¥

‘Polygon’ is the Greek word where ¢ * means * "and ¢’ means %
A polygon is a two-dimensional convex figure that has a finite number of sides (at least three
sides). The sides (edges) of a polygon are made of straight line segments connected end to end ==
form a closed shape.

The point where two line segments meet is called of polygon.

Regular Polygon

If all the sides and interior angles of the polygons are equal, they are known as regular polygons.
Regular polygons are also equiangular.
The examples of regular polygons are equilateral triangle, square, pentagon, hexagon etc.

Irregular Polygon

If in a polygon at least onc angle or one side is not equal in size then the polygon is called
irregular.

Unit-09  Geometry and Polygons @ National Book Fosmdzne=
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Regular Polygons

/\

With odd
number
of sides

With even
number
of sides

A polygon with 5 sides is called o220, can you search for the
A polygon with 6 sides is called "« a0 oi. - name of 15-sided

‘7
A polygon with 7 sides is called roriicon. Rolygon?

®

L ]

L J

e A polygon with 8 sides is called -«
e A polygon with 9 sides is called

e A polygon with 10 sides is called - -

Interior Angle of Polvgon

Interior angles are the angles that are inside the
polygon formed by two adjacent sides.
Exterior Angle of Polvgon

Exterior angle is the angle formed by any

side of the polygon and the extension of its adjacent
side.

Sum of Measures of Interior Angles of a Polygon

(i) Sum of measures of interior angles in a triangle is 180°.

Unit-09  Geometry and Polygons 211 National Book Foundation
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(i) Sum of measures of interior angles in n quadrilteral is Y(/"

In this way, we can find the sum of the interior angles of uny polygon by splitting it inte
triangles.

From the above discussion, it can be concluded that:
The sum of measures of all the interior angles of a polygon having n sides is;

(n—2) » 180°

For example, if a polygon has 10 sides, then n = 10,
Therefore, sum of measures of interior angles is:

(10-2) » 180° = 1440°

What is sum of measures of interior angles of polygons having?
(1) 9 sides (1) 17 sides S

Interior Angle of a Regular Polygon
The measure of each interior angle of n-sided regular polygon is given by the formula:

(n—2) x 180°
' n

Unit-09  Geometry and Polygons Natlonal Book Foundation
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Find interior angle of a regular nonagon.

Solution: Find the measure of interior angle |
of a regular polygon having 16

A nonagon has 9 sides, therefore n =9 B il

If 8 is an interior angle of the nonagon then:

= 140°

6 =

Example 15:

Find the value of x in the following polygons.

(1) (i1)
¥

Solution:
(1) The given polygon is hexagon and sum of measures of its interior angles is 720°,

90° + 155° + 112° + x + 140° + 98° =720°
= x + 595 = 720
= x=720- 595 =125
(11)  The given polygon is heptagon and sum of measures of its interior angles is 900°,
(x +18%) +x+ 138° + (x + 10°) + 130° + 130° + 132° = 900°
= 3x+558°=900°
= 3x = 900°-558° =342°

342°
=114°
5 14
Sum of Measures of Exterior Angles of a Polygon

Figure shows a regular hexagon.
As interior angle of a regular hexagon is 120° Exterior angle
and sum of measures of an interior and exterior
angles is 180°, therefore:
Interior angle + Exterior angle = 180°
120° + Exterior angle = 180° .

= Exterior angle = 180° — 120° = 60° \<

Now, hexagon has 6 sides, therefore:

Sum of measures of exterior angles of regular hexagon = 6 x 60°

=360°
Unit-09  Geometry and Polygons National Book Foundation
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For a regular polygon having n sides:
exterior angle + interior adjacent angle = 180°

Sum of all exterior angles + Sum of all interior angles

=n X |80°
So, sum of all exterior angles

=n x 180° — Sum of all interior angles
Sum of all exterior angles = n x 180° — (n —2) x 180°

=n X [80°-nx180°+2 x 180°

= 180° - 180°n + 360° = 360°
= Sum of measures of exterior angles of a polygon is 360°.
Exterior Angle of a Regular Polygon
The measure of each exterior angle of an »-sided regular polygon is:

360°
n

Example 16:

Exterior angle of a regular polygon is 120°. Identify the name of polygon.
Solution

Measure of exterior angles = 360°

Measure of one exterior angle = 120°

’ . 360°
Number of exterior angles = o 3

Since the polygon has 3 exterior angles therefore, it has 3 sides.

Hence it is an equilateral triangle.

—— — o e e el MLV —

— \ v : -
] & YR S

‘.l.ﬂ . L Tw -

£ - IS O R SO e e ot

All the sides and angles of a regular polygon are equal.
The perimeter of a regular polygon with # sides is equal to the » times of a side measure.

The number of diagonals in a polygon with » sides are n(n — 3)/2.
The number of triangles formed by joining the diagonals from one corner
of a polygon are n - 2.

Number of triangles created inside a polygon is 2 less than number of sides of polygon.

Interior and exterior ahglcs add up to 180°.

Unit-09  Geometry and Polygons @ National Book Foundation
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Kxample 17:

In a certain polygon, the sum of the measures of all the interior angles is equal to twice that of the
exterior angles. What is the name of that polygon?
Solution:
Given that
Sum of interior angles = 2 x the sum of exterior angles
If 7 is number of sides of pol&gon, then:
(n—2) x 1800 =2 x 360°

2 x 360°
180°

2> n-2=4 = n =256

= n-2-=
Hence the polygon is hexagon.

Example 18:

The measure of the exterior angles of a polygon are (x + 4)°, (3x —4)°, (7x — 3)°,
(2x + 3)°, (8x—1)° and (9x + 1)°.

(1) Identify polygon. (11) kindx. (i) Find the measure of each angle.

Solution:
(i)  Since there are 6 exterior angles in the polygon, therefore polygon is hexagon.
(ii)  As the sum f measures of exterior angles in a polygon is 360°, therefore:
(x+4)°+(Bx—4)°+(Tx-3)°+(2x +3)° + (8x - 1)° + (9x + 1)° = 360°
= x+4°+3x—4°+Tx-3°+2x+3°+8x—-1°+9x+ 1°=360°
= 30x=360° = x=12°
(iii) Substituting the value of x in above expressions of angles, we get:
(12+4)°, (3 x12-4)°, (7x12-3)°,(2x12+3)°, (8 x12-1)°, (9 x12+1)°
Or 16° 32° 81°,27° 95° 109°

Unit-09  Geometry and Polygons @ National Book Foundation
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b) 60° () 120° (d) 40°

¥
. Draw a regular pentagon whose exterior angles are p, ¢, , 5, f and ez teri
angle is k. What is the measure of: a4
- (a) each interior angle (b) each exterior angle { phn
. Each interior angle of a polygon is five times the exterior angle of the polygon.
Find the number of sides. /
4. Find the minimum interior angles and maximum exterior angles possible in a
regular polygon. Give reasons to support your answer.

5. Find the exterior angle of a regular polygon of:

(a)Ssides (b)9sides (c) 15 sides (d) 20sides
6. The ratio between an exterior angle and the interior angle of a regular polygon is

1:2. Find: o

(a) the measure of each exterior angle. .5

(b) the measure of each interior angle.

(c) the number of sides in the polygon.
7. Is it possible to have a regular polygon each of whose exterior angle is 50°? Give
| reason to support your answer.
! 8. Name the polygon whose sum of interior angles is equal to the sum of its exterior
|
;

1
angles.

' 9. The sum of all the interior angles of a regular polygon is four times the sum ofits =
| exterior angles. Identify the polygon. -
' 10. An exterior angle of a regular polygon is 12°. What is the sum of all the interior -

- angles? .
11. Prove that each interior angle and its corresponding exterior angle in any ]
polygon are supplementary.
12. Find the number of sides in a regular polygon when the measure of each extenor ‘
angle is 72°. :

| 13. The exteriors angles of a pentagon are (y +5)°, (2y +3)°, By + 2)°, (4y + 1)°

and (Sy + 4)° respectively. Find the measure of each angle.
14. A convex polygon has 14 diagonals. Find the number of sides of the polygon.
15. Find the sum of all the interior angles of a polygon having 13 sides.
The Q:f all the interior angles of a polygon is 2880°. How many sides does th

<“
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Real Life Problems Involving Regular Polygons, Triangles and Parallelograms .
The variety of polygons are commonly used in the modern

constructions, Because of ity reasonably strong design, the
triangle is commonly used in construction, The usage of the
polygons minimizes the number of resources used to

construct a structure like lowering costs and increasing profits

in a corporate setting, The rectangle is another polygon which
18 used in a variety of applications. For example, most of televisions are rectangular to make

watching easier and more enjoyable. Photo frames and phone screens are in the same boat.
Perimeter of Polygon
Perimeter of any polygon is sum of measures of all sides.

Perimeter of pentagon shown in adjoining figure, is:

P=a+b+ct+d+e+f

Perimeter of Regular Po

Perimeter of regular polygon = (number of sides) # (length of one side)
P n-s

Perimeter of a regular pentagon shown in adjoining figure, is:

P=g+s+s4t8+8 5s

A e
Area of a regular polygon is defined as:

A== (PYa)
Where ‘P’ is perimeter of regular polygon and ‘a’ is called

apothem. Substituting the value of ‘P’, we have:

A ;(n s)a) 5 & sa)

Where ‘s’ denotes the length of side.

A== (P)a) = x (sa)
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Basement of & water ank is i the shape of regular pentagon having the side
i 7 feet, Find the perimeter and area of basement of tank.

of sides of basement = §
Side length of basement =5 8 fi
Apothem of basement = 7 fi
Perimeter of basement = 5 x 8 = 40 ft

Area of basement = % (40)(7) = 140 ft’

I. Alawn is in the shape of equilateral triangle. Find the perimeter of lawn if length of ome :
side is Sm. Also find the cost of boundary wall of lawn @ Rs. 220 per metre.
Cricket ground in a village is in the shape of parallelogram. One side of ground s 65m

long and distance between parallel sides having length 65m is 42m. Find the cost of

P B T

o

3

planting grass @ Rs.10 per square metre. A
3. Base of a minaret of a Masjid is built in the shape of regular ¢ -

~5
-

pentagon as shown in the figure. Find the perimeter and area 4

ﬁ'h

of base of minaret. -
4. Aplot in the shopping area is in the shape of regular hexagon. One side of the plot s 1
long. Find: !
(1)  the cost of fencing the plot @ Rs.160 per metre.
(1)  area of the plot.
(iii)  the cost of filling the plot @ Rs. 500 per m’
5. Aroom is in the shape of square having perimeter of 48 feet. Find:
(i)  the cost of carpeting the floor @ Rs. 350 per m’
(11)  the inner area of each wall if room is 10 feet high.
(i) the cost of painting inner sides of the room @ Rs.100 per m”. l

/

A tile is in the shape of regular hexagon. Each side of the

tile is one foot long. Find the perimeter of four tiles joined /
\
" \
together as shown in the figure. )
: o
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A locus is the set of points that satisfy a given condition, It is a path umd byl
which moves according to some given geometrical condition. :

A .
e Every point lying on the locus will satisfy the given geometrical con
e The plural of ‘locus’ is ‘loci’, The word Iocush&eﬁm' om th

Locus of a Point from a Fixed Point o N o i of}

Accircle with centre 0 and radius r cm is the locus of a point P~ ;

moving in a plane in such a way that its distance from a
fixed-point 0 is always equal to » cm.

This theorem helps to determine the region formed by all F
the points which are located at the same distance from a eaz 8

single point. 1

Key Fact + o=
The locus of points in the plane equidistant from a given point is a
three-space equidistant froma given pointis a

Locus of a Po om a Given Straight Line

Locus of a point that moves in such a way that its
distance from a fixed line / is always equal to @ cm.
As clear from the figure, the locus of moving point
is a pair of straight lines m and n each parallel to /
and are located on either side of / at a distance a cm
from the line /.

This theorem helps to find the region formed by all the points which are located at the same
distance from a smgle lme

N naTT B
iw R T T

The locus of the point which is equidistant from the
two parallel lines say m and n, is considered to be a
line / parallel to both the lines m and n and it should
be halfway between them. =~ q_e=="
This theorem helps to find the region formed by all
the points which are at the same distance from the
two parallel lines.

Unit-09  Geometry and Polygons
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Locus of a Point Equidistant from Two Given Points ,;
I

The locus which is equidistant from the two given points " -
say A and B, is the perpendicular bisectors of _ ‘ ’)
the line segment that joins the two points, %

~

4
Here, in the figure PM is the perpendicular bisector R . '
of AB. M, B
This theorem helps to determine the region formed by all E
the points which are located at the same distance from points :
A and B, v

The region formed should be the perpendicular bisector of the line segment AB.

I Every point on the perpendicular bisector of AB is equidistant from A and B.
Thus, every point on PM is equidistant from fixed points A and B.

PA = PB and MA = MB etc.

Locus of the Point Equidistant from Two Givenintersecting Lines

The locus of point which is equidistant from the

two intersecting lines say m and n, is considered

to be a pair of lines that bisects the angle v
formed by the two lines m and ».

In the figure, locus of point P forms a line /

which bisects the angle formed by two o~ >
intersecting lines m and n, and is equidistant from

both lines. We say P lies on the bisector of angle formed by m and n.

Similarly, locus of point Q forms a line /; which bisects the angle formed by lines m and », 2nd =
equidistant from both lines. Thus, / and /, are the pairs of lines that bisect the angle formed at O.
We say Q lies on the bisector of angle formed by m and n.

This theorem helps to find the region formed by all the points which are located at the same

,I? "‘l » r
' . ‘

The locus of every point on the angle bisector of two intersecting lines, is equidistant -
from the lines.
In the above figure, PM = PN

distance from the two intersecting lines.

Example 20:
Loci of three points A, B and C are equidistant from a fixed point O. Prove that they form
concentric circles. Also sketch the figure.

Unit-09  Geometry and Polygons Nanonal Book Foundssam:
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Since the loci of the three points A, B and C are P

equidistant from a fixed point O, therefore, point O i . "., p

is the centre of circles formed by the movement of % P

three points.

Hence the three circles formed are concentric circles.

Example 21:
A point P is moving parallel to a straight line / at a distance of 5m.
(1) Draw the locus of the path.
(1) Prove that the point is moving in straight line.
(ili)  How many paths are possible for the moving point P?
(iv)  Another point Q is moving 8m away from the line /. Explain why the point Q is not
the part of the locus?

Solution: ___..—"'w”
(1) Locus of the path of point P is possible along ="~ i ”i 5m /
the lines m and » that are 5m apart from /.
(i) As the point P is moving parallel to straight \ 2 BT

line /, therefore it follows straight path too. &
(iii)  Two paths which are along m and n.
(iv)  As the point Q is moving along straight line 8m away from /, therefore it is not part of

locus of point P which is 5m away from /.

Example 22:
Figure shows two isosceles triangles XAB and YAB on the same base AB. Show the produced

line XY bisects AB and is perpendicular to AB. A
r X
. / § N
Solution: < ly S
Draw line through X and Y intersecting AB at M. ) /t “\/.*\\//\\
As AXAB is isosceles, Fherefore: /\ M 3
XA =XB (1) :
v

Which shows that X is equidistant from A and B and hence lies on the perpendicular bisector of
AB. Similarly, AYAB is isosceles, therefore:

YA=YB (ii)
Which shows that Y is equidistant from A and B and hence lies on the perpendicular bisector of
AB.
This shows that XY is perpendicular bisector of AB.
Also, (i) and (ii) show that every point on XY is equidistant from A and B.

Since M lies on XY, therefore M is mid-point of AB and consequently XYM is perpendicular
bisector of AB. '

National Book Foundation
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Example 23:
Mﬁeem—coﬂmpom-ﬂﬁdapouOMnWﬁ-
points. Draw the locus of point passing through these three non-collinear poi ,v
the name of this locus? Give the point O a specific name. 4

Solution: Q
Let A, B and C be three non-collinear points in the plane. A
Draw perpendicular bisector m of AB and » of BC.
Both bisectors meet at O. W
As O lies on perpendicular bisector of AB, therefore: B P

OA=0B Q) ' (
Again, as O lies on perpendicular bisector of BC, therefore:

OB =0C (11)
=5 OA=0B=0C (fromiand i)
Hence O is equidistant from points A, B and C, and if wedraw a circle with centre O, we get a
locus of circle passing through three non-collinear paints A, B and C called circumcirele.
Point O is called circumcenter.

EXERCISE 97 )

1. Draw AB =6cm. Bisect AB at O and draw a locus of point P equidistant from O and
above AB. What could be the name of locus?

2. Draw coordinate axes. Take two points A and B on x-axis and y-axis respectively at a
distance of 4.5cm each. Draw a locus of points from A to B equidistant from origin. What
is specific name of this locus? How many such loci can be drawn around the origin? ;

3. Draw a horizontal line /. '
(1) Take a point T above / at a distance of 3cm and draw a locus of points through T

parallel to /.

(i)  Now take a point Q below / at a distance of 3.2cm and draw a locus of points
through Q parallel to /.

(111)  What is distance between both loci?

4. Diagram shows a circle with centre P. X and Y

are two points on the circumference of the circle.

(1) Draw locus of points which are equidistant
from X and Y through P.

" (ii)  Take another point Z on the locus outside

the circle and draw another circle of radius PZ.

(111)  What is the relation of this circle with given circle?

Unit-09  Geometry and Polygons @
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5. Draw a line AB. Let P and Q be two points not on AB but coplanar with AB.
Draw the locus of points from P to Q.
(1) What is the name of that locus?
(i) Is there any point on the locus PQ if extended which lies on line AB?
(i) How can we take points P and Q such that no point of the above locus lies in line
AB?
(iv)  How can we take points P and Q such that every point of line AB may lie on
locus?
6. Draw an equilateral triangle PQR of suitable measurement.
(1) Draw right bisectors of any two sides and locate a point A where both bisectors
meet.
(i)  Draw angle bisectors of any two vertices and locate a point B where both
bisectors meet.
(iii)  What is the relation between locus of A and B?

7. Figure shows an isosceles triangle ABC. N
Prove that the locus of bisector of angle /2%
A is right bisector of side BC. / . “«
; ~
B C

8. Draw three non-collinear points in the plane.
Find the locus of the points which are equidistant form these three points.
How many such points exist?

9. Take two lines AB and CD inclined at 60° intersecting at O.

(i) Draw a locus of points which are equidistant from both lines.
(i) Draw bisector of 60°.
(iii)  What is relation between locus of points equidistant from lines and angle
bisector?
(iv)  Draw bisector of @djacent angle at O find the relation between both angle
bisectors.

e A mathematical statement is a meaningful composition of words that can be either true or
false.
e A proof is a series of conjectures and axioms (postulates) and proved theorems that combine
together to give a true result.
' An axiom is a mathematical statement which is assumed to be true without any proof.
i * A statement that is believed to be true but its truth has not been proved is called a conjecture.

Unit-09  Geometry and Polygons @ National Book Foundation
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~irregular, — -

o The sum of measures of all the interior angles of a polygon having n sides is:
(n—2)~180°

« Sum of measures of exterior angles of a polygon is 360",

e The locus of points in the plane equidistant from a given point is a circle,

e The locus which is equidistant from the two given points say A and B, is the perpendicular
bisectors of the line segment that joins the two points,

e The locus of point which is equidistant from the two intersecting lines say m and n, is
considered to be a pair of lines that bisects the angle formed by the two lines m and n,

e The locus of every point on the angle bisector of two intersecting lines, is equidistant from the J

!

lines.

[ VISCELLANEOUS
T EXERCISE 9

l Encircle the correct option in the following.

(1) Which of the following 1s polygon?

(u)circle (1) pyramid quadrilateral (1) sphere
(11)  Which of the following 1s regular polygon”

() kite ‘1) thombus rectangle () square
(111) If two triangles are similar, their corresponding sides are.

(a)proportional (1) equal () congruent (d) parallel
(1v)  What is the sum of interior angles for an irregular hexagon?
(a)120° (by 720° ) 135° (d) 360°
(v)  What is the sum of interior angles for a regular 12 sided polygon?
(1)1800° (h) 2160° () 1980° (d) 360°
(vi)  How many sides a regular polygon has if its exterior angle is 157
(2)20 (b) 21 (c)24 (d) 25
(vir)  Inthe figure, AB =21 ¢m and A ; B
P divides AB in the ratio 3 : 4. What is length of AP?
()8 cm ()10 em ()12 em ({9 em

Unit-09  Geometry and Polygons @ National Book F oundeation
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a__c ‘
(vi)  Inthe figure, ;T Which one is true?
() DE = BC (b)) DE > BC

(©) DE = BC (1) DE /I BC

(1x)  Inthe figure if x = y. Then the valuec of b is:

ac ad
(a) w—— (b) w—

d c
(©) cd ) c
‘ S— —_—

a (« cd

(x) In the figure, AABC is equilateral and pf /7 BC
then AADE is

(a) right angled (b) scalene
(¢) isosceles (d) equilateral

(xi)  Inthe figure, GH // EF. D
Thena:b="?
(1) DG:DE (b) DG : DH G &
(¢) DG : GE (d) DE : EF

(x11) What is the sum of all the exterior angles of a 13-sided polygon whose one interior
angle is cqual to x°?
(a) 90° + x (b) 360° (¢)360° +x (d) 180°+x
(x111) Which polygon has both its interior and exterior angles the same?

(a) pentagon  (b) triangle (c) square (d) hexagon
(x1v) The formation or expression of an opinion or theory without sufficient evidence for
proof is known as:
(a) axiom (b) conjecture (¢) corollary (d) theorem
(xv) A mathematical statement that is proved true based on already accepted
statements is called:

(a) axiom (b) conjecture (¢) postulate (d) theorem
(xv1) A mathematical statement that is assumed to be true without proof is called:
(a) axiom (b) conjecture (¢) postulate (d) theorem
(xvii) Two solids with equal ratios of corresponding linear measures:
(a) are similar (b) are congruent
(¢) have different area (d) have same volume
Z. Find the exterior angle of a polygon with 6 sides.
3. Is it possible to have a polygon, in which sum of interior angles is 9 right angles?
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It 1.00° - 410
Find height of object if /B =2 cm, OP =10 cm, IP=4 cm.

A
""""""""""""""" | N

7. In the figure, AB =6 cm, BD =9 cm.
Find the diameter of smaller circle,

if diameter of bigger one is 80 cm. /L’//'( B

/</("
hEL AR 4

8. Prove that if vertex angles of two isosceles triangles are equal then the two tris
similar. :
9. Find the length of BC and DE in the figure.

e @
| 248 T
A 8 cn

10.  Triangles SQT and PQR are similar.
Find the ratio of area of triangle SQT
to that of triangle PQR.

S/
/

3emy/ ‘

/ ﬂ ‘;

/ i |

Q 2cm T 4cm R

Unit-09  Geometry and Polygons ?




https://fbisesolvedpastpapers.com

N

1. The following pyramids are similar and
larger pyramid has a surface area of 392 ¢cm?.
What is the surface area of smaller pyramid?

14cm 10cm
12. The two cylinders are similar. What is the volume of the larger cylinder if the volume of
smaller cylinder is 40 ft°.
( R=3ft )
(Cr=an>
13. The following pairs of solids are similar. Find the surface area of red solid.
(1)
anieins, 4
4m = Yy
Surface area = 336 m’ %00
(i1)
20 in. / ).
_/_‘_d. |
/
/
/
Surface area = 1800 in’.
Unit-09° Geometry and Polygons @ National Book .Foundalion
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[n this unit the studentSwill benblcloﬁ

PRACTICAL GEOMETRY

Construct a triangle when two sides and included angle are given.
Construct a triangle when one side and two angles are given.

Construct a triangle when two sides and angle opposite to one side are given.
Draw angle bisectors, perpendicular bisectors, medians and altitudes of given
triangle. ‘
Verify the concurrency of angle bisectors, perpendicular bisectors, medians and
altitudes of given triangle. -

(

Pyramids of ancient Egypt remain among the largest and most impressive structures
constructed by any civilization. The building of the pyramids required a mastery of art,
architecture, engineering and social organization at a level unknown before that time.
Observe an image of those pyramids, shown in below and try to visualize their excellence
in the field of construction.

Canyourelate the geometrical shapes used in these pyramids with practical geometry?
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Constructionof*Friangles

Construction of Triangle when Measures of Two Sides and Included Angle are Given
Fxample ©:

Construct a triangle ABC when AB = 2.5 cm, BC = 2.6 cm and £ B = 75°.

Solution:

Steps of Construction:
(1) Draw AB = 2.5 em.
(1) Construct an angle of 75° at point B with the help of

ruler and compasses and draw BD.
()  With center B, draw an arc of radius 2.6 cm

intersecting BD at C.
(iv)  Join Cto A.
ABC is required triangle.

Construction of a Triangle when Measures of One Side and Two Angles are Given
Example 2:
Construct a triangle POR when QR =3.8 cm, ZP =60° and ZQ =90°.
Solution: Angle R is required for construction. We know that:
ZP +Z20+ZR =180°
60° +90°+ ZR = 180° AN
ZR=130°
Steps of Construction:
(i) Draw QR =3.8 cm.
(iiy  Construct an angle of 90° at Q and draw @4 .

(iii)  Construct an angle of 30° at R and draw RB.
(iv) Both @ and E intersect at point P. Q 3.8 cm R

Thus, POR is required triangle.

Construction of a Triangle when Measures of Two Sides and Angle Opposite to One of the
Sides are Given (Ambiguous Case)

In such construction, we are not sure that how many triangles can be constructed.

.. The above case is also called ambiguous case.

Let us solve some examples to explain this case.

Unit-10  Practical Geometry @ National Book Foundation
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Example 3:
Construct a triangle ABC such that AB = 5.3 cm and BC=4.8 cm and ZA = 60°.

Solution:

Steps of Construction:

(1) Draw AB=15.3 cm.

(i) Construct ZBAP = 60°. .

()  With centre B, draw an arc of radius 4.8 cm

which intersects 4P at point C.

ABC is required triangle. h ~ B
dacm
Example 4:
Construct a triangle having lengths of two sides 4.8 cm and 4.3 cm and angle of 60° opposite to
the side 4.3 cm long.
Solution:

Steps of Construction:

(i)  Draw a line segment say 4B of length 4.8 cm.
(i)  Construct ZABD = 60°.

(1)  With center 4, draw an arc of radius 4.3 cm

intersecting BD at points C and C'.
(iv)  Join Cand C' to A4.
Thus, two triangles ABC and ABC" are constructed. -

Example 5:
Construct a triangle having lengths of two sides as 2.3 cm and 5.4 cm and angle of 30° is
opposite to the side 2.3 ¢m.

Solution:

Steps of Construction:

(i)  Draw a line segment LM of length 5.4 cm.
(ii) Construct ZMLA = 30°.

(111) With centre M, draw an arc of radius 2.3 cm

which does not intersect B ) /

<. Construction of triangle is not possible. > cm

Unit-10  Practical Geometry @ National Book Fox~



R e .
https://fbisesolvedpastpapers.com
( EXERCISE 10.1 ) P pasipap

|. Construct the following triangles.

.(a) AABC when AB =58cm, AC =42cm, ZA =90°
(b)  ALMN when LM =4cm, MN =47cm, LM = 120°
(¢) APQOR when PQ =72cm,ZP =45°, ZQ =175°
(d) AXYZ when XY =S5cm, Z£X=30° ZZ =105°

2. Construct the following triangles where possible.
(a)  AB =6.8cm, BC =8.1cm, ZA =90°
(b) DE=52cm, DF=4cm, ZE =45°
(©) OR=7.0cm, PQ=5.6cm, LR =175°
(d) XY=38cm, XZ=5cm, ZLY =60°
(e) If two sides of lengths 5.7 cm and 7.5 cm are given and angle of 105° is opposite
to the side of length 7.5 cm.

(f) If two sides of length 6.1cm and 3.8 cm are given and angle of 30° is opposite to
the side of length 3.8 cm.

—————— RE— T e ———

7Lﬁx:f.[m (n mu_iu ﬂi a (Eriangle

2 s e

A ray which divides a given angle into two equal parts is called

bisector of that angle. In the figure BD divides angle ABC
into two equal angles ABD and CBD.

So BD is the bisector of angle ABC.

If we draw the bisectors of all the three angles of a triangle,
they meet at a single point inside the triangle. We say that the
angle bisectors of a triangle are concurrent.

—

[xample 6: Construct a triangle ABC such that AB =4.7 cm,
BC=4.5 cm and AC = 4.6 cm. Draw bisectors of three
angles. Are they concurrent?

Solution: Steps of Construction:

(1) Draw BC=4.5 cm.

(11)  With centre B, draw an arc of radius 4.7 cm.

(iii)  With centre C, draw another arc of radius 4.6 cm
intersecting first arc at 4. Join A to B and C.
ABC is the required triangle.

(iv)  Draw bisectors of Z4, ZB and ZC which

~ meet at point O.

.. Angle bisectors of triangle are concurrent.

Unit-10  Practical Geometry @ National Book Foundasion
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A perpendicular line segment from a vertex to opposite sides of triangle is called altitude of

triangle.

In the adjoining figure, CE L 4B. Also, CD s the
distance between point C and AB .
If we join C to A and B, a triangle ABC is formed.
We say that CD is altitude of triangle ABC with
respect to base AB.
Similarly, we can draw altitudes with respect to
other sides. All the three altitudes meet at a single point.
. The altitudes of a triangle are concurrent.
Example 7:
Construct A XYZ when:

XY=6cm, £X=45° £Y=60°
Draw altitudes of triangle. Are they concurrent?
Solution:

Steps of Construction:

(1) Draw XY =6 cm.

(il)  Construct £YXA =45° and
ZXYB =60°.

(iii) XA and YB mieet at Z.

(iv)  Draw altitudes XD1YZ,YELXZ
and ZC L XY.

(V) The three altitudes meet at O.

.. Altitudes of a triangle are concurrent.

- an i e S T

S . f : S— —
b » I
3 i
ot - = mztbaacs P ant W e

Look at the figures.

Unit-10  Practical Geometry =
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e Altitudes of an acute angled triangle meet inside the triangle.
e Altitudes of a right-angled triangle meet at the vertex of right angle.
e Altitudes of an obtuse angled triangle meet outside the triangle.

e
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Perpendicular Bisectors of Sides of T

Bisector is a line which divides a line segment ?

into two equal parts. In the figure, lines /,

m and n are the bisectors of AB . Among the

bisectors, the line m is perpendicular to AB. A 0 B

So, m is a perpendicular bisector or right

bisector of AB . Point O is mid point of AB.
i.e. OA =0B

Example 8: v

Construct a ALMN when LM = 4.1 cm, MN =4 cm

and Z M = 90°. Draw perpendicular bisectors of sides of triangle.

Are they concurrent? N

Solution:

Steps of Construction: \
(i) Draw LM = 4.1 cm. \"‘\J: ke
(i)  Construct ZLMA =90°. —
(111) . With centre M, draw an arc of radius 4 cm /

s / A 2
intersecting MA at N. // A, \

(iv) Join Nto L. Cl mﬁ\
(v) Draw right bisectors of LM , MN and 4.1 cm

LN which meet at point O. s
.. Right bisectors of sides of a triangle arc concurrent.

Note: Look at the figures below.

(a) Right bisectors of an acute angled triangle meet inside the triangle.

(b) Right bisectors of a right-angled triangle meet at the mid point of the hypotenuse.
(¢) Right bisectors of an obtuse angled triangle meet outside the triangle.

Unit-10  Practical Geometry National Book Foundation
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Median of a triangle is a line segment joining the mid point

https://fbisesolvedpastpapers.com

of a side to the opposite vertex.
In AABC, D is the mid point of AB. :
~. CD is the median of A ABC, \

A 1) B

Example 9:
Construct a triangle and prove that the medians of a triangle are concurrent.

Solution:

(1)
(11)

(111)

(iv)

Constructa A POR

With centres P and Q, draw two arcs of equal
radius (more than half of PQ), which meet at
two points L and M. LM bisccts PO at A. Cl

Similarly find midpoints B and C of the sides
OR and PR respectively.

AR ,BP and CQ are medians of triangle p

which meet at point O.
Thus, medians of a triangle are concurrent.

lFt!sL -

Unit-10

e

Steps of Construction:

In the above example, measure PO and OB. You will sce that
PO:OB=2:1. ‘
Similarly, QO : OC=2:1and RO: OA=2:1

. Medians of a triangle trisect each other.
The point where angle bisectors of triangle meet is called mscrlbed centre
or in-centre.
The point where altitudes of a triangle meet is called orthocentre.
The point where perpendicular bisectors of a triangle méet is called
circumcentre.
The point where medians of a triangle meet is called centroid.
In an equilateral triangle inscribed centre, circumcentre, orthocentre and
centroid all lie at a single point (coincide).
In any triangle circumcentre, orthocentre and centroid are collinear (lie on
a same line).
There are infiniteof bisectors of any line segment. Only one of them is
perpendicular to the line segment.
Centre of gravity of a triangular shaped body lies on points of intersection
of medians.

Practical Geometry @ Narional Book Foundation
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(a) AABC when AB=4cm, BC=5cn

by APQR when PQ =4.6cm, OR = 6;«5 cm, =90

(¢)  ALMN when LM =4.2 cm, MN =4 cm, w-.';;

. Show that right bisectors of the following tnangles are co : nt.

(a) AXYZ when XY =45cm, YZ=5cm, : :

(b)  APQR when PQ=4cm, QR=58cm, £ -'90*’ '

(c) ADEF when DE =5cm, EF =4cm, &20" 1. "

Show that medians of the following triangles are cc

(a)  AABC when AB=58cm, BC=5cm, LB =45

(b)  ADEF when DE=6cm, £D =90°% \ ZE =30°

Construct a right triangle 4BC such that £B = 90°

(a) Find its orthocentre, where does it lie? .

(b)  Find circumcentre M of the triangle. Is M the mid-point of hypotenuse AC. Is B
= CM? .

. Construct an obtuse angled triangle DEF. Find its (a) circumcentre

(b) orthocentre. Check whether they lie inside or outside the triangle? _

(a) centroid

(b) inscribed centre.

. Recognize altitudes, perpendicular bisectors and medians in the following triangles.
A '

(a)

E
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.« Iftwo sides and their non included angle are given, more than one triangle can be
| constructed but sometimes construction of such triangles becomes impossible.
|« Only one triangle can be constructed if:
| (a) three sides are given.
(b) two sides and their included angle are given.
(¢c) two angles and any side are given.
» The case in which we are not sure about the number of triangles to be constructed is
called an ambiguous case.
« Angle bisectors of a triangle are always concurrent inside the triangle.
o A ling segment which joins vertex of a triangle to its opposite side perpendicularly is
called its altitude.
» Altitudes of acute angled, right angled and obtuse angled triangles are concurrent inside,
at the vertex of right angle and outside the triangle respectively.
o Perpendicular bisectors of acute angled, right angled and obtuse angled triangle are
concurrent inside, at the mid point of hypotenuse and outside the triangle respectively.
o Medians of triangles are concurrent inside the triangle.
o The point of concurrency of
Angle bisectors of a triangle is called in-centre (inscribed centre)
Altitudes of a triangle is called orthocenter. ,
Perpendicular bisectors of a triangle is called circum-centre.
Medians of a triangle is called centroid.
Medians of a triangle divides each median in the ratio 2:1.

O O O O O
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1. Encircle the correct.
(1) A line which bisects an angle into two equal parts is

(a) right bisector (b)  angle bisector (c) altitude (d)  median
(1) Which of the following is divided by a point called midpoint?
(a) an angle (b)  aline (¢) alinesegment(d)  aray

(111) A line passing through mid point and perpendicular to a side of a triangle is
called
(2) right bisector (b)  angle bisector (c) mid point (d) altitude
(1v)  Two sides making arms of a right angle in right triangle are its

(a) altitudes (b) medians (c) vertices (d) bisectors
(v)  Right bisectors of a right triangle meet at mid point of
(2) medians (b) altitude (c) side (d) hypotenuse
(vi) Medians of a triangle are
(a2) collinear (b) concurrent (c) perpendicular (d) parallel
(vi1) In an equilateral triangle angle bisectors, medians, altitudes and right bisectors
(2) are parallel  (b) are perpendicular (c¢) coincide (d) are collinear
(vi11) Right bisectors of equiangular triangle are its
(2) angle bisectors (b) altitudes (c) medians (d) Alla,b,c
(1x) If three lines meet at a point, they are called
(a) intersecting (b) perpendicular  (¢)  collinear (d) concurrent
(x) Medians of a triangle intersect each other in the ratio.
(a) 1:2 (b) 1:3 (c) 3:1 (d) 2:3

2. Construct the following triangles.
(1) APQR when PO= 6cm, £P =30°, ZR = 90°
(i) AXYZ when XY= 56cm, XZ =52cm, £Y = 60°.
(1ii)) AABC when BC= Tem, AC = 43 cm, LB = 45°.
Construct a right isosceles triangle whose hypotenuse is 6 cm.
4. Construct an equilateral triangle ABC. Find its

(a) incentre (b) circumcentre (¢) orthocentre (d) centriod

Do they coincide?

5. A student wants to find incentre of an equilateral triangle but he does not know how to bisect
the angles. Can he find incentre by using any other method? Explain your answer by taking

an example.
6. Construct a triangle and find its centre of gravity. (Hint: Find centroid)

Unit-10 Pr actical Gcomctry @ National Book Foundation



BASIC STATISTICS

In this unit thestudentsswiltbeabIeito:

o Construct grouped frequency table, Histogram(unequal intervals) and frequency

polygon.
Calculate Arithmetic mean, Median, Mode of grouped data.

Calculate weighted mean.

Related real life word problems

Probability of single cvents.

Probability of complementary events.

Relative frequency as an estimate of probability.

Expected frequency.

Related real life word problems. s

4 R
The famous Biologis Gregor Mendel demonstrated that pea
plant characteristic were transmitted as discrete units from
parent to off springs i.e in a genetic cross, the probability of
apeaplant of purple flowr with a pea plant of yellow flowrs, |@
the dominate trait is expressed in 3 out of 4 of the offspring

and recessive trait is expressed in one out of 4 as shown in &
the adjoining figure.

\, J
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Statistic plays vital role in our day to day life as in our lives we have to come across frequent
decisions based on some relevant past experiences or the related statistics already available. For
instance we may use statistics in eficient budgeting of our family , in finding the best prices for sale or
purchase of products of our interest, to predict risks in our business, to estimate best time to perform
various routine activities. Online shopping is an easily understandable example of this era where the
customers sce reviews of others about a product and make decision to purchase or not to purchase. If
more than 50% reviews are in the favour it may be predicted that the product will be out of stock
soon. Similarly , to estimate the chances of failure or success of a project, probability has great
application. Quantifying and estimating investment and risk assessment in a project are very
important for financial planning , investment comparison and decision making.

a — — —
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In statistics it is very important to represent a data in a manageable way so that it becomes easy
to understand, analyze and to draw useful results. This useful presentation of data can be made
by various methods. Grouped frequency distribution is one of the most important methods to
represent the quantitative data. Data can be classified as:

Raw Data/ Ungrouped Dat:

Data which has not been arranged in a systematic order is called raw data or ungrouped data.

o nad Nat
¥ )1 a1
I UUpPLL

A tabular arrangement of data in which various items / values are arranged or distributed into
some classes and the number of items falling in each class is stated is called grouped data or a
frequency distribution.

Let us try to understand the above two categories of data with the help of an example. The points
scored by 50 participants of Maths Olympiad out of 100 are recorded below.

10 18 38 15 30 27 41 39 16 50 50 45 34 37 34 09 12 45 19 23 29 31 28 17 08

19 2539 42 48 11 30 21 34 37 50 46 08 15 15 16 21 28.32 37 41 19 29 48 50
This presentation of data is called ungrouped data. It is difficult to draw any useful conclusions
from the above data. To analyze the above results easily , it is better to distribute the students in
some groups according to their marks as follows.

Marks obtained No. of students

1-10 4
11-20 12
21 -30 11
31 -40 11
41 -50 12
Total =50
Unit-11  Basic Statistics @ National Book Foundation
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From the table it is easy to get the following results.

There are 4 participants whose scores are from 1 to 10.

There are 12 participants whose scores are from 11 to 20.

There are 11 participants whose scores are from 21 to 30.

There arc 11 participants whose scores are from 31 to 40.

There are 12 participants whose scores are from 41 to 50.

34 participants scored more than 20 points.

Data represented in this form is called grouped data.

To convert an ungrouped data inta grouped form, the students should be familiar with the
following terms.

(i) Number of Groups
A number of groups depends upon the size of data. There is no hard and fast rule for a number of
groups, but it is usually between 5 and 15.

(ii) Class Limits

A group or class is defined by two numbers. The smaller number is called lower class limit and
larger one is called upper class limit. In above example first group is (1 — 10), 1 is its lower class
limit and 10 the upper class limit. Both the lower and upper limits are included in the respective

groups.

(iii) Class Boundaries

In above example the values / marks between 10 and 11 are not included in any group. If marks
of a student are 10.5, then above mentioned classes are not suitable. To include such values we
should write the classes as

0.5-10.5, 10.5-20.5, 20.5 — 30.5, 30.5 — 40.5, 40.5 — 50.5.

The participants having scores between 0.5 and 10.5 including 0.5 are considered in the first
group. The participants having scores 10.5 will be in second group. The largest value of 0.5 —
10.5 and smallest value of 10.5 — 20.5 are same.

0.5 and 10.5 are lower and upper boundaries of first group. The class boundaries can be formed
from class limits as follows. First of all find difference between the lower class limit of second
class and upper class limit of first class. Then subtract half of this difference from lower limits of
all classes and add it to the upper limits of all classes.

Adjustment factor = L] (lower limit of a class — upper limit of the preceeding class) = 0.5

To understand the difference between class limits and class boundaries, look at the following
table.

scores Lower Upper Lower Upper beoundaries Class boundaries
(class limits  limits boundaries
intervals)
1-10 1 10 1-0.5=0.5 10+0.5=10.5 0.5-10.5
11-20 11 20 11-0.5=10.5 20+0.5=20.5 10.5 -20.5
21-30 21 30 21-0.5=20.5 30+0.5=30.5 20.5-30.5
31-40 31 40 31-0.5=30.5 40+05=40.5 30.5-40.5
41-50 41 50 41-0.5=40.5 50 +0.5=50.5 40.5-50.5

Unit-11  Basic Statistics @ National Book Foundation
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Size of a class interval is the difference of lower limits or upper limits of two consecutive
classes. It is usually denoted by ‘v’

egoin b =10, 1120, 21 - 30, the size of cluss intervals is 10,

(v) Class Marks / Mid Values

It is the average of lower and upper limits or boundaries of o ¢loss, Class marks are denoted by .,

. ) A
Class mark of' 1 -~ 10 is“‘m SSund thatol 11 201s 'l"‘" 15.5

Note:
1. The difterence of class marks of two consecutive classes is equal to the size of cluss interval A,
2. Class boundaries may be derived from the class marks v and size of cluss interval /1 by using

the tormula (v + 2 ).

(vi) Frequency

Number of repetitions of an individual value in an ungrouped data is called its frequency. In a
grouped data, number of values present in a group is called frequency of group. In Table |
frequency of group 1 — 10 is 4, because there are four students whose obtained marks are
between 1 and 10 both inclusive.

(vii) Cumulative Frequency
The sum of frequency of a class and the frequencies of all the preceding classes is called
cumulative frequency.

10.1.1 Construction of Frequency Distribution Table

We can construct a frequency distribution table in two ways.

(i)  Tally bar method (i) Direct observation method

Tally Bar Method

Step 1: Decide how many groups should be made in the table.

.r’ - X

\

’

Step I1: Find approximate size of class interval by the formula /=
n
Where /1 = size of class interval
x; = largest value in ungrouped data
x; = smallest value in ungrouped data
n = approximate number of classes

Step 11I: Draw a table and write the class limits in first column according to the size of class
interval.

Step 1V: Choose the values from ungrouped data one by onc and draw small tally marks in
second column against the respective group. If 5 or more values fall in a same group, then draw
5" tally mark diagonally. It will make the counting of tally marks casier.

Step V: Count tally marks of cach group and write their number against the respective class in
third column (column of frequencics).

Step VI: Find sum of all frequencies and check that it must be equal to the number of values

present in ungrouped data i.¢
number of total items in ungrouped data (n) = sum of frequencies in grouped data (3 /)

Unit-11 Basic Statistics @ National Book Foundation
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Example 1:

The following are masses in pounds of 40 boys at a gym.
147, 138, 164, 150, 132, 144, 125, 149, 157, 146, 158, 140, 136, 148, 152, 144, 168, 126, 138,
176, 163, 126, 154, 165, 146, 173, 142, 147, 135, 153, 140, 135, 161, 145, 135, 142, 150, 156,

145, 128,
Make a frequency distribution table using an appropriate size of class interval by tally bar
method.
Solution:
Step I: Let us distribute the data in 5 classes.
Step 11: x=176,x,=125,n =~ 5.
h=x’—x‘=176_125:10.2z11 |

' n 5 Tally sticks are the ancient

Step 11I: tools used for recording

.numerical data. These

I llyzl_sg_is;a; ;n pounds Tallﬁ'| marks | . Fregusencles elongated picces of BOR

| 136 146 | il : 3 wood or ivory were marked

‘ 147 = 157 l u# Hﬁ : 11 with counts or lines. Marco

158 — 168 | i 6 Polo have documented the

| 169-179 1 || 2 use of tally sticks in regions
Toml r T like Yunnan (China).

Direct Observation Method

In this method the values of ungrouped data are written in second column of table against the
respective group instead of tally marks. The remaining process of construction of frequency table
by direct method is same as that of tally bar method. When ungrouped data are not arranged in
any order, then it is better to use tally bar method.

In example 1, the frequency table by direct method can be constructed as follows.

Masses in - Observation ] Frequencies
~ pounds ‘

125-135 | 132,125, 126,126, 135, 135, 135, 128 8

gs 146 138, 144, 146, 140, 136, 144, 138, 146, 142, 140, 145, 142, 145 | 13 _
147-157 147, 150, 149, 157, 148, 152, 154, 147, 153, 150, 156 ] 1

| 158-168 164, 158, 168, 163, 165, 161 | e~
169-179 176,173 - |2
Total ~ N - } 40

Discrete Frequencey Distribution

If data is not in fractions and some values occur most often to constitute the whole data, then
data is called a discrete data there is no need of class boundaries and size of class interval is 1.

Unit-11  Basic Statistics @ National Book Foundation
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Example 2:
A cubical die is rolled 30 times and numbers of dots on front face recorded each time are as
follows.
2.6,2,3,2,4,5,4,3,1,2,6,5,3,4,6,2,2,4,6,5,1,3,4,6,5,1,1,6,3

-y

Make a discrete frequency distribution. Also make a column of cumulative frequency

Solution:

No. of dots Tally marks | Frequencies Cumulative

R 1 frequency

1 I 4 4 \/

ez s Wl [T e 4+6=10

i —3—-7—‘-‘1{% f 5 E 4+6+5 =15

B 4 | —hﬂﬁ_j 5 j 4+6 +5+5= 20

: 5 ] a4 | 4+6+5+5+4=24
6 | M1 |6 [ a+6+5454446=30

| Total | — [ 30 teipeiod gy g

11.1.2 Construction of Histogram

Different types of charts and graphs arc used to represent a data effectively. It becomes very easy
to get a quick idea about the data and to analyze by means of graphs and charts. In histogram,
data are represented by adjacent rectangles having bases along horizontal axis (marked off by
class boundaries) and areas proportional to the class frequencies. If the class interval sizes is the
same, the heights of rectangles are proportional to the class frequencies as you have done earlier
in grade 8. If the class interval size is unequal, then the heights of rectangles are to be adjusted.

Construction of Histogram with Unequal Size of Class Intervals
If sizes of class intervals are unequal, then to make areas of rectangles of a histogram
proportional to their frequencies, the heights of rectangles have to be adjusted. In a histogram
area of rectangle is proportional to class frequency.
Area o frequency or height x width « frequency
frequency
width
Thus height of rectangle may be found by dividing the frequency by width of class interval. The

= height «

is called frequency density.

ratio ——freq_uency

width
To make a histogram with unequal sizes of class intervals, we plot class boundaries on x — axis
(horizontal) and frequency densities on y — axis (vertical).

Unit-11  Basic Statistics @ National Book Foundation
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Example 3: The heights in cm of 44 students of a school is given below.

Height |130-144 [145-149 [ 150-154 ] 155-159 | 160-169 | 170179 |

WS- -

Noof | 9 | 7 | 8 | 6 | 10 | /&
students ’ 1“ i 1=
Represent the data by a histogram.
Solution:

" Height(em) | f | Sizeof class interval D | Class boundaries
130-144 | 9 | 15 [ 9+15=06 | 1295-1445
145-149 | 7 | 5 [ 7+5=14 | 1445-1495 |
150—154 | 8 '1 s —ion 8+5=16 | 149.5-154.5 |
155-159 | 6 | - 5 T 6+5=12 | 1545-159.5 |

[“_1_‘_6_9—169 10 10 | 10=10=1 | 159.5-169.5

| 170-179 | 4 | 10 y‘?ifo 04 | 169.5-179.5

TR T ., T
Title: A histogram showing heights (cm) of 44 students in a secondary school.

AY Scale: 2 cm

. 1.8 - represents 15 cm
Z% 16 on horizontal axis.
§ 14

o)

5 1.2 4

(<)

0.8 -

0.6 A

04

02 A

a > X

Class boundaries (heights in cm)

11.1.3 Construction of a Frequency Polygon

Polygon is a many sided closed figure. To draw a frequency polygon mid points (class marks)
are marked on the horizontal axis and frequencies are on the vertical axis. Points are plotted with
class frequencies and their corresponding class marks. These points are joined by straight line
segments. To complete a closed polygon we add extra classes at both ends with zero frequencies.
In this way two extra points on x-axis are obtained on both ends. The points are joined by their
nearer plotted points. Finally a closed frequency polygon is obtained. It is easy to draw a
frequency polygon on a histogram. To do so we find mid points of the top edges of rectangles
and join them by segments. Then find two extra pomts on both ends on x-axis to complete the

closed polygon.

Unit-11  Basic Statistics
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Example 4:
At a farm house there are 40 lambs , their masses are recorded as given below.
Represent the following frequency distribution by a frequency polygon.

Masses | No.of
inpounds | lambs )
125 - 135 8
136 — 146 13
147 - 157 11
158 — 168 6
‘ 169—179 | 2
| Total | 40
Solution:
;"*  Masses f‘Feque;Ey Hil Class Marks |
Co4-124 0 s
o ms-s 8 |10
b 136-146 ] 13 N FTE 141 TN
o 47-157 1 | 182 :
- 158 - 168 | 6 ) | 163 1 i
169 - 179 2 ; 174
180 — 190 | 7 0 . 185
— Tol | N\ %W | -
Title: A frequency polygon showing masses of 40 lambs
YA atafarm house | On horizontal axis
0.7 cm represents
@ 141 11 pounds
g 12 4
-~
g 10t
£
8 L
6 5
4t
2.4
o~ » X

119 130 141 152 163 174 185

Class Marks (masses in pounds)

Unit-11 Basic Statistics @ National Book Foundation
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Example 5:
Use the frequency distribution in example 4 and draw a frequency polygon on a histogram.

Solution:

Masses | Frcqﬁenc—y_wTClass boundaries 7 Class Mgrlc-s:
T 1s-135 | 8 | 1245-1355 | 130
T 136-146 | 14 | 1355-1465 | 7 W41 |
| 147-157 | 12 'J"146.5—.15715_ | 52 -]
. 158-168 | 6 | 1575-1685 |\7—163 O
T 169-179 | 2 | 1685-1795 | . 174 -

——

Title: A frequency polygon on a histogram showing
masses of 40 lambs in pounds

SCaile:
On horizontal axis
YA 2 cm represents 11
pounds

I
B / N
L/ N

1135 1245 1355 1465 1575 1685 179.5 190.5

Frequencies

Class boundaries (masses in pounds)

Read the following passage carefully and count number of letters in each word.
“Statistics is a mathematical science pertaining to the collection, analysis,
interpretation or explanation and presentation of data. It is applicable to a wide variety of
academic disciplines from the physical and social sciences to the humanities”.
Make a discrete frequency distribution for
the number of letters in each word, the number of vowels in each word.

Unit-11  Basic Statistics @ National Book Foundation



(1) What is the total number of readers in the data?

(i) Which group contains highest number of readers? \

(111 Which group contains least number of readers?

(iv)  What is the lower limit of the last clags?

(v)  What is the lower boundary of the last class?

(vi)  What is the size of the class interval?

(vii) Find class marks (mid points) of all groups.

2. Number of gratitude cards made by 80 student of class 9 is given below.
79, 60, 74, 59, 55, 98, 61, 67, 89,71, 71, 46, 63, 66, 69, 42, 75, 62, 71, 777865875773,!‘
91, 82,73, 65, 94, 48, 87, 62, 81, 63, 66, 65, 49, 45, 51, 69568493636068517354,.I
50, 88,76, 93, 48, 70, 40, 76, 95, 57, 63, 94, 82, 54, 89, 64, 77, 94, 72, 69, 51, 56,67,88,81 70,!,#
81,54, 66,87

(i) Prepare a frequency table to represent the above data using the classes 40 — 49 etc.

-F
(ii) Add cumulative frequency column in the table .
(i11) How many students made less than 70 cards?
(iv) What percent of students made less than 50 cards?
(v)  Which group has the greatest frequency? a
(vi) What is the size of the class interval? 4
1. The number of medals won by 45 players in a certain sports festival is given as : T
0’ 2’ ]’ 0’ 1’ 2’ 3’ 5’ 6’ 3, 2’ ]’ 37 4, 2’ 6) 19 5’ 2’ 4’ 3’ 0’ l’ 2’ 3’ 0’ 0! 2’ 3’ 4’ l’ 5) 6’ 2’4,5’ 193’ 4
46,2, 3,°1,2,5. 4
Prepare a discrete frequency distribution. Also make a column of cumulative frequencies. *
4. The ages of workers in a factory were recorded as below. b |
¢
'Agesln Years 20-24 25-29 30-34 [ 355934
No. ofmkers S [ 16 [ 12 |10
Draw a frequency polygon to represent the data. ‘

Unit-11  Basic Statistics
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i)
(ii)
(i)
(iv)
(v)
(vi)

ﬁ‘FT’polygmmpmentsﬂleper-eapm income o some stat

y

34
12*
i
%

Number of States

— X

L4 -

12

© = N W & v e

0 22 28

14 4 16 I8 24 26
Per capita income (in thousand dollars)
What is the total number of states?

What is the number of states‘which have the least per-capita income?
What is the number of states having highest per-capita income?
What percent of states have per-capita income $14000 and $16000?

How many states have per<capita income $18000 and above?
Represent the frequency polygon by a frequency table.

I 8. The masses measured to the nearest kg of 50 boys are given in the frequency distributy ;_;;_-,_:;

— :
| 2 { 6 j 12 14 | 10
| (i) Construct a histogram. (1) Construct a frequency polygon.
9. Atasale, er of items placed according to the price range is given below:

QL6064 65-69 | 70-79 | 8089 | 90-94

- - — .

2000-2499
75

600 - 999
50

1000 - 1999
70

2500 - 2999 |

truct a histogram
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@ 11528 Measures of Central Tendency

In this unit we are looking for a better representation of data. The purposc of summarizing a data
is to draw meaningful results, to analyze the data and to compare two or more data having same
characteristics. When the data have been arranged into a frequency distribution the information
contained in it is casily understood. The data becomes clearer when it is represented by graphs.
Still we need a simpler way to represent a data in more efficient way to analyze and understand
better. A single value that represents a set of data is called an average. Since the averages tend to
lic in the center of a data, they are called measures of central tendency. They are also called
measures of location because they tend to be located at the center of the data. Here we will
discuss 3 very common measures of central tendency.

(i)  Arithmetic Mean

(i) Median

(iii) Mode

11.2.1 (a) Arithmetic Mean

There are two sections A and B of class 9 in a public school consisting of 10 and 12 students
respectively. The marks secured by each student in a test out of 100 are given below :
A : 35, 40, 90, 45, 50, 80, 70, 65, 55, 50

- B:25,50, 30, 35, 60, 45, 45, 85, 90, 65, 45, 35
[t is required to compare the performance of two sections and we have to decide that which one
of them is better than the other. It is difficult and lengthy to compare the individual performance
of students. Let us see the total marks secured by the students in each section. The total of both
sections are same. It is not good to say that performance of both sections is same, because they
have different number of students. We have to compare sum of scores and numbers of students
in each section simultaneously. To do this we will find the ratio of sum of scores and number of
students in each section separately and then we will compare the two results obtained.
In section A, sum of scores: number of students = 610:10 = 61
In section B, sum of scores: number of students = 610:12 = 50.83
As 61 > 50.83 so average performance of section A is better than that of section B.
“The ratio of sum of values of a data and number of values is called an arithmetic mean.”

Arithmetic Mean for Ungroup Data

The values of data are usually denoted by x. In case of more than one data, their values are
denoted by x, y or z etc. The sum of the values of the data ‘x’ is denoted by “ 3 x” and number
“of values is denoted by n. The arithmetic mean of data x is symbolized a X and by above’

.. J XX sum of values
definition: P, =
n numbers of values
| Unit-11  Basic Statistics @ National Book Foundation
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Arithmetic Mean for Group Data

If values of data nccur more than once, the sum of values can be found by using frequencies e.g
Ifx=23.1223213.425.23,4,521,3,51
Then, X x “’ + 1 1424243424 34442+ 5424344+ 542+ +3+5+1 = 55
In this data frequency of 1 is 3 i.e. | occurs three times. Similarly frequencies of 2, 3, 4, 5, are 7,
5. 2. 3 respectively. '
Yx=1x342x7+3x5+4x2+5x3=3+14+15+8+15=55
Also n = number of values = sum of frequencies=3+7+5+2+3=20
Tx_ 55
= =—=2175
n 20
The above data can be summarized in frequency distribution as follows:

il

So.

EZRE 3 4 5 | Total |
o 37 T |2 A | =ra20 |

fx Ix3=3 2x7 14 3x5=15 4x2—-8 5x3 15 'fo=55

——

sum of values Zf X _ 55
numbers of values X /. 20
The arithmetic mean for a grouped data can also be found by using class marks ‘x’ and class

frequencies ‘f* with the help of formula X = szf" , if size of class interval is greater than 1

Example 6: Find the arithmetic mean of the following data

The arithmetic mean is X =

Marks  0-10 10-20 20-30 30-40 40-50 |

'No. ofstudents 2 5 7 3 8 '
Solution:
" Marks f Class marks fx
— 0-10 /|2 | 5 10
B 10-20 1 J5 15 75
S 20-30 7 25 175
T 30-40 3 i 105
_40 M VT 8§ | 45 360 |
Total_ / "”‘“Z-:f=25- e Y fx=125
s uSx_ 725 _ 0
Sf 25

Unit-11  Basic Statistics @ National Book Foundation
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When data is arranged in some order, it ean be represented by a single value that lies exactly at
the centre of datn, *Fhe central or middle mont value of an arranged data is called its median
peprenented by v rend aw v tilde

https://fbisesolvedpastpapers.com

AMedinn fov Ungroup Datn

e I the number of values of o data s odd, then the middle value of the arranged data is the
median,

e I the number of values of a data s even, then there are two middle values, the arithmetic
mean of these two middle values s called median of the data, These definitions of median
can be expressed for an ungrouped data as following formulas,

. ' , ; TR :
(@) W (mumber of values) is odd, then median z th value of the data

(i) 10mis even, then Median -+ Arithmetic mean of the two middle valucs

1 2
’ 1 Nth value | "0 th value

- -

IKxample 7:

The selling prices of the seven articles sold by a shopkeeper in rupees were 1075, 1050, 2050,
1030, 2045, 1090 and 1530, Find the median sclling price of these articles.

Solution:
Arranging these values in the ascending order as 1030, 1050, 1075, 1090, 1530, 2045, 2050.
Here n 7(odd), so

‘ nal T4 bed
Median = th value . th value 2“‘ value— 4" value = 1090

-— -

So, median selling price of seven articles is Rs. 1090

Iovample 8:
Find the median of the following set of valucs.
40, 35, 45, 60, 50, 35, 40, 45, 35, 50

Solution: Arrange the numbers in ascending order as 35, 35, 35, 40, 40, 45, 45, 50, 50, 6
Here n = 10 (even), so
Median — x — half of sum of two middle most values
{’—’ th value +

n

— —

n+2

th vuluc}

1o | —

l

2
| C th value + ik th value
(2 2 /

-

o | —

1
—(5th value +6th valuce)
f)

| i (40 + 45) = "15 =425

— Lo
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Median for Grouped Data

In a grouped data or frequency distribution the median is taken as %th value. To find median

for a grouped data we first find the group which contains the median. To locate the median group
we form cumulative frequency table. The formula used to find median of a group data is
Median= X' = [ + ’7‘ (g -C)
Where / = lower class boundary of median group
h = size of class interval
/= frequency of median group
n = Tf = Number of items
¢ = Cumulative frequency of class preceding the median class.

Example 9: Marks obtained by 100 students in an examination are given below,

 Marks [ 10-19[20-29 | 30-39 | 40-49 | 50-59
Noofstudents | 5 | 25 | 40 | 20 . 10

Find the median marks.

“~

Solution: Median = '5' th value = @ th value = 50" value.

_ Marks  f  ClassBoundaries  cf
10-19 5 | 95-195 5
012029 | 26 19.5-29.5 |¢=30
1 30-39 f=40 295-395 70 ——> mediangroup
. 40-49 20 | 395-495 90 |
[ 50-59 | 10" | 49.5-595 | 100 |

et d

From the above table, it is clear that 50" value lies in the group 29.5-39.5.
S0 29.5 — 39.5 is the median group.

h n
Median =/ +7(E-C) where /=29.5,h=10,n=100,/=40,c=30
Median = 29.5 + 10 1_00__30 jDanger zone !!! N
40\ 2 Most of the students
1 take ¢ from the median
=295+ —(50-30) group which gives the
4 negative result .
_ 20 remember c is taken
=205+ =2
“ from the group which
=205+ 5=1345 marks comes before median
' ' group
N\ e
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The number of pairs of shoes sold in a day according to their sizes at a shoe store are given
below.

Lo T ¢ [T S TRONN 10 NN
No. of pairssold | 14 | 25 | 45 | 50 | 30 | 16 |

Ao SN S

According to the data, the most commonly used shoes are of size 9. In other words we can say
that the average size of shoes sold in a day at a shoe store is 9. The average found in this way is
called mode. “The most frequent (repeated) value of a data is called mode of the data.” If two or
more values occur the same numbers of times but more frequently than any of the other values,
then there is more than one mode. In this respect, mode differs from mean and median because

they have unique values. If each value of data occurs same numbers of times, then there is no
mode.

Example 10: Find mode of following data sets.

(i) 30,25,40,30,45,25,30,40,30

(ii) 1,2,3,2,1,3,1,2

(i) 125,130, 115,125,135,120, 135,130, 120
Solution:

(i) As 30 is the most frequent value so it is mode of the data.The data is called unimodal.

(if) As the values 1&2 occur equal number of times, so there are 2 modes. This data is called
bimodal data.

(iii) As the values 120 , 125 and 130 occur two times each and frequencies of remaining values
are lesser. So 120, 125 and 130 are threemodes of the data.This data is called trimodal data.

Mode for Group Data

To find mode for a frequency distribution or a group data, we first find the modal class. A class
or group having largest number of items (frequency) is called modal group and it contains mode
of the data. The mode of a grouped data can be found by the formula.

Mode = [+ U= 11) x h
2-fm - f} - f 2
Where /! = lower class boundary of the modal class.
Jm=frequency of the modal class (the highest frequency)

N frequency of the class preceding the modal class
J» = frequency of the class following the modal class
h = size of class interval

Note: If first group of the distribution have the largest frequency, then f; = 0 and if modal group
is the last group of frequency distribution, then f; = 0. But these are very rare cases.

Unit-11  Basic Statistics @ National Book Foundation
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Fxample 11
Fifty workers of a factory are distributed in 7 groups nccording 1o their wages in rupees per e,

Wages In Rupees | 25-29 | 30-34 | 3539 | 40-44 | 45-49 | 50-54 | 55-50
No of workers 2 4 B | 20 6 | 6 |S40
Find mode of the distribution, Wages / Class bodndAes
Solution: 25 .29 2 24.5 - 29.%
30 - 34 4 29.5 - 34.5
35 - 39 g 14,5 - 39.5
40 - 44 20 39.5 - 44.5 =D modal cuss
4549 6 44,5 49,5
~ 50-54 [ 6 | L /49.5-54.5
| 55-59 | 4 | 54.5 59,5

As 20 is the largest frequency, so (39.5 — 44.5) is the modal group.
[=39.5,fm=20,/1=8,/2=6,h=5

(/o “f/),_ %l Math Play Ground

Mode = [+
zfm - /; - -f2 ‘
I.  Make such hopscotch in 'Winner |
Mode = 39.5 + _(20-8) %5 the play ground, :
2%20-8-6 2. Aska player to start r’;"’n'.;'
12 hoping, doing calculations —
=395+ —— -%5 in cach box, N:f‘::':,;'{
40-14 3. Decide the winner if he — 7
=39.5+ L] x5 =395+ 60 completes without falling. ',:c;f',:f,
26 26 a0
LSt

=39.5+231 = 41.81 Rupees
Example 12:
Find median and mode for the following discrete frequency distribution.
[xf1l2 13145

Solution: ' f|3{4]5(2]2 1
Here n=Lf =16
. 16 ;
Median = class containing %1}1 observation= "fth observation = 8th observation
[ [ f | ef |
1 3§ 3
Rl 4 L 1 0
3 15 12 ——b 8™ obscrvation
| 4 | 2 | 14 |
ZEE 16 |

— el

So Median =3 (8" observation lies in the group where c.f, is 12.)
Hence Mode = most frequent observation = 3

Unit-11  Basic Statistics @ National Book Foundation
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11.2.1 (d) Empirical Relation between Mean, Median and Mode
If any two of mean, median and mode of a data are given, then we can find an

approximate value of the third measure of central tendency by using an empirical relation.
mode = 3 median - 2 mean

Or median = -_I;(modc + 2 mean)
Or mean = % (3 median — mode)
11.2.2 Weighted Mean

If it 1s required to find the average of some values which are not equally important, then we
assign them certain numerical values to express their relative importance. These numerical
values are called weights. To find arithmetic mean of data whose values are not equally
important, we usc the weights instead of frequencies.

If x denotes the items of a data and w denotes their respective weights, then arithmetic mean is
. 2wx

X =
w ZW

Example 14: The following are the monthly expenditure of a house according to their weights.

r—

Items Expenditure | "~ Weight
| | (Rs) | relative importance
" Food i © 8000 | 20
“Houserent | 5000 | 10
" Clothing 1,000 | 6
Utility bills 900 | T4 o
" Education 600 “ Ty
' Miscellanies o100 1
Find the weighted mean.
Solution: | Ttems [ x= Expenditﬁfé (ﬁs) | w= Weight ! wx
" Food 8,000 3 20 160000
" Houserent | 5000 10 | 50000
" Clothing 1000 | 6 | 6000
' Utility bills %0 4 3600
' Education 600 | 2 1200
Miscellanies 100 ‘ 1 100
Total 4| 220000 |
Swx 220900

Weighted mean, X, = =Rs.5137.21

> w 43
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-8 =3,0 T "
18,12,16,20,24,28 -
i-sl 42, 53 64 ‘75 86,9.7,108 ‘
v-ssssssss -
k.hlbwing are the scores made by two batsmen A and B in a series of i
poad iy ‘ gl 73 -7 ~T19 199

L B |41 (12 (76 |48 |4 |51 |37
metic mean of scores of both players and state who is bet

iy : ' - o 4
m of four students of class 9 in four subjects out of 100 are given below.
subjects according to their importance are also given.

- | Weights ~ Marks
Hanzala Musa T Zaki Sale
4 70 80 920 |
3 95 60 55 1
2 80 65 50 45
1 55 45 65 |
2 L A

Find welghted mean of marks of each student.

4. Following frequency distribution represents number of liters of fuel consumed

distance in km. Find arithmetic mean of this data set.

Classintervals | 0-5 | 5-10 10-15 [ 15-20 | 20

10-18 | 19-27 | 28-36"
SR
15 18 *

it

i |

(i) £2,44,£6,£8 (i) 0, 1,;'2"?3';
(1) 4,4,4,4,4,4 of SR

RN




8. At an old age house, the

9. Find mode for the following data.

(0% 30> (ii) 2, W’ 5,3,2,5 42

(iif) 120, 130, 140,225, 125,225,120 (iv)2,4,3,5,5,3,4,2

P am : - |
10. Find mean, median and mode for the following discrete frequency distribution.
g Ny sl v oy
x| 0 ‘

i

=t

By b

oL LD AW

1 ‘% 2/ R 4
5‘7 1 9 L. rndaiin 2
11. Find modal value for the following frequency distributions.

‘Classes | 1-4 /5-8 | 9-12 | 13-16 | 17

U0 a1

(b)

“Classes/ | 10-15 | 15-20 | 20-25

| Frequency | 7__{ 6255 3

| Unit-11 Basic Statistics 257
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CIENET

We often come neross such situntions where we have to make guess about occurrence or non
oceurrence of something that it would happen or not. For instance we often make such
statements |
o 0% students of ¢lasg 9 are predicted to be absent tomorrow because of severe heat wave,
o You will probably win Maths Olympiad thig year .
o Lhope you will get at least 90% marks in your board cxam .
In these statements one can nolice the uncertainty or doubt of occurrence. These are few of
the puesses made in our daily life for the possibility of an event that the event is likely to
happen or not. Probability is synonymous to possibility. Simply speaking the measure of
chance of an event is called probability and its vlues are from 0 to 1.For example
e Probability of a new prophet after Hazrat Muhammad (SAW) is 0.
e Probability that Haleema will win the toss among  Halecma, Hajra &Haani is 1/ 3.
e Probability of sun sciting in west is 1.
In these statements we have seen that probability is between 0 and 1 both inclusive. This
range can also be presented pictorially for better understanding as

Impossible event unlikely cqually likely likely certain / sure event
&

Probability 0

Probability 1/2 Probability 1 -

In previous classes you have learnt about various terms necessary to understand the problems of
probabilitty i.c.

Experiment, trial, outcome , sample space, event, impossible event, sure event, equally likely
Jikely, unlikely, mutually exclusive events, exhaustive events, independent and dependent
events cte. Here we will discuss single event and cvents not happening in a bit detail .

11.3.1 Single Event Probability

An event which has single sample point is called a single event or simple event or singular event. Eg
in tossing a coin the sample space is {H, T}, where E, = {H} and E, = {T}, as only one out of 2
outcomes is possible . Here both E, and E, are single cvents. '

Example 15: Write sample space for single roll of a die and enlist all the events. Discuss
whether any compound event is present in this case.

Solution: Here we notice if a single die is rolled once then any one of the outcome may occur
from 1,2, 3, 4, 5 and 6. Therefore S = {1, 2, 3,4, 5, 6}

Now all possible events are {1}, {2}, {3}, {4}, {5 }, {6}

from events listed above, its evident that all events are single .So no compound event in this case.

Unit-11  Basic Statistics @ National Book Foundation
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v

The probability of such events is obtained by the formula:
No.of favourable outcomes
total no.of outcomes

P(E) -

Example 16: Write sample space for single spin of a spinner of 3 primary colours and enlist all
the events. Discuss probabilities of all events .
Solution: Here S = {blue, red , green}, the pointer of the spinner can stop at only one of the
colour so Ei= {blue}, E2= {red}, Ea~ {green}
. , - 1
P(Ei1) = P(E2) = P( E3) = S

Example 17: Ali picked a book at random from a library shelf which had 3 history books of
grade 6, 4geography books grade7, 9 science books of grade 8, 3 science books of grade 7, 6
geography books of grade 8 and S science books of grade 6. Find the probability of getting:

a. ascience book b. a geography book ¢c. a book of grade 7
d. abook of grade 9 ¢. a book of mathematics
Solution: Here total number of books is 30.

. 17
a. total science books are 17 .-So P(E1)=—

30
10 1
b. total geography books are 10. So P(E2) = b
7
c. total books of grade 7 are 7. So P(E3) = =

. . 0
d. there is no book of grade 9. So P(E4) = 30 0
e. there is no book of mathematics. So P(Es) = e 0
11.3.2 Probability of an Event not occurring
An event which describes the non occurrence of another event is called non occurring event.
If 4 boys Affan , Jaffar, Hassan and Maaz are playing ONO, then probability of winning of each

. N 1
boy 1s i. If the event of winning of jaffar is represented by J, then P(J) = e Now the event that

1
Jaffar won’t win is represented by J" and P(J") = [-P(J) = 1- riatr

The two events in which one shows non occurrence of other are called complementary events.

Example 18: There are 12 teachers in maths department among them 2 are higher secondary
teachers, 4 are secondary teachers and 6 are senior elementary teachers. If good performance
award is to be given to only one teacher then find probability
a.  That a secondary teacher will get the award
b. That a secondary teacher will not get the award
Solution: Here total number of teachers is 12. If this is assumed that all teachers are equally
hardworking, dedicated and showing excellent performance throughout their career then the

events will be equally likely.

o 5 . 4 1
a. Probability that a secondary teacher will get the award is P(E) = FESr
2

4 . . 1
b. Probability that a secondary teacher will not get the award is P(E") = 1 — P(E) =1 — 373
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11.3.3 Relative Frequency as an Estimate of Probability
When theoretical probability is not certain, we use relative frequency to estimate probabilities, ag
in most of the cases it is hard to predict the probability of an event happening finely.
Relative frequency is defined as the ratio between no. of times an cvent is occurring in an

experimental trial and total number of trials in the experiment. i.c.
frequency of an event occurring

Relative Frequency = :
" : total no.of trials in an experiment

e The relative frequency is often calculated after performing experiment so it is often called
experimental probability.

e More the no. of experiments done, closer the relative frequency becomes to the theoretical
probability.

e Empirical probability is another name of relative frequency.

°

Example 19: A spinner of 5 equally likely colours red, blue, green, yellow and white is spun 50
times and it landed 10 times on red, 12 times on blue, 9 times on green, 9 times on yellow and 10
times on white colour. Find the relative frequency for the event that it lands on green colour.
Solution: Total No. of trials = n = 50
No. of favourable outcomes for landing on green colour = f =9

frequency ofan event OCClll'l‘illg 9
total no.of trials in an experiment B 5
Example 20: A fair coin is tossed 150 times and head comes up 70 times. What is the relative
frequency of getting head up.

Solution: Total No. of trials = n = 150 No. of favourable outcomes for getting head up = f=70
frequency of an event occurring _ 70 — 0.466. ..

Relative Frequency =

Relative Frequency = —f~ .
.= total no.of trials in an experiment 150

11.3.4 Expected Frequency

In probability we often come across the situation where the probability of an event becomes
slightly different from its theoretical probability. The expected frequency is defined as how often
(we think) an event should happen on the basis of theoretical probability or on the basis of
previously happened experiments (relative frequency).

For instance, If Ali rolled a fair die it is expected that 4 will happenl/6 times. If he rolls it 120
times, then he expects 4s to happen 120 x 1/6 = 20 times .Hence expected frequency is given by
the formula : Expected Frequency = No. of trials x probability of the event=nx p

Example 21: 5 students out of a section of 30 students are expected to be absent everyday in
summer camp. What No. of students is expected to be absent every day from 12 such sections of

same strength.

Solution: Total no. of students in 12 sections=n=12 30= 360

5 1

Probability of absent students = p = ol

Expected frequency = No. of trials x probability of the event =n x p =360 x §= 60

Unit-11  Basic Staustics @ National Book Foundation
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expect the no. of Hafiz e Quran in 2500 such villages?
~ Solution: Total No. of villages = n= 2500 and  Probab

1. A letter is chosen randomly from the word *ALLAH’. Now find the

3. A number whecel is divided mto 8 equal sectors labelled as pansy, lily, orghid, tulip, jasmine,

4. Adecagonaldielabelled4,4,4,4, 5,546, 2 8, Risrolled once. Find lhcprobabﬂﬁ
(i a4 (i) an‘even number (i) amuluple of 4 ‘T'I':' ‘
(iv) nota7 (v) anodd number (vi)  aprime number s “ ol
(vii) LCMofd4and8 (viil) HCFof4and 8 (Ix)  factorof 12 ™ ol od
8, A one digit whole number is chosen at random. Find the probability that it is: i ‘
(i) less than S ()  greater than 10 s "_ o
(i)  not the largest | digitnumber  (Iv)  additive identity of whole numbers
v) HCF of 3 and § (vi)  multiplicative identity of real numbm
(vii) not a prime number (vili) factor of' 9 ey
.

c probubility of geting
() avowel (i) anH (i) anL (iv) aconsopli® N o0
v AR -I!ll i = 8
2. A garment factory shipped an order which contained 7000 juckets, 2000 swenters, and 3000
trousers in which 7 trousers, 5 jackets and 9 sweaters are luulty Il the quallly lmpmor
- unpacked one item at random, find the probability that itis &
(1) a trouser (1) not a jacket  (111)  a faulty item :

'] 1o

rose, martgold and sunflowe: *aazz spins the wheel onee, Find the pmbubﬂlty thlt potnur
(i) Stops at rose (ii) stops ata4 letter flower name '. , N
(iii) Doesnot stop at marigold (iv)  stops at a 3 letter flower name

(vi) stops at a tlower name

"

6. A coin is tossed 10 times Complete the given table and answer the questions below the table.

S -
; Event’ | frequency Relative 1|Lquéﬂ(—:'\7*
‘h—cad 6 . o 4
tarl 4 | L e i } 3
(i)  What isthe expected frequency of getting head, if it was tossed 520 times? .
(ii) What is the expected frequency of getting tail, it it was (ossed 308 times? o B

e e

‘ =
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g
20 Complete the tablo wnd uive sawers, 1w dio i rolled 124

Namber — [Vrequenay [ Raluilve|
aeallbieonyy .
S N
oy 10

—m = l’ W e M s "T_.-:.‘

e e - p-

L.

f o fn

il
-
2

D . —
) e wan rolled 6000 times, how minny Himes occurence of 16 18 expected?
G0 wan rolled 3000 times, how iy imes ogeurence of n | in expected?
(i wan rolled 400 timen, how many times occuence of n 2 s expected?

.. A

8 There are 6 girls sections of class 9 0 public school, namely Teal, orchid, mauve, hazel,

gallio and denim. Only one girl i to be chosen randomly from all sections for

selence olympind.

() Find the probability of selecting a gl from hazel section,
(1) Find the probability of not selecting o piel from hazel section.
(o) Venily that answers of both parts o and hadd up to unity, : '

w () 106 girls are (o be selected, find expected frequency of selecting from orchid
() 1160 girls are to be selected, what number of girls is expected to be chosen ﬁ'OI‘I! J

« Statistics 18 science of collecting and analyzing numerical data,

« Facts and statistics collected for analysis is called data,

« A table consisting'of values of a data along with their frequencies is called a frequency tab

« In a group data, the table congisting of class intervals and their respective frequencies is €
frequency table or a frequency distribution.

« The representation of data by a ¢hart having adjacent rectangular bars is called histog

« The representation of data by a closed polygon in which class marks are plotted along
and frequencies along y<axis is called a frequency polygon. TR

« A single value which can represent the whole data is called measure of central tendency,
measure of location or an average. .

« Measures of central tendency discussed in this grade are arithmetic mean, median and mod

« Arithmetic mean is a ratio between the sum of items and number of items of the data,

« The middle most value of an arranged data is called median average or simply median.

« The most frequent value of the data is called modal average or mode.

« To ﬁgd arithmetic mean of data whose values are not equally important, we use the

imtfd of frequencies. This is called weighted arithmetic mean. H
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experimental trial and total number of t 1t

1. Encircle the correct option in the following.
i. Which of the following is a class mark of the interval (10 — lS)"

(a) 10 (b) 12.5 (c) 15 (d) 16
ii. What is size of class interval (4 — 7)?
(a) 4 (b) 5 (c) 6 (d) 7

iii. Which of the following 1s chart of adjacent rectangles?

(a) bar graph (b) Frequency polygon (c) histogram (d) ogive
iv. Which of the following is meacure of central tendency? p

(a) variance (b) standard deviation (c) range (d) arithmetic mean
v. Which of the following is a formula of arithmetic mean for grouped data?

Ix h n Lfx Um—f1)xh

(a) = (b)l+;(;—c) (C)Z_f (d)l+2fm—f1-fz
vi. If arithmetic mean of 25 values is 10, then what is sum of values?

(a) 250 (b) 125 (c) 25 (d) 2.5
vii. What is median of the data 4, 3,0, 2, 1?

(a) 0 (b) 2 (c) 3 (d) 4
viii. Which measure of central tendency can have more than one value?

(a) weighted mean (b) median (¢) mode (d) arithmetic mean
ix. The probability of getting M in ‘MUHAMMAD’ is

(a) 8 (b) -3~ (c) (d) none of these
x. Probability of picking an ace from a well shuffled pack of 52 playing cards is

(a) L (b) 1_13 (c) 1i3 (d) none of these
xi. A normal fair die 1s rolled 6000 times. The expected number of 5 is

(a) 100 (b) 5000 (c) 1000 (d) none of these

~xii. A fair coin is tossed 500 times. Expected number of tails is
(a) 100 (b) 250 (c) 1000 (d) none of these

xiii. in a group of 5 people, 4 like peach juice. The expected no. of people in a population of

1200 who like peach juice is
(a) 240 (b) 600 (c) 960 (d) none of these

Unit-11 Basic Statistics Q National Book Foundation



xiv. How many times Haani should toss a fair coin if he expects to get 100 tajlg

(a) 100 (b) 200 (c) 1000 (d) nonedende)
xv. An event which can never happen is called N

(a) sure event (b) certain event (¢) possible event (d) lmpom event
xvi. Two such events whose probabilities are % each are called

(a) likely (b) equally likely (c) unlikely (d) none of these
xvii. The probability of a certain event is

(1) 0 ®) 4 © 3 (@1
xviil. The probability of an event can take the value

(a) 0 (b) 1 (c) % (d) all of these
xix. The probability of an event cannot take the value

(a) 0 (b) 1 (c) 2 (d) all of these
xx. The probability of an impossible event is

(a) 0 (b) 1 (c) 12 (d) all of these

2. For the following data, find mean, mode and median .

'x|5]10015[20 2530 35,40
S - T —

Bl 2141 6 | 8410 7N '3

3. Find the median for the following frequency distribution.
" Marks [30-39 | 40-49 50-59 | 60-69 | 70797
.‘ i':requency 3 8 11 5 4

M5 |

4. The arithmetic mean of 10 values is 35.5. If nine values are 20, 23, 37, 48, 29, 33, 45, 40, 45,
find the tenth value

5. Find mean, median and mode for the following frequency distribution.

Classes | 0=10 | 10-20 20-30 | 30-40 | 40—50 |
L il

f g 1 5 7 5 1 =
6. Affan is learning to play dart. He plays it 20 times each day and probability of hitting bull’s
eye is 1/10. Find:
(a) expected number of hits in 25 days. (b) expected number of misses in 25 days.

7. Shifaa usually gets Jate for her school 2days out of 6 working days of a week. What is the
expected no. of days of her late arrival in 4 weeks.

8. As’ha tries her best to score 100% in each maths assessment, but the probability of getting this
is 0.8. Find the expected number of assessments in which she will score 100% out of total 20
assessments. ,

9. In a lab shelf there are 50 repoorts of covid 19. Among these 13 are females and 2 of the
females are covid positive. If a report is picked at random, find:

a) The probability of getting a female report
b) The probability of getting a male report
¢) The probability of getting a female covid negative report.
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(CANSWERS )

Exercise 1.1

A
4 ‘ |
Gt —t—t—t————+> ” E >
T4 8 4 3200 1 2034 ol 1;;-5—4:-214;1234

(iv) to (viit) Do yourself.

) 3 —
A\l T T T

o

t
08 4 A U

multiplicative identity (1) multiplicative inverse  (11i) commutative property w.r.t. ‘+’
(v) associative property w.r.t *+’

(Vi) distributive property of multiplication over subtraction

R

(iii)

v<
e}
) 0 e ) 4' 2 n o " t ’

R o e e o $ t
4320002y a 8} 432101 2 34 s
Vo8
< —— (V) 1o (vi) Do yourself
v X -7 6 5
(1) reflexive property (1) transitive property (111} symmetric property
(V) multiplicative property (V) transitive property (v 1) cancellation property
(vil) transitive property 1) cancellation property
Exercise 1.2
1. (i) 6° i V22 (i) A/ x ") product rule is not applicable

|
YR e Yot 10 i 3107, 10

Y (1)

|

v111 product rule is not applicable

i Y26)? L5 Yi000, 10 v V39

V2167 ,36 i) 29 *;'7—%
2 2
Gy 5% (i) 107 =100 -6°=-36 (iv)6°=36 =53 (vi) =102 = 100
3 : ) l: o l ¢ 2 5
(i) 2 (7 -7 (i) 2 ﬁ (v) 1 (vi) ~ (vii) 1
Exercise 1.3
. 16,289 6. /Rs/77.7
> No 7. 9%
43.5 Capital = Rs.12,00,000, debt = Rs. 8,00,000
4 42 km v F=-12856 ,K=183.8
5. B Farah= 76,144.83, Maryam = 152,289.66, Tehreem = 228,434.49
Answers @ National Book Foundation
\



—— e ————

https://fbisesolvedpastpapers.com
Miscollanenus Kxerelse |

i (b (i) () (i (d) v (o) (vi (n)
RNl (v (o) (vith (o) o (b)) o (w)

v P U— bbbt e
“""""‘.;‘\;r,};,‘,',"‘"’ Ao
hh

Jeand
[T Y T I ) (S A W’
Ul“ t \ \2| 0o r?_ “\’ ] h
4

A\ " v !
\, (h Vo 2N 0128 vy (<2)", 250 (v) x
Vie (b V( ) ) o

1
o) =D (i 20y
o False b Palwe o True o True

>

Fxercise 2.1

I (153907 X 101 (1) 85,340 % 10" i 1,20 % 10" (iv) 2,5326 % 10
2. (1) 0.00009007 (1) 5,04 (11 0,0000065 3 (1v) 3141500000
\ (O 1A3I8234 x 10 (1) 2300000 (0 ],2915783% 107 (1v) Q9KKO00

| 3RO hew app. & S8 days app, S 83535 minutes

xercise 2.2

L (Hno (1) no (1) yen (tv) no
2 mo6'=210 (10 logy 2401 =4 (1) §8* = x (v log, | ez 3 (v) log 425 = x
27 4
(VD107 = 107 (vib) 0K 1 L.., (vil) AP 13 (i) (28 - 3)= 8§ () loga(2x+ 1)= 3
‘ 64 4
X () x=3 () x=2 (i) y=4 (iv) x=§ (V) x=16 (vi) x=43
4. (i) 3125 (iv) 81 (v)2 (vi) 12 (vil)y =3
(viih) 2 (in) 4 (x) 3.5

Kxercise 2.3

1.3.7253 23,6609 10,9828 1. 2,0449 517192
6.-1.9183 or 20817 7. ~2.0315 or 39685 1. 12.00 9. -4.3979 or 56021
10. 06020 11.3,6020 1217324 1300039

41,0039 = - 09961 1% impossible
Exercise 2.4
12706 882 1 L7484 3661 5 10000 6. 1.009

e
7000749 # 0.08474 9. 0.003326 10, 1.000  11.0,0010  12. 997700
153090 140 3.09 152188

Answers Natlonal Book Foundation
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() 2log3+ logt (i) log 59 —log s (iii) log 5 +log p + 2 log q - log x — 3log y

. :
(iv) ;(10353.3—10346.4) (v) 2log5+5logt+ i—loga—?:-log4.4—%logt—.ﬂogb
2 3 1 6 2
(vi) — log 7+— logt+ —logp—- —logd—- —logb
5 5 ) o 5 & 5 .

o
(vii) -3-log5.512 +tlogp + élogm— %log 591 -2tloga-tlogh

v

_ X i 57.7 (36.6)° ]
(i) log —5 (il) log . (iti) lo 3 3
y s (9.24) x(23.3)

1.
6513 x Y2 61 x 2883
(v) log

(iv) log
V322 x(9.42)7 s3.71 ..
3 (i) 3.9069 Gip L (iii) 3.7997  (iv) 7.7942 (v) 6
3
4. (1) 0.0791 (ii) 1.0458 (i11) 0.1688 (iv) —1.6198 or 2.380 (v) 0.1046
Exercise 2.6
1. (i) 15 (i) 201  (iii) 4 (iv) 26 (v) 82 (vi) 21
2. (i) 140.6 (i) 8914 (i 6.209 (iv)  0.5664 (v) 0.6647 (vi) 0.5631
('rii’ 1.090 (,'i l'l 0.03301 3
3.  app. S times )
Miscellaneous Exercise 2
1.G) () Gy () (i) (d) (iv) (a) v)  (a) (vi) (b)
(vii) (d) (viii) (c) (ix) (b) (0 (d) (xi) () (i) (b)
(xiii) (b) (xiv) (b) (xv) (c) (xvi) (a) (xvii) (c) (xviii) (c)
2.1i)5.336 X 10" 1ii) 1.02 X 107 (iii) 5.234 x 10"
3.11)0.07232 (i1)21386.43 (i) 56 <. (10 (ii) 2 (iii) 1
2. (i) 2 ()16 Gii) £2° (iv) 8
6.0(i) 14771 (i) 13802 (111)2.5563 7. 31626957.07
Exercise 3.1
u U
U U
Answers National Book Foundation
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(V)

(vi)
https://fbisesplvedpastpapers.com’
Exercise 3.2
TR 2. n(B-A)=19,n(B)= 2l
3. - 9.
U
5 10
Algebra Geometry
8
25 students like geometry. Houses without lawn & porch: 8
> [u 125
P S
400 175
Out of school children: 125 only mango: 80, only vanilla: 56
) only chocolate: 26
U (1) 51
(11) 17

(111} 103

480 9. 32 018 96
| 2. Arabic only:40, French only: 100, Both:152
13. (1) 210 (i) 20 (1) 380 14. 38, 22
Exercise 3.3
I. (1) a=7,b=-1 () a=-5,b=-1 () a=6,b=-5 (iv) x=-14,y=8

. 1 . 5 11
(v) x==6,y=-16 (vi) .\'=l,y=§ (Vil) x==y= —

6 6
Answers National Book Foundation



1 AXB={(1,1),(1,0), 4, 1), (4,0), (8, 1), (8, 6)} 6 elementshitps://fbisesolvedpastpapers.com
a0 B A= (1L 1), (1,4), (1,8), (0, 1),(0,4), (0,8)) 6 elements

G AX A= (1, D), (1,4), (1, 8), (4, 1), (4, 4), (4, 8), (8, 1),(8,4),(8,8)) 9 clements

oo BxB={(1, 1), (1,0),(0,1),(0,0)}  4eclements

Graphof E x Fand F x E: T

t
< Lt
2? r._$
) * ,
0 1 2 [4 8 11
v

Draw graphs of E x E and F x F yourself.

4 L={0,1},M={2,3,4}, MxL={(2,0),(2,1),(3,0),(3,1),(4,0), 4, 1)}

50 {(1,2),(1,4,(1,6),(1,7),3,2),3,4),3,6),3,7),(5,2), (5,4, 5,6), 5, D}
(i) {(1,2), (1,4), (3, 2), (3,4, (5.2), (5. 4). (1,6), (1, 7), (3, 6), 3, ), (5, 6), (5, )}
(iii) Verified from (i) and (ii).

6. (1) {@ac),(ec)dc)} (i) {(ac)(ec),(i,¢c)} (i) Verified from (i) and (ii).

7 (1)) LHS=RHS= {(1,1),(2, 1)} (i) Verify yourself. |

Draw arrow diagram for X X Y yourself.

b Exercise 3.4

(i) 2°=64 (i) 2¥ (i) 2°
() 8 Ri={},Re={(VZ ¥5)}, Ry = {(v3,¥5)}, Ry ={(V5, ¥5)},
Rs ={(VZ, ¥5), (3, ¥5)}, Rs ={(vZ ¥5), (5, ¥5)}, Rs = {(¥3, ¥5), (V5. ¥5)},

N

Answers @ National Book Foundation
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Ry = {(V2, V5), (V3,V5), (V5, V5)).
() 10, Ry= { ), Ry= {(r, m)}, Ry = {(mr, )}, Ra = {(e, 1)}, Rs = {(e, €)},
Re = {(m, ), (m, @)}, Ry = {(mr, ), (e, )}, Ry = ((m, ), (e, )}, Ry = {(m, &), (e, M)},
Rio = {(mr,¢), (¢, )}, Ri1 = {(e, ), (e, e)}, Ri2= {(m, ), (1, €), (e, ™)},
Ry = (@, m), (m, €), (e, €)}, Rua = ((m,m), (e, ), (e, M)},
Ris = {(m,e), (e,e), (e,m)}, Ric={(m,m),(m,e),(e,m), (e e)}
am) 4R ={},Ra={(5, 1)}, Ra={(5,10)}, R«={(5,1),(5,10)}. (iv) Do yourself.
Ri={(7,7),(7,8)}, DomR, = {7}, Rang R, = {7, 8}
={(7,9),(8,7), (8,9}, DomR,= {7, 8}, Rang R, = {7, 9}
o {G,5),(7,7),6,9)
(i) {(5,7),(5,9), (5, 11),(6,7),(6,9), (6, 11),(7,9), (7, 11), (8, 9), (8, 11), (9, 11)}
(1) 1(6, 5), (7, 5), (8,5), (8, 7), (9, 5), (9, N} (iv) {(6,7), (8,9)}
(v) {(6,5),(8,7)} (vi) {(57),(7,9),(0, 11)}
5. () R=1{2,4),(2,06),(2,8),(2,12),(4,4), (4, 8), (4, 12), (6, 12)}
(i) DomR = {2,4,6}, RangR={4,6,8, 12}
(i) R =1{(4, 2), (6, 2), (8, 2), (12, 2), (4, 4), (8, 4), (12, 4), (12, 6)}
(1v) Do yourself.
6. (1) R={(x,y)/x-y=2} (i) DemR={2,4,6,8,10}, RangR = {0, 2, 4, 6, 8}
(i11) R7'={(0, 2), (2, 4), (4, 6), (6, 8), (8,10)} = {(y,x) /y—x=2} (iv) Do yourself.

7. R={0,1),(1,3),3, DL R ={(1,0),(3,1),(7,3)}
< (i) Ri={(1,3%}, DomR; = {1}, Rang R, = {3%)
(1) Re=1{(2,3°%,(4,3%,(4,3",(8,3%,(8,3")}, Dom R, = {2, 4, 8}, Rang R, = {37, 3"}
qi Re=1{(1,3%,(1,3Y,(1, 3%}, Dom R; = {1}, Rang R; = {3°, 3!, 3%}
v Re=1{(1,39,(1,3", (1, 3%}, Dom Ry = {1}, Rang Ry = {3°, 3, 3%}
={(1,3",(1, 3%, (2, 3%, (4, 39}, Dom Rs = {1, 2, 4}, Rang Rs = {3', 3%}

Miscellaneous Exercise 3

L) b i) ¢ LG e (vya (vob o) d (v b (vii) ¢
(ix) a X d. ) d

2y 2% ) Ri={(a,b)},Ra={(ae), (f, J)} Rs = {(a,j), (£ n), (£, &)}
(i) {(ab), (), (b, e), (s, m), (5, J)} (iv) {(a b), (&), (b, j), (5, m)}

(V) {(a, b)’ (f, J)’ (h’ C), (Ss I'l)}

Answers @ National Book Foundation
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A,
AU(BNC) AN(BUC)
A - (BNC) B - (AUC)
7. 1) . (i1)
(v U ] U
26
B A B
2 8
2 25

(i) A= {Haani, Zubair, Haider}, B = {Abdullah, Umer , Bilal, Ali},

C = {Hassan, Jaffer, Usman}

(iii) AN (BNC) = {Haani, Zubair, Haider}

@ [y
@ (A U B) N C° = {Haani, Zubair, Haider,

Abdullah, Umer , Bilal, Ali}

9. (i) v A A— (B N C)= {Haani, Zubair, Haider}
bVQ A-(AuB)={}

(1) 93
(i) 7
Exercise 4.1
1. 2xy? (xy - 3x+y) 23m=1)(x~y) +18(x + 3y%)? 4.(k —2)
5. (Bx+13y-2)(3x-13y - 2) 2 (x ) (x-1) /. (x=23a+4b)(x — 3a—4b)
8. (I+x+y)(l-x-y) 0.+ y 2y —4c? 10 (x +2y) - (2)
11. (a) 2y-9 () 5x-3 12. o +2m? +2xm)( ¥ +2m? -2 x m)
13.(m*+ 1 + m)(m* + | —m) 1. =32 (x=Dx+8) 2 -2+ D)2 +x+) (P -x+1)
16. 402 + 8)* + 4xy) (P +8-4xy)  17. (x-3)(x-4) 8 (x=1) (x-8)
19. 2z-5)(52-2) 20. By-1)(@4-y) 21. (x-6)(x-15)
22. (x=1) (x+2) 23. (x+3)(3x+2) 4. (2xty) (x-3y)
25. (44 5x) (2-x) 26. (2+x) (3 -5x) 27.2(a+1)(a=-3)
28, (u+2)(u=2)(u+3)(u-3) 9. (y=4)(y+4) (y’+4)
Answers @ National Book Foundarion
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Exercise 4.2
I, (x=5)(x*+ 5x +25) 2.(2x+ 1)@ x*-2x+1) % 3(pq - 3x) (p*q® + 3pax + 9x%)
4. (BH8)(9-24x+64x") 5 (t+2)(1-2) (P -2t+4) (B +2t+4) 0. (F+y?) (x — By +yh
7. (y=x) (2 +y*—6x-6y +xy+12) 8. (4x+4y-2z) (16x* + 16y* + 32xy + 4xz + dyz + 2?)

9. (3p-49)’ 10.(2p + q)° . (5x-yy ‘2 (p-3q)
(3. 2x?=-3x+11)(x+1)(2x-5) 14, (y*+2y+3) (y* +2y +5)

15, (y* -4y +1) (Y' -4y +2) 16. (K + 7k — 5) (K*+ 7k- 15)

17. (*-3x—12) (x** - 3x - 16) 8. (x* —8x—6)(x* +2x—6)

19, (x* =9x +12)(x* —6x +12) 20. (10+10x—x*)(10+2x —x?)

21.(a*+9) (a* — 92 + 81), sum of two cubes because of positive sign between the terms.
22.(t+2) (t+2) (t+2), each factor is a binomial.

Exercise 4.3

1(a). Ll plgqg| -1 m
: 5 1P| q | r |Spgr
7 P2 q 2 | 7p’qr
b.12pq(p +q)* ¢ (x+y»)*, (x—y)*etc. d.m—n, (m—n)(m’+ n? x+y a’—2ab + b’
4. ab(a-Db) 5 x=17 6. 3x+1 7. ex+d 4 m?-n? a(x +a)
Exercise 4.4
L()x2+2x (i) +2x (i) +2x  (iv)5(*+2x) (+)No, HCFis x* + 2x’
, 3
i | 8 xX* |y z 8x%yz
iy | 24 | ¥ |y z | 24xy'z
Gii) | 18 | x| ¥ | 2 [ 18x%*7
vy 28 | £ | Y | 2 |2837
J.a+2 ¥ +4x+4 . x -1 PP+l T x(3x+2)
8.x+3 9. 2ab(9a%-1) P E+E-q) | oxy Qe+ 1)(2x-1)
2(x=3)(x=1)(x+2) 17 (m*+ )(m°-1) 13 -5x2+4 x+5)(x-4)(x-06)
Exercise 4.5
J.()x=2,-4(*-4)(x+3) (i) HCF: ¢’ +a+1, LCM: (@-1)(a*-a+1)(a-1)
(1) x(x + 3), x(x + 3)(x-1)2x-1)
2t -1 + 813 - Tx-490 i X1 +5x -2x-24 y+4
§.x +x-x-1 6. (3 + 22+ x - 2)(4x° - 10x* +4x +2)
Exercise 4.6
,.(;-;3; i) =X — @) L (V)1
x +7x-8 x*+y° mt+n’
2 1 5 ab 4.1 5. 2xy 6, 4a’ +2a+l 7 x-5
12 2a-1 x-y 6a x-1

National Book Foundation
Answers



. ey a 4
R \\\(\'5 y’) 3
: -7 T ada - 3)

L@ e+ 20)
2 Q- dv+5)

T (22— —l_:\
X

-a-1 atl

1 a) (=3)m, (+1m
L a) (-3)m
Loa) (e-2)m

4. radwus 1=x-3, madius 2=x-5 .

versa

(d)
()
(d)

(8+3)(a-3) (@’ - 14)
(P +20x-4) (7 -2x-4)

7 A D)

L2 (1= &)

7
i[d - - -
3

Qs l

b) P (dv-Hm
b) P QQ0-12)m
b) 6 (5x - 2)*

¢) Rs. (80X - 80)

12’ dar?
Ata' -0)

Exercise 4.7

\ %

Lo p=216,q=324

Exercise 4.8

)
\

LSy

¢) Rs. 78

¢) Rs. 192 (5x = 2)*

Sme-on, Smton o if speed

Miscellancous Exercise 4

(d) ()
(d) (a)
(@) (©)

(x+2y) (x=2y) (¥ + 14yY)

(a+b) (a-b) (a* +b%) (a’+ ab + b?) (2’ - ab +b?) (a* - a’b* + b?)
(-y)2x-2y+ 1) (2x-2y-1)

(& +y?+ 3xy) (7 + ¥ - 3xy)

4y(x +3) (7x-5)

1)

(p+29)(p-29) (x-2y) (¥ + 2y + 4y?)

x+3

I+ 1
(x+DE+2)(2x+1)

atb+c, (a+b+c)a-b)b-c)c—-a)

1(3_a_l+g_‘:)
x 5 3a

33
{24} 10 {_%}

Answers

X

()

(b)
vili) (C)

(2x + 3)(3x + 5)

@Bri+dx —D@x+4x-0)
(x + 2a) (x— b)

(x+2)(x +3)(3x +2)

x+2

)

i)

(x+1)(x+3)

Exercise 5.1

https://fbisesolvedpastpapers.com
—

V) (a) (vv) (¢)

(o~ 8y = 7) (x* ~ Bx + 13)
" (m + n) (m - n) (2m? + 3n?)

. a=-=2,b=5

)

0 AL i, 1q
(1o 2002405 9) ’
|
12) Lok (a 4)
a
0o (64 2ab + oY)
| ) 8
. i (22X 8=y
") ( . )
17. k=8
d) Rs. 250( x* = 2x — 3)
d) Rs.75(25 x* = 30x + 9)
x 42 then distance = x+3 and vice
(@ o (¢) (vil)  (d)
(b) (i) (b) (xiv) (b)

National Book Foundation



Logy 2 {1y e
8. {13} 9 {3} 10. B}
2. {4,- 8}

23]
137 3

https://fbisesolvedpastpapers.com

Exercise 5.2

1. {40} 5.
1. {3} 12

Exercise 5.3

3. {2, _fs‘_} 4. {1,—3} 5. {2}

5 13 11 : 1
7. {3, -2 8. {-3,= 9. {9,-9} 10. H.{_,__} 12. -
{ } { 3} { @ 5N 5, -
13. 2_3} 14. {1,- 7}
2 3
Exercise 5.4
1(a). () Yes (ii)No (iii) Yes (iv)Yes (v)Yes (b) (i){2,3,4,5} (ii){1,2,3,4,5,6}

Gii) {z]z ER A z < =3} (iv) {0, 1,2, 3, 4)

1.{0,1,2,3,4,5}
_6}
9 {x|]xERAXx<-50r x> -1}

2. {1,2}
6. {x|xERAx>-2o0r x<
8. {x|x ERA-5=<x<2}

10. {x|x €ER A —4<x< -3}

12. {x|x €R A x >13}

L@ @ () ()
(vii) (d)  (vii) (c)
(xiii) (¢) (xiv) (d)

2.x=10 A a=i

2

-3
7. {ylyER/\y>T}

(v)(x]x ERA —4<x< _3
2

LAyIyER A y>3} S {y|lyER Ay< 6}
7.{x|x ERA -1< x £3}

i {x|x ERAx< -9 or x> -3}

Miscellaneous Exercise 5

(iii)  (c) (iv)  (c) (v) (b) (vi)  (c)
(ix) @ _ (v (b) (xi)y (b) (vii) (b)
xv) () (i) ()

H {x|x ER A x<-8}

a2l

. {xIxERAXx<-2o0r x>6}

~~

. {y/lyERAy<l10ory>19}

Exercise 6.1

1. (i) 18,000" (ii) 18,00" (i) 37,800" (iv) 73,220"

2. (i) 4,500' (iiy 2" (i) 3,040' (v 1,830.5'
340 2:25° (ii) 0.0417° (iii) 61° (iv) 45.7625°
4.(i) 60°7'30" (i) 0°2'15" (iii) 1°0'51° (iv) 255"27'

Answers

National Book Foundation
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5 - 2r
5 mimd (M) Lﬁmd 4,'“)1_2_l£md (iv) —rad
4 6 3
o) 4.7 rad (111 1.05 rad (1iiy 3.15 rad (iv) 1.32 rad
7. (i) 45° (ii) 150° (ki) 15° (iv) 31°30'
(v) 57°17'45" 1) 180° (vil) 2160° (viii) 286°28'44"

I.(i) 5.24cm, 13.09¢cm’
2. 5.24cm, 10.48cm?

(i) 25.13m, 150.77m?

Exercise 6.2
(i) 6.36dm, 19.08dm*

1.(i) 2 rad (111 3.78 rad (iii) 0.79 rad (iv) 0.5 rad
4.0 1.27cm 1122.9m (iii) 22.57cm (iv) 20dm
5.15.7linch . 84° 7. 30.85¢m, 56.55¢cm’
8 H}E 1) ZE “)EE
"D 12 8
Exercise 6.3

I. Complete yourself.
L 7 1 1 1
2.(Ho i) — i) — (iy) —= (v) —

) 4 VG. 1v) 2 (V) 2

(i) 45° i) 270°  45° 30° (v)90°

) 3
‘~.sm9=£,tan9=x/§, cot9=i,scc9=2, cosc:c9=i 6.3

2 3 Ng) 4

1
7. sinf@=——F, cosé?——
VF'

N

3. (1) 30° 45°

(i) LA=Z4£B=45°, b=4cm
(i) LP=Z0=45°, PO=8/2m

8=-1, secl = \/; cosecd = —2

Exercise 6.4

o

45
) ZR=30°, OR =12cm, PR=83cm
ZY =30°, ZZ =60°, XY =83 m

ZN=90°, /L =36.87°, /M =53.13° r

Exercise 6.5

11.55m 2. 30° 1.39m 10 m
52m 5.50.7m 34.7m 1893 m, 12m
80m, 33.69° /. 0.73m/s
Exercise 6.6
/. measure yourself . find yourself . 070° 4. 7.07km, 270°
<. 4km, 103° 156m 7. 13km 4. 9.96km , 8.36km
Answers National Book Foundation

@



F Miscellancous Exercise 6 https: //fblsesolvedpastpaperﬁ com

L@ () k) (i@ (vie) o) @ (vipe) (viipd) (x)(d)
(x)(b) (\i)(c) ((il)(a) (xiii)(c) (xiv)(c) (xv) (d)

2. sin@ =— ,tana ——-? : seca——ls3 . 3. 5.77 m/s 4. 2.69
5. 10cm, lOcm, 10V2ecm 6. 28.39m "7.163m 8. 050° ,
Exercise 7.1
1. (1) 5 (i) 10 (i) 2v10 (iv) 102 (v) 45
(vi) V17 (vn)% (viii) 1:3 (ix) 1—‘/2— (x) @

2. (i) non-collinear ‘ (11) non-collinear (iii) collinear (iv) collinear (v) collinear
(vi) non-collinear
3, (i) right triangle; perimeter = 5+ /13 units
(i) equilateral triangle; perimeter = 6 units
(ii1) scalene triangle; perimeter = 24.49 units
(iv) right triangle; perimeter & 27.21 units
(v) isosceles triangle; perimeter = 6 + 2 /34 units

(vi) right isosceles triangle; perimeter = 12 + 6 2 units 8. Yes

Exercise 7.2
1. G @n @ o1)  anen

2. () EG,1);F(Z.4): G(-2.4): H-1D) (i1) Draw yourself.
\/_

(i1i) EF = GH =— units; FG = HE = 4 units (1v) rectangle
3. Diagonals do not bisect each other. 4. Length of diagonals are 4\/_ units, 2v/2 units.
5. (i) D(-0.5,3.5) ; E@3.5,3.5) (11) DE =4 units ; BC = 8 units

(iii) 5 BC = 4 units (iv) DE=3BC
6. (1) Hassan’s starting point is (6, 0 ) and Ali’s starting point is (0, 6) (i) C3V2,3V2)
7. (i) M(3,3); N(0,3); O(0,0) (1 A0,0) 5 C(—4,2)

Miscellaneous Exercise 7

1. (1) b (i1) a (i) a (iv) c (v) ¢ (vipy d
(vii) ¢ (vin) b (ix) d (x) c (xi) b (xii) a’
(x111) b (xiv) a (xv) ¢ (xvi) d (xvi) d (xvii1) b
(xix) ¢ (xx) ¢ (xx1) ¢ (xxi) b (xxim)d  (xxiv) a

Answers National Book Foundation
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Excrcise 8.1
LW o @ 0577 i 1732 (iv) undefined (v) - 1.732  (v) - 0.577
(vil) = 0.176 Quili) 1.018
2. () 0° @ 30° (i) 1200 (iv) 20°
3 ) m=2,0=33.69 () m=-2,0=11320° i) m=2,0=8.13°

4 Mm=-1 @ m=1 5 x=0 & k=2 k=15 %y=I

12. P(x, » =P(7,-1) 13. Fourth vertex: (-3, -2) .
idegr 1. & B+ fane. o33 _ 2 1. : T
14. Slopes of sides: -Lg 3 Slopes of medians: R 1, 1; Slopes of altitudes: 1, =7, —¢
Exerdive 8.2

1. () y=3 (i) y=0 (i) y=-9 (iv) y=—;
2. () x=1 (i) x=9 (i) x=-4 (iv) x=%
3. () 2xy-3=0 (i) 4x—y+27=0 (i) y+5=0

(v) x+2=0 (v) 5x+8y+22=0 (vi) 4x-3y-20=0

(vii) 5x—6y+30=0  (vii) x+y—11=0

: x+4 _y-2 ; xX-6 _ y+6 = =
& () T5=55 ) g5e=mmse > @ x-V3y+10=0 @ x+y-2Vi0=0
6. (1) Sx+y+24=0 (1) 4x+y-19=0 (1) x-2y+8=0

(iv) x+4y+2=0 (v x+y-3=0 (vi) x-2y-14=0
7. 4x-3y+9=0 8. 2x+)V+5=0 9 x-4y+7=0 £

10. Equations of medians: 2x+y -4=0, x-y+2=0, 7x-4y+6=0

Equations of altitudes: 3x+4y—-16=0,y x+3 —-22=0, 2x+y+6=0

' i =341 . o .S
" (y)Slope-mtercejpt form: y = Xty Two-intercept form: 11/6+11/8 1

_ RN P o _y-11/8 _ x-0
Point-slope form: y— = ; (x=0);  Two-point form: 0-11/8 11/6-0

Normal form: x(§)+y (§)= —%(x_ 0) ; Symmetric form: i;/?s = y;/l:la (&) Do yourself.
Dweicive 8.3
() 45° () 104° 0 90° 20 (0 59° () 14° () 18.4° (iv)  45° () 85.6°
3 (1) 45° 45° 90° (i 31° 143°6° (m) 37° 78° 65° (iv) 45 96°, 39°
4. (1) 90° () 53° (1) 108°
5. (1) 90° 45° 45° (11) 54°, 82° 44° (1) 63°, 90°, 27° (iv) 59°, 79° 42°
& (i) (1,-3) (i) (—? ;) i (3.-32) 7 @ x+1=0 () 3x-4y+7=0
& 15x-5y+39=0 9 () lly-7=0 (b) 22x+9=0

0.0 x=-2y+1=0 (b) 5x-2y+5=0 . (a) 7x+2y-20=0 (b) 2x-7y+17=0

Answers ’ National Book Foundation
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1. 4x+5v=40, 5 dozen 2. (i) Rs.12150 (i1) 8 people
3. y= 5500 x+700,b=800a ; First deal is better.
4. (i) V= 120X+ 500, total amount = Rs.1940 (ii) earning per hour (111) additional amount
5. () V= 18x+44 (i) 584 units (ii)) Rs. 11680  (iv) 20 days
6. (i) ¥=900x+ 1500 (i) Rs.6000  (iii) charge per hour
T 0y r= EC +32 (11) 41°F  (11) y-intercept shows that temperature in F starts from 32 and
slope shows rate of increase in temperature in F.
8. (1) Y=6x (i) runrate per over (iil) scores start from0  (1v) 270 runs (v) 40 overs

9. (i) (y-5000) =200 (x-0) (i1) Rs.200, slope shows the amount per kilometre  (iii) Rs.41000
10.(1) (y-67) = —? (x-25),41°E

11.(1) Y= 2x, Length of plot = 60 feet (ii) Slope is 2 which shows relation between length and width.

Miscellaneous Exercise 8

1. () c (11) b (i) d (iv) a v) b (vi) a (vil) ¢

(vi) d (1x) a (x) b (xi) ¢ (xi1) ¢ (xiii) d (xiv) a
3. v+ =] 4. y=3x+! 1%
2 27 20 -15 1/2

5. (i) = +—-1 a=3, b=-1 nnm=§, y+1=§(x—0) 6. y=v3x+20, m=v3,c=20

7. AC-4.2),B8,5),C0,9) (i) m=3,m==3,m=g (i) Interior angles: 40°, 44°, 96"

8. (1))M(6, 1) (i1) Slope of PM =1 (11) x-y+4=0 (v) x+y=0
9. (i) V68 units (1) Slope of BA=4  (11) a=4,b=-1 (iv) 4x-y+3=0
10.2x-5y-2=0 11.(1) O(0, 0), C(5, 6), A(-3, 5), B(5, 2)
3 155 62
(ii) Slope of OC =%, Slope of AB=~=  (111) 6x—5y=0,3x+8y-31=0 (iv )(63 21)

12.1: A(0,-1),B(2,0) (1) Slope of[=-2- (11) Slope of p=—
e s o 1
(i11) mld-pomtofl=(1,—5) (V) 4x+2y-3=0

Exercise 9.1
2. (i), (i), (iii), (v), (vi), (viii), (ix), (xi) 3. No, by assigning particular values to a and b.
5. 63, ‘the next numberis 2 x 31 + 1 =63’

6. Axioms: (i), (ii), (v), (vii), (viii), (x) Postulates: (iii), (vi), (ix)
Neither axioms nor postulate: (iv). .
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Exerclse 9.2
1. Similar pairs: (i), (i), (iv), (vi), (vii)
200 x=10em,y=6em (1) a=30" (iii)x=75cm (v) x=2cm,y=36cm, z=%cm

(v) @a=4cm,b=42cm (vi) @a=4cm,b=6cm (vi) @a=12cm
3. DE=3em EF=4cm, FD=2c¢cm 4. DE=18m 5 DE=15m 6. 20cm 7. 10m
8. (a) a=3em (b) x=24cm,y=525cm (c) a=16cm (d) x=72cm, y=4.5cm

9. ZC=/ZAED=50° yes 10. ZA= /B = 6(’, equilateral and acute angled 11.10m

Exercise 9.3
1.() 16em* (1) 32em? (1) 249 cm® (iv) 45 cm?
2. (i) 6em (11) 5¢m (1) 30 cm (iv) 19.6 cm
3.()9:16 (1) 640 em? (1) 900cm?> 4. 4:5,10cm 5 XB:XZ=AB:YZ=5:6
6. 5600 m? 7.G) 9:1 (1) 3150 cm?
8. (i) 8:13¢ach (11)64:169 (1) 192 cm? (iv) 315 cm?, trapezium

Exercise 9.4
1. (1)) yes (1) no  (u1) yes (1v) no
2 ())d=20cm, V,:V,=125:1 (1) h=9m,c=95m,b=18m, V;:V,=27:8
3() Vo=33333mm’ (i) V,=20833 1t (1) V,=2944cm’ (1) V2=1215m’
4. 8:27 5 5.8cupsapprox 6. 100001’ 7. Area=292.5m cm’, Volume =945 cm’
8. 2:5 9 15¢cm 10.625em’  11.0)4:5 (1) 16:25 (1) 64:125

12 6 cm 133m
Exercise 9.5
1. ()8 (b)6 (c)3 ()9 2. (1) k=108 (b) p=q=r=s5=t=72°
3. 12sides 4. Minimum interior angle = 60°, maximum interior angle = 179.99999....(< 180°)

If maximum interior angle is 1807, then adjacent sides of polygon become collinear.
5. (1) 72° (b) 40° () 24> (d) 18> 6. (a) 60° (b) 120° (c) 6

7. No, because 360° is not a multiple of 50°. 8. square 9. decagon 10.5040° 12. 5 sides
13.28° 49°,71°,93° 119° 14. 7 15. 1980°  16. 18 sides

Exercise 9.6

I.  P=15m,cost=Rs.3,300 2. Rs.27,300 3. P=30m, A=60m?
4. (1) Rs.9,600 (1) 259.81 m* (i11) Rs.129,900
5. (1) Rs.50,400 (1) 120 fi? (i) Rs.4,800 6. P=14ft

Answers 9 National Book Foundation



Exercise 9.7 https://fbisesolvedpastpapers.com
1. AP 2. v

a R
*r— ipl 4 ® g )
A 3ch O 3cm B )

E < <t \“ A

| =. »

\ Ol 4.5cm e
Locus is perpendicular bisector Locus: Line making equal intercepts
of AO.

AP | S > 4
< —» [
b S LLIE Rt @ ~-ssassEcEesd | 2
Q
(©i) 6 gm (iii) Second circle passes through the
centre
5. (1) line segment (i) yee Q P
(iii) by drawing PQ parallel to AB. s
(iv) by taking P and Q on AB. « .
A B
R
6 7. A
¥ .4
A
) Q By measuring angle ADC, and sides
(iii) Points A and B coincide. B,D and CD, we see that AD is right
bisector of BC.

8. Join non collinear points D, E and F.
Find point of intersection of right bisector of sides.
Locus of point equidistant from given points is O.
Only one such point exists.

9. (iii) Locus/and angle bisector are same.

(iv) Both angle bisectors are perpendicular. "/J
v
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Miscellancous Exerclse 9

1. () ¢ @) d @8 (v b v e (v) ¢
(viy d (vii) 4 (ix) b (v d () a (ui) b
(xi) ¢ (xiv) b (xv) d o (xvi) A (xvi) @

2 60° 3 No 4 .yes 5 140 6. (ii) Sem 7. 32¢m
9. BC=8cm,DE=12cm 10.1:9 11.200em® 12, 135/t
13.3) 756 m* (i) 1012.5 in®

Exercise 11.1

1.(i))30 (i) 31-40 (iii) none (iv) 51 (v)S0.5 (vi) 10 (vii) 5.5, 15.5, 25.5, 35,5, 45.5, 55.5

2. (i), (i) | Cumulative

ﬁ frev

Class Interval
(Cards made) | (

(iii). 42 iivy. 8.75%  (v). 60-69 (vi). 10

k §
P ~ Medals won
" " No.of players Frequency(f)
w v Cumulatlve T;equency
y
4. A <. Do yourself
18~
16- 2
p 14- / \\
'gz 12 - \‘\
5 f1o-
2 |s- e
n
6 -
N ‘¢ \\
N ”
| B L
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Do Yourselt . @48 8 (i) 1 (iv) 48%app (V) 8

i) |LCU 911 [11-13[13-15]15-17] 17-19] 19-21 | 2123
Le s Tolulol s 21|
8. Do Yourselt 9. Do Yourself
8

Exercise 11.2

@ 7 (i) 0 (i) 14 (iv)6.95 VS 1. X,=48, X, =33.6,A is better
78,67.5,69,77 4. 1133 s 2351 & @ 4 G 0 G2 (V)2 (v)4
1.0 8. 6409 9 Gno (M2 (120,225 (v)no

10. mean = median = mode =2 1.(@983 (M 14.38

2.

Exercise 11.3

. () 275 () 15 i) 25 )35 24) 14 Gy SN2 () 0.00175
() 18 Gi) 1/4 (i) 78 ()0 ) 1

() 2/5 (i) 710 i) 3/5 (iv) 9/10 (v) 3/10 (vi) 3/10 (vii) 1/5 (vidi) 2/5 (iv)1/2

(i 172 i) 0 (iii) 9710 (iv) 1710 (v) 1/10 (vi) 1/10 (vif) 3/5  (viid) 3/10

relative frequencies 3/5, 2/5 (i) 312 (iiy 122 7. relative frequencies 1/8, 5/24, 1/8, 1/6, 1/4, 1/8
(i) 750 (i) 375 i) 83 app 8. (a) 1/6(b) 5/6 (d) 1¢) 10

Miscellaneous Exercise 11

(. (b) (i).  (a) (i) (© Gvr (@ )k () in (@ i (b)
(viii). (c) (ix). (b) (x). (b) (xi)  (¢) (uiik (b) (wiL (c) (xiv: ()
(xv). (d) (xvi). (b)  (xvii). (d) (xviii). (d)  (xix). (c) (xx) (a)

4. mean 23.44, median = mode 25 3.53.594. 35 5. a.mean=median=mode =25 , (a)

50 hits (b) 450 misses 7. 8days 8 16 assessments 9. (a) 13/50 (b) 37/50 (¢)11/50

Answers m National Book Foundation
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0 1 2 3 4 § 6 7 ] 9 1 2 3 4 5 6 7 8 9
10 | 0000 0043 008 0128 0170 4 9 13 17 21 26 130 34 38
0212 0253 0294 0334 0374 4 8 12 16 20 24 28 32 36
1| 0414 0453 0492 0531 0569 4 8 12 1519 23 27 31 35
0607 0645 0682 0719 0755 4 7 11 15 19 22 26 30 33
12 [ 0792 0828 0864 0899 0934 307 11 1418 21 25 28 3
0969 1004 1038 1072 1106 3 7 10 14 17 20 24 27 3
13 [ 1139 1173 1206 1239 1271 37 10 13 16 20 23 26 30
1303 1335 1367 1399 1430 3 7 10 13 16 19 22 25 29
14 | 1461 1492 1523 1553 1584 306 9 12 15 19 22 25 28
1614 1644 1673 1703 1732 3 6 9 12 15 17 20 23 2
15 [ 1761 1790 1818 1847 1875 3 6 9 11 14 16 20 23 2
1903 1931 1959 1987 2014 3 6 8 11 14 17 19 22 24
16 | 2041 2068 2095 2122 2148 305 8 11 14 17 19 22 24
2175 2201 2227 2253 2279 3 5 8 10 13 16 I8 21 ;3
17 | 2304 2330 2355 2380 2405 35 8 10 13 15 18 20 3
2430 2455 2480 2504 2529 2 S 7 10 12 15 17 20 22
18 | 2553 2577 2601 2625 2648 2 5 7 9 12 14 16 19 2
2672 2695 2718 2742 2765 2 5 7 9 11 14 16 18 2
19 | 2788 2810 2833 2856 2878 2 4 7 9 11 13 16 18 20
2900 2923 2945 2967 2989 2 4 6 8§ 11 13 15 17 19
20 | 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201 2 4 6 8 11 13 15 17 19
21 | 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404 2 4 6 8 10 12 14 16 13
22 | 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598 2 4 6 8 10 12 14 15 3
23 | 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784 2 4 6 7 9 11 13 15 17
24 | 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962 2 4 5 7 9 11 12 14 16
25 | 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133 2 3 S 7 9 10 12 14 15
26 | 4150 4166 4183 4200 4216 4232 4249 4265 4281 4298 2 3 5 7 8 10 11 13 15
27 | 4314 4330 4346 4362 4378 4393 4409 4425 4440 4456 2 3 5 6 8 9 11 13 14
28 | 4472 4487 4502 4518 4533 4548 4564 4579 4594 4609 2 3 S 6 8 9 11 12 14
29 | 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757 1 3 4 6 7 9 10 12 13
.30 | 4771 4786 4800 4814 4829 4843 4857 4871 4886 4900 1 3 4 6 7 9 10 11 13
31 | 4914 4928 4942 4955 4969 4983 4997 S011 5024 5038 1 3 4 6 7 8 10 11 12
32 | 5051 5065 5079 5092 5105 5119 5132 5145 5159 S172 1 3 4 5 71 8 9 11 12
33 | 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302 1 3 4 5 6 8 9 10 12
34 | 5315 5328 5340 5353 5366 5378 5391 S403 S416 5428 1 3 4 5 6 8 9 10 11
35 | 5441 5453 5465 5478 5490 5502 S514 5527 5539 5551 1 2 4 5 6 7 9 10 1
36 | 5563 5575 5587 5599 5611 5623 5635 S647 S658 5670 1 2 4 5 6 7 8 10 11
37 | 5682 5694 5705 5717 5729 5740 5752 5763 5715 578 1 2 3 S 6 7 8 9 10
38 | 5798 5809 5821 5832 5843 5855 S866 S877 SS88 S899 1 2 3 S 6 7 8 9 10
39 | 5911 5922 5933 5944 5955 5966 5977 S988 5999 6010 1 2 3 4 S 7 8 9 10
40 | 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117 1 2 3 4 5 6 8 9 10
41 | 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222 1 2 3 4 5 6 71 8 9
42 | 6232 6243 6253 6263 6274 6284 6294 6304 6314 6325 1 2 3 4 5 6 7T 8 9
43 | 6335 6345 6355 6365 6375 6385 6395 6405 6415 6425 1 2 3 4 S 6 7 8§ 9
44 | 4635 6444 6424 6464 6474 6484 6493 6503 6513 6522 1 2 3 4 S 6 71 8§ 9
45 | 6532 6542 6551 561 6571 6580 6590 6599 6609 6618 1 2 3 4 5 6 7 8 9
46 | 6628 6637 6646 6656 6665 6675 6684 6693 6702 6712 1 2 3 4 S 6 7 7 8
47 | 6721 6730 6739 679 6758 6767 6776 6785 6794 6803 1 2 3 4 5 5 6 71 8
48 | 6812 6821 6830 6839 <gqg8 6857 6866 6875 6884 6893 1 2 3 4 4 S5 6 7 8
49 | 6902 6911 6920 6928 6% G946 6955 6964 6972 6981 1 2 3 4 4 5 6 1 8
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0 ! 2 3 4 5 6 7 8 9

50 | 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067
M| 7076 7084 7093 7101 7110 7118 7126 7135 7143 7152
521 7160 7168 7177 7185 7193 7202 7210 7218 7226 7235
53| 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316
54 | 7324 7332 7340 7348 7356 7364 7372 7380 7388 7396
55 | 7404 7412 7419 7427 7435 7443 7451 7459 7466 7474
56 | 7482 7490 7497 7505 7513 7520 7528 7536 7543 7551
57 | 7559 7566 7574 7582 7589 7597 7604 7612 7619 7627
58 | 7634 7642 7649 7657 7664 7672 1679 7686 7694 7701
59 | 7709 7716 7723 7731 7738 7745 7752 7760 7767 1774
60 | 7782 7789 7796 7803 7810 7818 7825 7832 7839 7846
61 7853 7860 7868 7875 7882 7889 7896 7903 7910 7917
62 | 7924 7931 7938 7945 7952 7959 7966 7973 7980 7987
63 | 7993 8000 8007 8014 8021 8028 8035 8041 8048 8055
64 | 8062 8069 8075 8082 8089 8096 8102 8109 8il6 8122
65 | 8129 8136 8142 8149 8156 8162 8169 8176 8182 8189
66 | 8195 8202 8209 8215 8222 8228 8235 8241 8248 8254
67 | 8261 8267 8274 8280 8287 8293 8299 8306 8312 8319
68 | 8325 8331 8338 8344 8351 8357 8363 8370 8376 8382
69 | 8388 8395 8401 8407 8414 8420 8426 8432 8439 8445
70 | 8451 8457 8463 8470 8476 8482 8488 8494 8500 8506
71 8513 8519 8525 8531 8537 8543 8549 8555 8561 8567
72 | 8573 8579 8585 8591 8597 8603 8609 8615 8621 8627
73 8633 8639 8645 8651 8657 8663 8669 8675 8681 8696
74 | 8692 8698 8704 8710 8716 8722 8727 8733 8730 8745
75 | 8751 8756 8762 8768 8774 8779 8785 8791 8797 8802
76 | 8808 8814 8820 8825 8831 8837 8842 8843 8854 8859
77 | 8865 8871 8876 8882 8887 8893 8899 8904 8910 8915
78 | 8921 8927 8932 8938 8943 8949 8954 8960 8965 8971
79 | 8976 8982 8987 8993 8998 9004 9009 9015 9020 9025
80 | 9031 9036 9042 9047 9053 9058 9063 9069 9074 9079
81 9085 9090 9096 9101 9106 9112 9117 9122 9128 9133
82 | 9138 9143 9149 9154 9159 9165 9170 9175 9180 9186
83 | 9191 9196 9201 9206 9212 9217 9222 9227 9232 9238
84 | 9243 9248 9253 9258 9263 9269 9274 9279 9284, 9289
85 | 9294 9299 9304 9309 9315 9320 9325 9330 9335 9340
86 | 9345 9350 9355 9360 9365 9370 9375 9380 9385 9390
87 | 9395 9400 9405 9410 9415 9420 9425 9430 9435 9440
88 | 9445 9450 9455 9460 9465 9469 9474 9479 9484 9489
89 | 9494 9499 9504 9509 9513 9518 9523 9528 9533 9538
90 | 9542 9547 9552 9557 9562 9566 9571 9576 9581 9586
91 9590 9595 9600 9605 9609 9614 9619 9624 9628 9633.
92 | 9638 9643 9647 9652 9657 9661 9666 9671 9675 9680
93 | 9685 9689 9694 9699 9603 9708 9713 9717 9722 9727
94 | 9731 9736 9741 9745 9750 9754 9759 9763 9768 9773
95 | 9777 9782 9786 9791 9795 9800 9805 9809 9814 9818
96 | 9823 9827 9832 9836 9841 9845 9850 9854 9859 9863
97 | 9868 9872 9877 9881 9836 9890 9894 9899 9903 9908
98 | 9912 9917 9921 9926 9930 9934 9939 9943 9948 9952
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WWLWWWLLLWLLWWLWWWWWLWWLWWLWWWRADRLDRDEDRDDLDLIDIADLIIIAEAIELLLULEWLLWL WL i
WRWWWWWWWWWWEREARELEADRIDBABDRDIRDEDEPDID DDA DLULUULUNMNULMULLLLLLLILMLL LUK OO O &
BIE B AEDIBLIPIAIDIIDIREIDIIDIDIRIAEDIDIIUVLNANUMMLLLLMLLLLLLLLLILLULLO OSSO S I
BlIADRIEPIPITIPIIDDDPIDLLLLLLLLLLLLLLLLLLLLLLLLLLLAAO OO OO N OO NN NINNNINx e
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TABLES OF ANTILOGARITHMS

0 1 2 3 4 s 6 7 8 9

00 | 1000 | 1002 | 1005 [ 1007 | 1009 | 1012 | 1014 | 1016 | 1019 | 1021
.01 1023 | 1026 | 1027 [ 1030 | 1033 | 1035 [ 1038 | 1040 | 1042 | 1045
02 | 1047 | 1050 | 1052 | 1054 | 1057 | 1059 | 1062 | 1064 | 1067 | 1069
03 1072 | 1074 | 1076 | 1079 | 1081 1084 | 1086 | 1089 | 1091 1094
4 1096 | 1099 | 1102 | 1104 | 1107 | 1100 | 1112 | 1114 | 1117 | 1119
05 | 1122 | 1125 | 1127 | 1130 | 1132 | 1135 | 1138 | 1140 | 1143 | 1146
06 | 1148 | 1151 1153 | 1156 | 1159 | 1161 [ 1164 | 1167 | 1169 | 1172
07 1175 | 1178 | 1180 | 1183 | 1186 | 1189 | 119] 1194 | 1197 | 1199
08 | 1202 | 1205 | 1208 | 1211 | 1213 | 1216 | 1219 | 1222 | 1225 | 1227
09 | 1230 | 1233 | 1236 | 1239 | 1242 | 1245 | 1247 | 1250 | 1253 | 1256
10 | 1259 | 1262 | 1265 | 1268 | 1271 | 1274 | 1276 | 1279 | 1282 | 1285
A0 | 1288 | 1291 | 1294 | 1297 | 1300 | 1303 | 1306 | 1309 | 1312 | 1315
A2 | 1318 | 1321 | 1324 | 1327 | 1330 | 1334 | 1337 | 1340 | 1343 | 1346
A3 | 1349 | 1352 | 1355 | 1358 | 1361 | 1365 | 1368 | 1371 | 1374 | 1377
Jd4 | 1380 | 1384 | 1387 | 1390 | 1393 | 1396 | 1400 | 1403 | 1406 | 1409
AS | 1413 | 1416 | 1419 | 1422 | 1426 | 1429 | 1432 | 1435 | 1439 | 1442
6 | 1445 | 1449 | 1452 | 1455 | 1459 | 1462 | 1466 | 1469 | 1472 | 1476
17 1479 | 1483 | 1486 | 1489 | 1493 | 1496 [ 1500 | 1503 | 1507 | 1510
A8 | 1514 | 1517 | 1521 | 1524 | 1528 | 1531 | 1535 | 1538 | 1542 | 1545
9 | 1549 | 1552 | 1556 | 1560 | 1563 | 1567 | 1570 | 1574 | 1578 | 1581
20 | 1585 | 1589 | 1592 | 1596 | 1600 | 1603 | 1607 | 1611 | 1614 | 1618
21 1622 | 1626 | 1629 | 1633 | 1637 | 1641 | 1644 | 1648 | 1652 | 1656
22 1660 | 1663 | 1667 | 1671 1675 | 1679 | 1683 | 1687 | 1690 | 1694
23 1698 | 1702 | 1706 | 1710 | 1714 | 1718 | 1722 | 1726 | 1730 | 1734
24 | 1738 | 1742 | 1746 | 1750 | 1754 | 1758 | 1762 | 1766 | 1770 | 1774
25 | 1778 | 1782 | 1786 | 1791 | 1795 | 1799 | 1803 | 1807 | 1811 | 1816
26 | 1820 | 1824 | 1828 | 1832 | 1837 | 1841 1845 | 1849 | 1854 | 1858
27 | 1862 | 1866 | 1871 1875 | 1879 | 1884 | 1888 | 1892 | 1897 | 1901
28 | 1905 | 1910 | 1914 | 1919 | 1923 | 1928 | 1932 | 1936 | 1941 | 1945
.29 1950 | 1954 | 1959 | 1963 1968 | 1972 | 1977 | 1982 | 1986 | 1991
30 | 1995 | 2000 | 2004 | 2009 | 2014 | 2018 | 2023 | 2028 | 2032 | 2037
31 | 2042 | 2046 | 2051 | 2056 | 2061 | 2065 | 2070 | 2075 | 2080 | 2084
32 | 2089 | 2094 | 2099 | 2104 | 2109 | 2113 | 2118 | 2123 | 2128 | 2133
33 | 2138 | 2143 | 2148 | 2153 | 2158 | 2163 | 2168 | 2173 | 2178 | 2183
34 | 2188 | 2193 | 2198 | 2103 | 2208 | 2213 | 2218 | 2223 | 2228 | 2234
35 | 2239 | 2244 | 2249 | 2254 | 2259 | 2265 | 2270 | 2275 | 2280 | 2286
36 | 2291 | 2296 | 2301 | 2307 | 2312 | 2317 | 2323 | 2328 | 2333 | 2339
37 | 2344 | 2350 | 2355 | 2360 ! 2366 | 2371 | 2377 | 2382 | 2388 | 2393
38 | 2399 | 2404 | 2410 | 2415 | 2421 [ 2427 | 2432 [ 2438 | 2443 | 2449
39 | 2455 | 2460 | 2466 | 2472 | 2477 | 2483 | 2489 [ 2495 | 2500 [ 2506
40 | 2512 | 2518 | 2523 | 2529 | 2535 | 2541 | 2547 | 2553 | 2559 | 2564
41 | 2570 | 2576 | 2582 | 2588 | 2594 | 2600 | 2606 | 2612 | 2618 | 2624
42 | 2630 | 2636 | 2642 | 2649 | 2655 | 2661 | 2667 | 2673 | 2679 | 2686
43 | 2692 | 2698 | 2704 | 2710 | 2716 | 2723 | 2729 | 2735 | 2742 | 2748
44 | 2754 | 2761 | 2767 | 2773 | 2780 | 2786 | 2793 | 2799 | 2805 | 2812
45 | 2818 | 2825 | 2831 | 2838 | 2844 | 2851 | 2858 | 2864 | 2871 | 2877
46 | 2884 | 2891 | 2897 | 2904 | 2911 | 2917 | 2924 | 2931 | 2938 | 2944
47 | 2951 | 2958 | 2965 | 2972 | 2979 | 2985 | 2992 | 2999 | 3006 | 3013
48 | 3020 | 3027 | 3034 | 3041 | 3048 | 3055 | 3062 | 3069 | 3076 | 3083
49 | 3090 | 3097 | 3105 | 3112 | 3119 | 3126 | 3133 | 3141 | 3148 | 3155
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I L x|y a4 Ts Te 7 s o 172 3[4 5 67 8 9
SO [ 3162 f 3170 | 3177 | MIR4 | 92 | M99 | 3206 | 3214 | 3221 | 3228 |1 | 2 |3 4 4 |5 6 7
ST | 230 | 3243 | 22851 | 3258 | 3200 | 3273 | 281 | 3289 | 3296 [ 3304 |1 2 2 |3 4 5 |5 6 7
2 [N [0 [ 3327 | 333 [ 32 [ 3350 | 3357 | 3365 | 3373 | 81 | 1 2 5 |3 4 5 |5 6 7
S | 3ISK [ 3396 | 3404 | 3412 | 3420 | 3428 | 3436 | 3443 | 3451 [ 3459 |1 2 2 |3 4 5 |6 6 7
S| 307 [ 3475 | VN3 | 3491 | 3499 | 3508 | 3516 | 3524 [ 3532 [ 3540 |1 2 2 |3 4 5 |6 6 7
88 | 384N | 3886 | 3505 | 3573 | 3581 | 3589 | 3597 | 3606 | 3614 | 3622 |1 2 2 |3 4 5 |6 7 7
S0 | 3631 | 3039 | 3648 | 3656 | 3664 | 3673 | 3681 | 3690 [ 3698 [ 3707 |1 2 3 |3 4 5 |6 7 &
S7 1378 | 3724 ] 3733 | 3741 | 3750 | 3758 | 3767 | 3776 [ 3784 (3793 |1 2 3 |3 4 5 |6 7 8
S8 | 3802 | 3811 | 3819 | 3828 | 3837 [ 3840 | 3855 | 3864 [ 3873 [ 3882 [ 1 2 3 |4 4 5 |6 7 8
SO | 3800 | 3899 | 3908 | 3917 | 3926 [ 3936 | 3945 | 3954 | 3963 | 3972 [1 2 3 |4 5 5 |6 71 8
60 | 3981 | 3990 | 3999 | 4009 | 4018 | 4027 | 4036 | 4046 | 4055 | 4064 |1 2 3 |4 5 6 |6 71 8
o1 | 4074 | 2083 | 4093 | 4102 | ar11 | 4121 | 4130 [ 4140 | 4150 | 4159 [1 2 3 |4 5 6 |7 8 9
02 | 4169 | 4178 | 4188 | 4198 | 4207 | 4217 | 4227 | 4236 [ 4246 [ 4256 |1 2 3 [4 5 6 |7 8 9
03 | 4206 | 4276 | 4285 | 4295 | 4305 | 4315 | 4325 | 4335 | 4345 [ 4355 [ 1 2 3 |4 5 6 |7 8 9
04| 4365 | 4375 | 4385 | 4395 | 4406 | 4416 | 4426 | 4436 | 4446 | 4457 |1 2 3 [4 S5 6 |7 8 9
05 | 4467 | 4477 | 4487 | 4498 | 4508 | 4519 | 4529 | 4539 [ 4550 [ 4560 |1 2 3 |4 5 6 [7 8 9
o6 | 4571 | 4581 | 4592 | 4603 | 4613 | 4624 | 4634 | 4645 | 4656 | 4667 | 1 2 3 |4 5 6 |7 9 10
.67 | 4677 | 4688 | 4699 | 4710 | 4721 | 4732 | 4742 | 4753 | 4764 [ 4775 [ 1 2 3 [4 5 7 |8 9 10
08 | 4786 | 4797 | 4808 | 4819 | 4831 | 4842 | 4853 | 4864 | 4875 | 4887 [ 1 2 3 |4 6 7 [8 9 10
69 | 4898 | 4909 | 4920 | 4932 | 4943 | 4955 | 4966 | 4977 [ 4989 [ 5000 | 1 2 3 |5 6 7 [8 9 10
70 | 5012 | 5023 | 5035 | 5047 | 5058 | 5070 | 5082 | 5093 | 5105 | 5117 [ 1 2 4 S. 61 8 9 11
71 | 5129 | 5140 | 5152 | S164 | 5176 | 5188 | 5200 | 5212 [ 5224 [ 5236 [ 1 2 4 [5 6 7 [8 10 11
72 | 5248 | 5200 | 5272 | 5284 | 5297 | 5309 | 5321 | 5333 [ 5346 [ 5358 [1 2 4 [5 6 7 |9 10 11
73 | 5370 | 5383 | 5395 | 5408 | 5420 | 5433 | 5445 | 5458 | 5470 | 5483 [ 1 3 4 |[S 6 8 [9 10 11
74 | 5495 | 5508 | 5521 | 5534 | 5546 | 5559 | 5572 | 5585 | 5598 [ 5610 [ 1 3 4 |5 6 8 [9 10 12
IS5 | 5623 | 5636 | 5649 | 5662 | 5675 | 5689 | 5702 [ 5715 | 5728 [ 5741 [1 3 4 5 7 8 9 10 12
76 | 5754 | 5768 | 5781 | 5794 | 5808 | 5821 | 5834 | 5848 | 5861 | 5875 | 1 3 4 [5 7 8 [9 11 12
77 | 5888 | 5902 | 5916 | 5929 | 5943 | 5957 [ 5970 | 5984 | 5998 [ 6012 [1 3 4 |S 7 8 [10 11 12
I8 | 6026 | 6039 | 6053 | 6067 | 6081 | 6095 [ 6109 | 6124 | 6138 [ 6152 [ 1 3 4 6 7 8 10 11 13
79 | 6166 | 6180 | 6194 | 6209 | 6223 | 6237 | 6252 | 6266 | 6281 | 6295 |1 _3 4 |6 7 9 [ 10 11 13
80 | 6310 | 6324 | 6339 | 6353 | 6368 | 6383 | 6397 | 9412 | 6427 | 6442 |1 3 4 |6 7 9 |10 12 13
81 | 6457 | 6471 | 6486 | 6501 | 6516 | 6531 | 6546 | 6561 | 6577 | 6592 |2 3 5 |6 8 9 |11 12 14
82 | 6607 | 6622 | 6637 | 6653 | 6668 | 6683 | 6699 | 6714 | 6730 | 6745 |2 3 5 |6 8 9 [ 11 12 14
.83 | 6761 | 6776 | 6792 | 6808 | 6823 | 6839 | 6855 | 6871 | 6887 | 6902 [ 2 3 5§ 6 8 9 11 13 14
84 | 6918 | 6934 | 6950 | 6966 | 6982 | 6998 | 7015 | 7031 | 7047 | 7063 |2 3 5 |6 8 10| 11 13 15
85 | 7079 | 7096 | 7112 | 7129 [ 7145 | 7161 | 7178 | 7194 | 7211 | 7228 |2 3 5 |7 8 10 | 12 13 15
86 | 7244 | 7261 | 7278 | 7295 | 7311 | 7328 | 7345 | 7362 | 7379 | 7396 [2 3 5 |7 8 10| 12 13 15
87 | 7413 | 7430 | 7447 | 7464 | 7482 | 7499 | 7516 | 7534 | 7551 | 7568 |2 3 5 |7 9 10| 12 14 16
88 | 7586 | 7603 | 7621 | 7638 | 7656 | 7674 | 7691 | 7709 | 7727 | 7745 [2 4 5 |7 9 11 | 12 14 16
89 | 7762 | 7780 | 7798 | 7816 | 7834 | 7852 | 7870 | 7889 [ 7907 | 7925 |2 4 5 |7 9 11 | 13 14 16
90 | 7943 | 7962 | 7980 | 7998 | 8017 | 8035 | 8054 | 8072 [ 8091 [ 8110 |2 4 6 |7 9 11|13 15 17
91 | 8128 | 8147 | 8166 | 8185 | 8204 | 8222 | 8241 | 8260 | 8279 | 8299 |2 4 6 |8 9 11 |13 15 17
92 | 8318 | 8337 | 8356 | 8375 | 8395 | 8414 | 8433 | 8453 | 8472 | 8492 |2 4 6 |8 10 12|14 15 17
93 | 8511 | 8531 | 8551 | 8570 | 8590 | 8610 | 8630 | 8650 | 8670 | 8690 |2 4 6 |8 10 12| 14 16 18
94 | 8710 | 8730 | 8750 | 8770 | 8790 | 8810 | 8831 | 8851 | 8872 | 8892 | 2 4 6 |8 10 12| 14 16 18
95 | 8913 | 8933 | 8954 | 8974 | 8995 | 9016 | 9036 | 9057 | 9078 [ 9099 |2 4 6 |8 10 12 | 15 17 19
96 | 9120 | 9141 | 9162 [ 9183 | 9204 | 9226 | 9247 [ 9268 [ 9290 | 9311 | 2 4 6 |8 11 13 | 15 17 19
97 | 9333 | 9354 | 9376 | 9397 | 9419 | 9441 | 9462 | 9484 | 9506 [ 9528 | 2 4 7 |9 11 13| 15 17 20
98 | 9550 | 9572 | 9594 | 9616 | 9638 | 9661 | 9683 | 9705 [ 9727 [ 9750 [2 4 7 |9 11 13| 16 18 20
99 | 9772 | 9795 | 9817 | 9840 | 9863 | 9886 | 9908 [ 9931 [ 9954 [ 9977 [2 5 7 [9 11 14 | 16 18 20
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Absolute value: The absolute value of a number is its distance from 0 on the number line.
Absolute value equation: An equation that containg an absolute value symbol,
Additive identity: Additive identity of real numbers is zero but additive identity of matrices
are null matrices.
Additive inverse: The element which is inverse to a given element with respect to addition.
Algebraic expression: An expression consisting of variables and constants, connccted by algebraic operations.
Altitude: A line segment between a verlex and a side of a polygon, that is perpendicular to
the side.
Angle bisector: A ray that divides an angle into two equal parts.
Anti logarithm: Inverse operation of logarithm,
Arithmetic mean: 1t is ratio of sum of quantitics and number of quantitics.
Axiom: It is a mathematical statement which is assumed to be true without any proof.
Base of logarithm: The number in terms of which a given number is expressed as a logarithm or cxponential.
Bearings: Bearings are the angles measured clockwise from due north and are expressed as three digit numbers.
Binary relation: A binary relation R is a subset of the Cartesian product of two sets.
Cartesian plane: the two dimensional, the points of which are identify by their coordinates.
Cartesian product of sets: Cartesian product of sets A and B is the set of ordered pairs (x, y) such that x€ A and
y€EB.
Characteristic: The integral part of logarithm of a number.
Circular region: The union of a circle and its interior region is the circular region.
Circular system: The system in which angle is measured in radians.
Cocfficient of variation: The percentage ratio between standard deviation and mean of a data.
Collinear points: The points lying on same straight line.
Common logarithm: Logarithm having base 10.
Complement of set: Let ACU, then the set of all elements of U, which are notin A, is called complement of A.
Complementary events: Two events in which one shows non-occurrence of other.
Compound inequalities: Two incqualities that are joined by the word “and” or the word *“or”.
Conjecture: A statement that is believed to be true but its truth has not been proved. It is a true statement that needs
proof. .
Converse: A proposition derived from another by interchanging its subject and predicate terms.
Corollary: A proposition that follows directly from the statement of another proposition.
Coterminal angles: Two angles having same terminal ray in standard position.
Deductive reasoning: In deductive reasoning we work from some general result to a specific conclusion.
Diagonal: A line joining any two vertices of a polygon that are not joined by any of its edges.
Difference of sets: Difference of sets A and B is a collection of those elements of A which are not present in B.
Disjoint sets: Two sets are said to be disjoint if they have no common elements.
Distance formula: It provides distance between two points in a plane or line.
Domain of binary relation: Set of the first elements of ordered pairs in a binary relation.
Equality: A mathematical statement with the equality sign is called an equality.
Equivalent equations: Two or more equations, having the same solution.
Equivalentinequalities: Two or more inequalities that have the same solution.
Expected frequency: The expected frequency of an event is the frequency we expect to see based on probabilities.

Exterior angle of polygon: Angle formed by any side of the polygon and the extension of its adjacent side.
Extraneous root: A solution of equation which does not satisfy solution of equation.
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Factor: Any integer or polynomial that exactly divides a given integer or polynomial.

Factor theorem: A polynomial p(x) has a factor x —c, if and only if p(c) = 0.

Factorization of algebraic expression: The process in which an algebraic expression can be expressed as the
product of its factors.

Family of lines: For a non-zero k, the equation /,+ k/, = 0, is also linear and represents family of lines where /, and /,
are lines.

Frequency: Number of repetitions of an individual value in an ungrouped data.

Frequency table: A table consisting of values of a data along with their frequencies is called a frequency table.
Fundamental assumptions: Fundamental assumptions are statements which are regarded true without any proof.
Geometric mean: Itis a measure of central tendency which is usually used to find the average rates of change in different
intervals.

Gradient: It is the tangent of angle which the line makes with positive direction of the x-axis.

Grouped data: A tabular arrangement of data in which various items are arranged or distributed into some classes.
Harmonic mean: It is ratio of number of values to the sum of reciprocal of values of data.

Histogram: The representation of data by a chart having adjacent rectangular bars.
Identity: It is an equation which remains true for all possible replacements of variable involved in it.
Inclination of straight line: Inclination of a straight line is the angle
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